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Abstract: - Estimating variance is a common practice among statisticians particularly, survey statisticians. The 

estimate of variance gives information about the spread within the dataset, and allows the statisticians make vital 

decision about the event at hand at that moment. Existing variance estimators are function of unknown constants 

whose applicability is not possible in real life situation. In this paper, we intend to modify some existing variance 

estimators using coefficient of variation and kurtosis of auxiliary variable as auxiliary information that are free 

of unknown constants, and are applicable in real life situation. Optimization approach (Lagrange function) was 

used to obtain the calibration weights of newly proposed estimators and therefore the proposed calibration 

variance estimators were obtained. A simulation study was used to prove the better efficiency (minimum mean 

square error) of these proposed estimators. 
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1 Introduction 
It is very important to understand the variability in a 

dataset, so as to make a remarkable decision based on 

the situation on ground, for example, a classroom 

teacher need to know on the average in the variability 

that exist in the performance of students in a certain 

subject to know how class his or her students and look 

for wats of helping the weak ones among them. There 

are several variability measures among them is the 

variance. The sample variance estimator is used when 

the cost of collecting information from all member of 

the population is expensive and when the time 

involved in collecting this information is much. The 

sample variance estimator without the use of auxiliary 

information, is an unbiased estimator of the 

population variance of the study variable. Auxiliary 

information is used to enhance the performance of 

estimators. The first mam to propose variance 

estimator with the use of auxiliary information is Isaki 

(1983). After him several authors have developed 

variance estimators for estimation of population 

variance of the study variable, they include, 

Upadhyaya and Singh (1998), Singh et al. (2011), 

Khan and Shabbir (2013), Shabbir and Gupta (2015), 

Audu et al. (2016), Yunusa et al. (2022), Adejumobi 

and Yunusa (2022), Adejumobi and Yunusa (2023), 
Audu et al. (2023), etc.   

The variance estimator has significant application 

in real life situation, for example, in drink production 

industry, all the content in the bottles will never be the 

same. This difference is what we call variance. We 

want to know the average in order to draw conclusion. 

We estimate the variability of the content of the drinks 

to see whether it is within, below or above standard 

for the drinks. Variance is the difference that normally 

happens in an event. As it is known standard is set for 

all product, so it is important we know whether this 

average variability is within, below or above 

specification. Another example, verifying the average 

variability of level of parastamol in a drug. Is the 

average level of parastamol within, below or above 

the standard. If the standard set for the level is 2.9 to 

3.2, if the average level of parastamol in the drug is 

2.4 then the drug will not work for the body. Again, if 

the average level of parastamol in the drug is 3.4 then 

the drug will be harmful to the body. So, if our 

estimator produce estimate of 3.09, the level of 

parastamol in the drug is okay. 
Several researchers have proposed variance 

estimators under the framework of stratified random 

sampling, because estimators under stratified random 
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sampling are efficient than estimators under simple 

random sampling approach, among them are Prasad 

(1992), Qzel et al. (2014), Muili et al. (2018), etc., the 

weight in stratified sampling estimators were 

modified by authors to give better estimate of 

population variance through the use of calibration 

approaches. 
Calibration is a common method used by survey 

statisticians to develop population mean, population 

variance, population coefficient of variation 

estimators to produce calibration weights which in 

turn are used to obtain calibrated estimators through 

the use of optimization method that consists of Chi-

square distance function, calibration constraints in the 

presence of auxiliary information incorporation. 

Hence, the calibration weights to be obtained will be 

a function of auxiliary information which will make 

the estimator produce a stable estimate. Authors have 

used this technique for developing population 

parameter estimators, among them include, Deville 

and Sarndal (2002), Kim et al. (2007), Audu et al 

(2021), Abubakar et al. (2024), Audu et al. (2025), 

Yunusa et al. (2026), etc. The calibrated variance 

estimators are often preferred over the ordinary ratio 

estimators because it can incorporate auxiliary 

information to improve efficiency and reduce bias. By 

adjusting weights to match known population 

variance.  
The problem with the existing work of Muili et al. 

(2018) is that their estimators are function of unknown 

constants such as 1hk , 2hk , , 3hk , 4hk , 5hk , 6hk , hence 

the applicability of their estimators in real life 

situation is not possible. As a result of this identified 

problem prompted the current study. 
In this current study, we intend to modify the 

variance ratio estimators proposed by Muili et al. 

(2018) due to lack of applicability of their estimators 

in real life practice. We aimed at proposing calibrated 

variance ratio estimators with the use of auxiliary 

information that are free from unknown constants and 

which can be applied in real life practice. The essence 

of proposing the calibration variance estimators is 

that, it reduces variance, that is, by using auxiliary 

information, they can produce more precise estimate. 

Again they improve accuracy, calibration estimators 

ensures estimates align with known population 

characteristics and they handle non-response, that is, 

it can adjust for biases due to missing data.   
 

1.1 Statistical notations used in the study 
Let a population of N units be stratified into 

populations, , 1,2,....,hN h L , such that 1N  2N …..

LN   are subpopulations in each stratum then we 

define the following notations  

hjY : is the value of the study variable in the 
thh  

stratum of the 
thj  element 

hjX : is the value of the auxiliary variable in the 
thh  

stratum of the 
thj  element 

1

1 hn

h hj

ih

y y
n 

  : is the sample mean of the study 

variable in the 
thh  stratum of the 

thj  element 

1

1 hn

h hj

ih

x x
n 

  : is the sample mean of the auxiliary 

variable in the 
thh  stratum of the 

thj  element 

1

1 hN

h hj

ih

Y Y
N 

  : is the population mean of the study 

variable in the 
thh  stratum of the 

thj  element 

1

1 hN

h hj

ih

X X
N 

  : is the population mean of the 

auxiliary variable in the 
thh  stratum of the 

thj  element 

 
2

2

1

1

1

hn

yh hj h

ih

s y y
n 

 

 : is the sample variance of 

the study in the 
thh  stratum of the 

thj  element 

 
2

2

1

1

1

hn

xh hj h

ih

s x x
n 

 

 : is the sample variance of 

the auxiliary variable in the 
thh  stratum of the 

thj  

element  

 
2

2

1

1

1

hN

yh hj h

ih

S Y Y
N 

 

 : is the population variance 

of the study variable in the 
thh  stratum of the 

thj  

element  

 
22

1

1

1

hN

xh hx h

ih

S X X
N 

 

 : is the population 

variance of the auxiliary variable in the 
thh  stratum of 

the 
thj  element  
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2 Literature Review on Estimators 
 

2.1  Existing Variance Estimators under 

Stratified Random Sampling 
The sample variance estimator of the study variable 

with no auxiliary information under stratified random 

sampling is given by 
2

2

0

1

L
h

yh

h h

W
t s

n

                                                                                                   

(2.1) 
The variance of the estimator is given by 

    
4

4

0 22
1

var 1
L

h
yh y h

h h

W
t S

n




                                                                         

(2.2) 
Prasad and Singh (1992) proposed variance 

estimator in stratified sampling as 
2 2

2

1 2
1

1
L

h xh
yh

h h xh

W s
t s

n S

 
   

 
                                                                                 

(2.3) 
The mean square error of the estimator are given 

by 

         4
2 224

1 22 4 2
1

1 1
var 1

L
x h hh

yh y h
h h yh yh

W
t S

n S S

 




   
    

  

                                

(2.4) 
Muili et al. (2018) proposed some finite population 

variance estimators in stratified random sampling 

taking motivation from Audu et al. (2016) as 
2 2

2

1 1 2
1

L
h xh

j yh h

h h xh

W S
t s k

n s

 
  

 
                                                                                     

(2.5) 
2 2

2

2 2 2
1

L
h xh xh

j yh h

h h xh xh

W S C
t s k

n s C

 
  

 
                                                                            

(2.6) 

 

 

22
22

3 3 2
1 2

L
xh x hh

j yh h

h h xh x h

SW
t s k

n s





 
 
 
 

                                                                         

(2.7) 

 

 

22
22

4 4 2
1 2

L
xh xhx hh

j yh h

h h xh xhx h

S CW
t s k

n s C





 
 
 
 

                                                                    

(2.8) 

 

 

22
22

5 5 2
1 2

L
xh xh x hh

j yh h

h h xh xh x h

C SW
t s k

n C s





 
 
 
 

                                                                    

(2.9) 

 

 

22
22

6 6 2
1 2

L
xh x hh

j yh h

h h xh x h

SW
t s k

n s





 
 
 
 

                                                                        

(2.10) 
The mean square error of the estimator are given 

by 

 
      

        

2
2

4 222
4

2 2
1

222 2

1 1 1
1

1 1 3 1 4 1

L h ih ih hx h
h

ji yh

h h h ih ih hx h x h

t t
W

MSE t S
n t t

  

   

 
    

  
      

 



   (2.11) 
Where, 

     
        

2

222

2

222 2

1 1 1
, 1,2,3,4,5,6

1 1 3 1 4 1

h ih ih hx h

ih

h ih ih hx h x h

t t
k i

t t

  

   

   
 

     

 

1 1ht  ,  

2

2 2
,xh

h

xh xh

S
t

S C


  

2

3 2

2

,xh
h

xh x h

S
t

S 




 

 

2

2

4 2

2

,
xhx h

h

xh xhx h

S
t

S C






  

2

5 2

2

,x h x h
h

x h x hx h

C S
t

C S 



 

 

2

6 2

2

,xh
h

xh x h

S
t

S 



  

3. Proposed Estimators 
Having studied the estimators of Muili et al. (2018) 

and we have identified the gap in their study. Hence, 

we proposed the following estimators in the following 

sections 
 

3.1 First Proposed Class of Calibration 

Scheme and Variance Estimators 
The first class of calibration estimator are defined as 

(3.1) 
2

2

1

1

, 1,2,3,4,5,6
L

hi
p i yh

h h

t s i
n





                                                                            

(3.1) 

Where 
2

h  is the new calibration weights such that the 

chi-square distance 1Z  is defined as 

 

         

2
2 2

1 2
1

2 2
2 2

1 1

L
hi h

h h h h

L L
hi h

xh xhhi hi hi hi
h hh h

W
Z

n W a

W
u x s v x u x S v x

n n







 







   




 

                                  (3.2) 
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Where,     1 1
1, 0

h h
u x v x  , 

    2 2
1, xhh h

u x v x C   , 

      23 3
1,

x hh h
u x v x    , 

      24 4
, xhx hh h

u x v x C   , 

      25 5
,xh x hh h

u x C v x    , 

      26 6
1,

x hh h
u x v x     

In order to obtain the new calibration weights 
2

hi , the 

lagrange function is used as in (3.3)  

 
         

2
2 2 2 2

2 2

1 12
1 1 12

L L L
hi h hi h

i xh xhhi hi hi hi
h h hh h h h h

W W
L g u x s v x u x S v x

n W a n n

 

  

  
     

 
  

 (3.3) 

By differentiating (3.17) partially, with respect to 
2

hi  

and 1ig , equating to zero and solve, we obtained 

equations (3.4) and (3.5) 

    2 2 2 2

1hi h i h h xhhi hi
W g W a u x s v x                                                                         

(3.4) 

         
2 2

2 2

1 1

0
L L

hi h
xh xhhi hi hi hi

h hh h

W
u x s v x u x S v x

n n



 

                                           

(3.5) 
Substituting equation (3.4) into equation (3.5) and 

solve for 1ig , the lagrange multiplier, we get equation 

(3.6) 

         

    

2 2
2 2

1 1

1 2
2

2

1

L L
h h

xh xhhi hi hi hi
h hh h

i L
h

h xhhi hi
h h

W W
u x S v x u x s v x

n n
g

W
a u x s v x

n

 



  





 



                                  

(3.6) 
By substituting equation (3.6) into equation (3.4) and 

putting     
1

2

h xhhi hi
a u x s v x



   , we get equation 

(3.7) 

         

    

2 2
2 2

1 12 2 2

2
2

1

L L
h h

xh xhhi hi hi hi
h hh h

hi h h L
h

xhhi hi
h h

W W
u x S v x u x s v x

n n
W W

W
u x s v x

n

  



 
   

 
   

 
  

 



                

(3.7) 
Now, by substituting equation (3.7) into equation 

(3.1), we get equation (3.8) 

         
1

2 2 2
2 2 2

1

1 1 1

L L L
h h h

p i yh xh xhhi hi hi hi
h h hh h h

W W W
t s u x S v x u x s v x

n n n



  

  
    

  
  

            (3.8) 
So, the six members of the proposed estimator in 

equation (3.8) are 

1
2 2 2

2 2 2

11

1 1 1

L L L
h h h

p yh xh xh

h h hh h h

W W W
t s S s

n n n



  

  
   

  
                                                                  

(3.9) 

   
1

2 2 2
2 2 2

12

1 1 1

L L L
h h h

p yh xh xh xh xh

h h hh h h

W W W
t s S C s C

n n n



  

  
    

  
  

                                         (3.10) 

     
1

2 2 2
2 2 2

13 2 2
1 1 1

L L L
h h h

p yh xh xhx h x h
h h hh h h

W W W
t s S s

n n n
 



  

  
    

  
  

                                  (3.11) 

     
1

2 2 2
2 2 2

14 2 2
1 1 1

L L L
h h h

p yh xh xh xh xhx h x h
h h hh h h

W W W
t s S C s C

n n n
 



  

  
    

  
  

                        (3.12) 

     
1

2 2 2
2 2 2

15 2 2
1 1 1

L L L
h h h

p yh xh xh xh xhx h x h
h h hh h h

W W W
t s C S C s

n n n
 



  

  
    

  
  

                        (3.13) 

     
1

2 2 2
2 2 2

16 2 2
1 1 1

L L L
h h h

p yh xh xhx h x h
h h hh h h

W W W
t s S s

n n n
 


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  
    

  
  

                                  (3.14) 

3.2 Second Proposed Class of Calibration 

Scheme and Variance Estimators 
The second class of calibration estimator are defined 

as (3.15) 
2

2

2

1

, 1,2,3,4,5,6
L

hi
p i yh

h h

t s i
n





                                                                                                            

(3.15) 

Where 
2

h  is the new calibration weights such that the 

chi-square distance 1Z  is defined as 

 

         

2
2 2

2 2
1

2 2
2 2

1 1

1 1

L
hi h

h h h h

L L
hi h

xh xhhi hi hi hi
h hh h

W
Z

n W b

W
u x s v x u x S v x

n n







 







     




 

                                                       (3.16) 

Where,     1 1
1, 0

h h
u x v x  , 

    2 2
1, xhh h

u x v x C   , 

      23 3
1,

x hh h
u x v x    , 

      24 4
, xhx hh h

u x v x C   , 

      25 5
,xh x hh h

u x C v x    , 

      26 6
1,

x hh h
u x v x     

INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS, 
COMPUTATIONAL SCIENCE AND SYSTEMS ENGINEERING 
DOI: 10.37394/232026.2026.8.12

Mojeed Abiodun Yunusa, 
Awwal Adejumobi, Ahmed Audu

E-ISSN: 2766-9823 129 Volume 8, 2026



In order to obtain the new calibration weights 
2

hi , the 

lagrange function is used as in (3.17)  
 

         
2

2 2 2 2
2 2

2 22
1 1 1

1 1
2

L L L
hi h hi h

i xh xhhi hi hi hi
h h hh h h h h

W W
L g u x s v x u x S v x

n W b n n

 

  

  
       

 
  

  

(3.17) 

By differentiating (3.17) partially, with respect to 
2

hi  

and 2ig , equating to zero and solve, we obtained 

equation (3.18) and (3.19) 

    2 2 2 2

2 1hi h i h h xhhi hi
W g W b u x s v x                                                                                         

(3.18) 

         
2 2

2 2

1 1

1 1 0
L L

hi h
xh xhhi hi hi hi

h hh h

W
u x s v x u x S v x

n n



 

      
                                                 

(3.19) 
Substituting equation (3.18) into equation (3.19) and 

solve for 2ig , the lagrange multiplier, we get equation 

(3.20) 

         

    

2 2
2 2

1 1

2 2
2

2

1

1 1

1

L L
h h

xh xhhi hi hi hi
h hh h

i L
h

h xhhi hi
h h

W W
u x S v x u x s v x

n n
g

W
b u x s v x

n

 



    



 

 



                                             

(3.20) 
By substituting equation (3.20) into equation (3.18) 

and putting     
1

21h xhhi hi
b u x s v x



    , we get 

equation (3.21) 

         

    

2 2
2 2

1 12 2 2

2
2

1

1 1

1

L L
h h

xh xhhi hi hi hi
h hh h

hi h h L
h

xhhi hi
h h

W W
u x S v x u x s v x

n n
W W

W
u x s v x

n

  



 
     

 
   

  
  

 



                     

(3.21) 
Now, by substituting equation (3.21) into equation 

(3.15), we get equation (3.22) 

         
1

2 2 2
2 2 2

2

1 1 1

1 1
L L L

h h h
p i yh xh xhhi hi hi hi

h h hh h h

W W W
t s u x S v x u x s v x

n n n



  

  
      

  
  

                (3.22) 
So, the six members of the proposed estimator in 

equation (3.22) are 

   
1

2 2 2
2 2 2

21

1 1 1

1 1
L L L

h h h
p yh xh xh

h h hh h h

W W W
t s S s

n n n



  

  
    

  
  

                                                                          
(3.23) 

   
1

2 2 2
2 2 2

22

1 1 1

1 1
L L L

h h h
p yh xh xh xh xh

h h hh h h

W W W
t s S C s C

n n n



  

  
      

  
  

                                                    (3.24) 

     
1

2 2 2
2 2 2

23 2 2
1 1 1

1 1
L L L

h h h
p yh xh xhx h x h

h h hh h h

W W W
t s S s

n n n
 



  

  
      

  
  

                                                (3.25) 

     
1

2 2 2
2 2 2

24 2 2
1 1 1

1 1
L L L

h h h
p yh xh xh xh xhx h x h

h h hh h h

W W W
t s S C s C

n n n
 



  

  
      

  
  

                                 (3.26) 

     
1

2 2 2
2 2 2

25 2 2
1 1 1

1 1
L L L

h h h
p yh xh xh xh xhx h x h

h h hh h h

W W W
t s C S C s

n n n
 



  

  
      

  
  

                                 (3.27) 

     
1

2 2 2
2 2 2

26 2 2
1 1 1

1 1
L L L

h h h
p yh xh xhx h x h

h h hh h h

W W W
t s S s

n n n
 



  

  
      

  
  

                                      (3.28)  
 

4. Empirical Study  
To investigate the efficiency of the proposed 

estimators over the existing ones empirically, 

simulation study was conducted 
 

4.1 Simulation Study 
In this section, simulation study was performed to 

examine the performance of the proposed estimators 

over Sample variance and Muili et al. 2018) variance 

estimators in this study. We generate a bivariate 

random population (N=1000) for the study population 

stratified into three groups that are non-overlapping of 

size 1 2 3200, 300, 500,N N N   using function 

defined in Table 1, sample of sizes 20, 30 and 50  

(n=100) were selected 10,000 times using simple 

random sampling without replacement from each 

stratum respectively. 
 

Table 1. MSE and PRE of Existing 
Populati

ons 
Auxiliary Variable 

X 
Study Variable Y 

1   1 2 3~ exp , 0.3, 0.1, 0.1hX         20.5 , ~ 0,1Y X X e e N    

2   1 1

2 2 3 3

~ , , 10, 25,

10, 26, 10, 27,

h hX gamma    

   

 

   

 
 20.5 , ~ 0,1Y X X e e N    

3    1 1

2 2 3 3

~ , , 10, 25,

10, 26, 10, 27,

h hX beta l z l z

l z l z

 

   

 
 20.5 , ~ 0,1Y X X e e N    

4   1 2 3~ , 9, 12, 13hX Chisq q q q q  

 

 20.5 , ~ 0,1Y X X e e N    

 

 

 

 

Table 2. MSE of Existing and Proposed Estimators 

using populations 1 and 2 
Estimators MSE 

(Populatio

n 1) 

MSE 

(Population

2) 
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0t  244567966

45 
1.096142 

1jt  242834656

80 
1.036588 

2jt   242834051

72 
1.036021 

3jt  242822673

00 
1.035639 

4jt  242837989

29 
1.050472 

5jt  242844326

53 
1.036004 

6jt  241707050

95 
1.035637 

Proposed Estimators 

11pt  240784862

56 
1.034264 

12pt   240785435

02 
1.034949 

13pt  240785939

31 
1.034944 

14pt  240779723

42 
1.034949 

15pt  240786547

23 
1.034944 

16pt  240777111

45 
1.034943 

21pt  240784204

86 
1.034942 

22pt   240784862

07 
1.034941 

23pt  241037781

06 
0.982552 

24pt  240779648

35 
1.034933 

25pt  240787083

83 
1.034944 

26pt  240775980

21 
1.034943 

 

Table 3. MSE of Existing and Proposed Estimators 

using populations 3 and 4 
Estimators MSE 

(Populatio

n 3) 

MSE 

(Populatio

n 4) 

0t  1.078126 356492811 

1jt  1.024699 329237304 

2jt   1.024089 32940906 

3jt  1.0239761 329292966 

4jt  1.03936 329256684 

5jt  1.024089 330101872 

6jt  1.023761 328899833 

Proposed Estimators 

11pt  1.022665 328032847 

12pt   1-023036 328032716 

13pt  1.23035 328025710 

14pt  1.23036 328031732 

15pt  1.023035 327935053 

16pt  1.023035 328030302 

21pt  1.023035 328032722 

22pt   1.023035 32832843 

23pt  0.9132592 328494954 

24pt  1.023035 32832007 

25pt  1.023035 327995077 

26pt  1.023035 328028849 

 

Tables 2 and 3, show the MSEs of the existing and 

proposed estimators using populations in Table 1. The 

results of the mean square errors (MSEs) show that the 

proposed estimators are more efficient than variance 

and Muili et al. (2018) estimators considered in this 

study with the evidence of the proposed estimators 

having less or minimum MSE as compared to the 

existing ones considered in this study. Muili et al. 

(2018) estimators performs better than sample 

variance estimator with the evidence of smaller MSE. 

In all the populations considered, the proposed 

estimators are the most robust and highly efficient in 

estimating population variance of the study variable. 

The implication of the proposed estimators having 

minimum MSE is that the estimates produced by the 

proposed estimators are closer to the true estimate on 

the average than the variance and Muili et al. (2018) 

estimators. 
 

 

5 Results and Discussion 
Table 2. and 3 show the mean square error of the 

existing and proposed estimators. It can be observed 

that the proposed estimators have smaller MSEs as 

compared to other estimators considered in this study. 

The proposed estimators have two merits over the 

existing ones. First, they can be applied in real life 

surveys as compared to Muili et al. (2018) and second, 

they more efficient (low mean square error), that is, 

they can provide more precise estimates more the 

variance and Muili et al. (2018) estimators. The two 

main of objectives had been achieved. The proposed 

calibrated variance estimators was obtained after 

studying the work of Muili et al. (2018) and other 

related estimators in the literature. The developed 

calibrated variance estimators are most suitable for 
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estimating the finite population variance than the 

sample variance or Muili et al. (2018) estimators. The 

reasons include, by using auxiliary information, they 

can produce more precise estimates and ensure 

estimates align known population characteristics and 

also can handle non-response, and that is, they can 

adjust for biases due to missing data 
 

6 Conclusion and Future Scope  
In this study, we have modified some existing 

variance estimators for the estimation of population 

variance of the study variable by incorporating 

auxiliary information, coefficient of variation and 

coefficient of kurtosis of the auxiliary variable, using 

calibration and optimization approach to obtain 

calibration variance estimators with gain in efficiency 

over the existing ones. The existing variance 

estimators are function of unknown constants that 

depend on parameters of the study variable, hence the 

applicability of these estimators is not possible, and 

again the efficiency of the estimators depend on these 

unknown constants, .hence, to overcome these 

challenges, calibrated variance estimators were 

derived whose applicability is possible and free from 

unknown constants in conclusion, the two aims of the 

study were achieved, that is, proposing variance that 

can be apply in real life practice and to obtain 

estimators with better efficiency. The limitation of the 

current study is that the proposed estimator utilized 

auxiliary information of the auxiliary variable such as 

coefficient of variation and coefficient of kurtosis of 

the auxiliary variable which are prone to the influence 

of extreme values or outliers which may lead the 

estimators to either overestimation or 

underestimation. Again the properties of the proposed 

calibrated variance estimators were not derived. With 

these identified gaps, the future study can be 

undertaken by researchers to look into these directions 

of improving the current study to fill these gaps. 
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