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Abstract: - In recent years, semi-Markov random walks have been employed to address numerous intriguing
problems across fields such as inventory management, risk management, insurance, and reliability theories.
Particularly, many significant problems in stock control, queue management, and reliability theory can be
represented using random walks constrained by two barriers. These barriers, depending on the specific problem,
may be reflecting, delaying, absorbing, elastic, or of other types. A key problem in stochastic process theory is
determining the Laplace transforms for the distribution of semi-Markov random processes. In this context, this
article explores semi-Markov random processes characterized by a positive tendency and negative jumps.
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1 Introduction

A Markov process is a stochastic process that models
the transition of an individual between a finite
number of defined states, with the condition that the
individual must occupy exactly one state at any given
time. For the process to terminate, at least one state
must be absorbing, meaning that once an individual
enters this state, the probability of leaving it becomes
zero. It is well established that most problems in
stock control theory are frequently formulated using
random walks or random walks with delaying
barriers. Numerious studies of Levy [1], W.L.Smith
[2] and L. Takacs [3] have been done about step
processes of semi-Markov random walk with one or
two barriers of their practical and theoretical
importance. The essential developments of semi-
Markov processes theorywere proposed by R. Pyke
[4]-[6], E.Cinlar [7], A.Turbin [8], N. Limniosand G.
Oprisan [9], D. C. Silvestrov [11], F. Grabski [12],
A.A.Borovkov [14]. Random walks wandering in a
stripe studied by Lotov, V. I. [10]. The asymptotic of
distributions in two-sided boundary problems for
random walks defined on a Markov chain is given by
Harlamov B.P [13]. But in the most of these studies
the distribution of the process has free distribution.
Busarov V. A [15] is considered the asymptotic
behavior of random wanderings in random medium
with delaying screen. The various semi-Markov
random walk processes with or without barriers was
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studied by Nasirova T.L. [16], [17], [18], [19], [20],
[21]

This article focuses on the study of semi-Markov
random processes with a positive tendency and
negative jumps, while also addressing the lower and
upper bounded semi-Markov models in resource
control theory. To define the probability
characteristics of the proposed model, random
delays, jumps delayed at zero, and screened semi-
Markov random processes are examined.

2 Problem Formulation

Let a sequence of independent and identically
distributed pairs of random variables {&x, ¢ }es1,k =
1,0 defined on a probability space (2, F,P) such
that &, and ¢, are independent random variables and
& > 0 ¢, > 0. Using these random variables we will

derive the following step processes of semi-Markov
random walk:
X,() =z+t =X,
N

if  IElE<t<Y & k=10,220

X, (t)process is the (asymptotic) semi-Markov
random processes with positive tendency and
negative jump. One of the realizations of the process
X, (t) will be in the following form:
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a) X,(t)=z+t if t<é& (see,Figurel),

b)Xz(t) =z+t—- (1 ) lf fl <t< El + Ez(see,
Figure 2)
Fig. 1: Fig. 1

()

Xt

Ly(o)

Sttt

Fig. 2

3 Problem Solution

Let’s include the z’? random variable defined as
below:

2 = min {tX,(t) <0}
where ff is the time of the first passage of X(t)
process. We need to find Laplace transform for

distribution of T? random variable. Let us set

Laplace transform for the distribution of z’? random
variable as

0
L@ =Ee " ,6>0

0
-0,

L(@|z)=E(e |X0)=2),220

The main aim of this study is to express the Laplace
transform of the distribution function for the duration
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of the process X (#) by means of some probability
characteristics of random variables &, and ¢, .

According to the formula of total probability, we
can find the following integral equation of Laplace
transforms for the distribution of the first passage of
the zero level of the process.

t
L] 2) = L()ea P{{,, > 2 +s}P{& eds}

e 5 (L0 a)dy PIC, <z+s—aldP{E, <s)

a=0

0
-]
s=0

(1)

This integral equation can be solved by the
method of successive approximation. However, the
obtained expressions are not suitable for applications.
Therefore, we restrict the class of walks in order to
obtain the explicit form.

Let’s assume that &, random variable has the

Erlang distribution of m construction, while ¢,
random variable has the single construction Erlang

distribution:
2 m-1

ple (@) <th=1-| 1+ 2+ P O el s,

2 (m-1)!
Pt (@) <t} =[1-e]eq)., 450

(2)
In this case equation (1) will be as follows:
m
L@|2)= ﬂ’—me_”Z -
A+u+0)

m 0 Z+S
A—”e_'uZ je_(’ﬁtJr’qua)SsnH [ e"“L@|a)dads
(m —1)! azo

$=0

3)
We will get differential equation from this integral
equation. For this purpose, we will
multiply both sides of equation (3) by e“”and
deriveon z .
In this case we will receive the following
differential equation with (m+1) construction:

S CE [1L9 (0] 2)+ L (0] 2)]e 0 -1y (4 +0)™ =
k=0

(_l)m am ue-(/1+z9)z L(¢9 | Z)
This differencial equation has been solved within
the boundary conditions and we obtained:

ﬂm
20—k (O)

RGOk

L@ |2) =
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This expression is the Laplace transform for relative
distribution of 7. random variable. Then we will

3.1. Investigation of Laplace transform
with respect to time, Laplace - Stieltjes
transform for the ergodic distribution of the
semi-Markov random process with positive
tendency and negative jump

At the next stage we will find Laplace transform
with respect to time, Laplace - Stieltjes transform for
the ergodic distribution of the semi-Markov random
process with positive tendency and negative jump.
In accordance with formula of total probability for
X > 0 we have:

P{X(t) <x|X(0) =2z} =

= P{X(t) < x;& > t|X(0) =z} +

+P{X(t) < x; & <t|X(0) =2z} +

+f f P{¢, € ds; X(s) € dy|X(0) = z} X
s=07y=0

X P{X(t —s) < x|X(0) =y}4)

We denote

R(t,x|z) = P{X(t) <x|X(0) =2z}, x>0, z>
0- Laplace transform with respect to time

R(6,a|z) = fgoe‘“xdxﬁ(t,ﬂz), a>0, z=>
0- Laplace - Stieltjes transform for the ergodic

distribution of the semi-Markov random process.
In this case equation (4) will be as follows :

R 0, alz) = eezfzwe‘(“*'e)XP{fl > x — z}dx +
R (6, |0) f:’e‘f’tp{(l >z +t}dP{§; <t} —
—fyZZOIE 0, aly) f;ioe‘etdyp{{l <z+t-—
y}dP{§ <t} —

— fy“’:ZR 6, aly) ft‘jy_ze-f’t d,P{{; <z +
t —y}dP{§; <t}(5)

We will solve this integral equation in special case.
Let’s assume that & random variable has the
Erlangian distribution of m construction, while ¢,

random variable has the single construction
Erlangian distribution(2).In this case equation (5)
will be as follows:

(a+pu+6)™—pum
(a+pu+0)"(a+0)
22 R (6, «|0) —

R 6,a|z) = e %% 4

m m
+[/1+u+9] ¢
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need to find L(#)-Laplace transform for non-

relative distribution of 7, :

K ™ oz [Coay
-1 [—] e f e’YR (6, aly)dy-
A+pu+0 0

/‘{’um 1 J-oo ~
—— ¥ eV R (8, a]y) x
(n—1)! y=z
X t‘iy_z e~ (A+p+6)t m-1 dtdy(6)

We will get differential equation from this integral
equation. For this purpose, we will multiply both

sides of equation (6) by e*”and derive on z . Then
we will multiply both sides of last equation by

e #+)% and derive on z . If repeat this process
(m-1) time we will have differential equation. The
general solution of this differential equation will be

R (8,alz) = TI%, €(8,@) 5% + Ry, (6, al2),

where k; (¢) -are the roots of characteristic equation
of the differential equation,

Rs,(6,alz)-is the special solution of the
differential equation equation :

5 - A-a)[(atpt+O)™—p™]

Rp(B,alz) = A e A = T ek @)
(7)

By finding C; (6, @) from equation (6) we will get
the system of algebraic equations. We can proof
linear dependence of this algebraic system. If to

consider some substitutions, we will get
C1(6,a) =

au™ [(a+p+0)" —pu™

T @+ O+ — k@] — g — A- )+ 0+ )]

Then the general solution of integral equation (6)
will be as follows:

5 _ A-o)[(a+pu+0)™—pu™]
R (8, a12)= o) wm— ey v r ]

This expression is the Laplace transform on time,
Laplace-Stieltjes transform on phase for conditional
distribution of the process X(t). We will need to find
Laplace transform on time, Laplace-Stieltjes
transform on phase for unconditional distribution of
the process X(t) .
From construction process X(t) is seen that

X(0) = X;(0) = $x(w)

Then we can find

R (6,a) = f
0
This expression is Laplace transform on time,

Laplace-Stieltjes transform on phase

-z

O~

R (8, a|z) dP{X(0) < z}
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for unconditional distribution of the process X(t).
Now, we will find Laplace-Stieltjes

transform for ergodic distribution of the process
X(t).

In [14] proved a general theorem on the
ergodicity of the process semi-Markov

random walk. The process described in this
article a special case of this process. Process

X(t) will be ergodic, if E& < E£,or % < i =>1>
mu

If process X(t) ergodic, then we can use Tauber's
theorem [1]

~ _ ~ 1
R(a) :lgllo OR(0,a)= P~
)

Expression (8) is Laplace-Stieltjes transform for
ergodic distribution of the process X(t).

[(a+p)" -p" 1
N ™ + (= +p)"]

Respectively, we will get the following
characteristics:
- m
R(0) = —-EX =, 1>
0 (W) =-— i mu
R'(0) = [RO) = DX(0) =
— T A=y

A>mu

3.2 Laplace transformation of the
distribution of the time of system sojourns
within a band

One of the important problems in probability theory
is finding the distribution of the time of the sojourn
of a system (a process) within a specified band. With
this purpose, we will investigate the semi-Markov
random processes with positive tendency, negative
jumps and delaying boundary at zero in this article.
The Laplace transformation of the distribution of the
time of the system sojourn within a given band
found. Introduce a random variable T(w) denoting
the duration of the sojourn of the process X(t) within
a band (a,b).We can find an explicit form of the
Laplace transformation of the conditional
distributions of the random variable 7(w).

We denote

K(t|z) = P{t > t|X(0) = z}

K(0,a,b|z) = [,_ e % K(t,a,b|z)dt, 6>0

Then

K(t,a,b|z) = P{t > t|z}=

_ P{ Inf X(s) > b Sup X(s) < a|X(0) = z}
0ss<t

0ssst

By the formula of the composite probability, we
have
K(t,a,b|z) =
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ZP{Inf X(s) >b;Sup X(s) <a; & >t |X(0) =Z}+

0sss<t 0ssst
+P{1nf X(s) >b;Sup X(s) <a; & >t |X(0) = z}
0ssst 0ssst

We get an integral equation for K (6, a, b|z):

a—z
K(6,a,b|z) = f e OtP{E > thdt+
a _ t=0 a—z
+f K(6,a,bly) e ftd, Px
y=b t=y-z

X{& <t}d, P{{ 1 <z+t—y}

9
equation can be solved by the method of successive
approximations, yet the resulting solution is unfit for
applications. We can solve this integral equation in
special case. In the case where the random variables
have an exponential distribution with the parameters
Aand u respectively,

P& (w) <t} = [1—e#]e(t),

This integral

u>0,

P{{(w) <t} =[1—eM]e(0), A1>0

where (t) = {(1) ’ tt<>%

We will get differential equation from this integral
equation. For this purpose, we will multiply both
sides of equation (3) by €**and derive on z. Then
we will multiply both sides of last equation by
e~ (4492 and derive on z . Then we have following
differential equation:

K'(6,a,b|1z)—(A—u+6)K'(,a,b|z) —
—ubK(6,a,b |z) = _‘u(lO)

The general solution of this differential equation
will be:

K(6,a,b|2) = ¢;(8)ekr1 )z 4

+cy(8)e*2 07 + K (6,a,b |2)

where k;(6) -are the roots of characteristic equation
of k*(0) —(A—pu+60)k()—ub =0

Ksp (6,a,b |z)-is the special solution of the
equation (11).

Rop(0,a,b|z) = s

k2 (6) — k1 (6)
By finding ¢, (8)and c; (8) we will get the system
of algebraic equations. Then we can find general
solution of differential equation. This expression is
the Laplace transform of the distribution of the
duration of the sojourn of a system within a band.

4 Conclusion
This article is dedicated to investigation of the semi-
Markov random processes with positive tendency
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and negative jump and at the some time lower
and upper bounded semi-markov model of resource
control theory.The following results have been
obtained in the this article:

e Have been construction of the semi-Markov
random processes with positive tendency and
negative jump;

e  The integral equation of Laplace transforms
for the distribution of the first passage of the zero
level of the process is defined.
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