INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS,
COMPUTATIONAL SCIENCE AND SYSTEMS ENGINEERING
DOI: 10.37394/232026.2026.8.11 Irla Mantilla, Mihael Arce

Computational Evaluation of Open Irrigation Channel Flow with
Variable Depth Based on the 1D-2D Saint—Venant Equations

IRLA MANTILLA, MIHAEL ARCE
Universidad Nacional de Ingenieria,
Av. Tupac Amaru 210, Rimac, 27
PERU

Abstract: - —This work presents a computational evaluation of water flow in an open agricultural irrigation
channel with variable depth using the one- and two-dimensional Saint-Venant equations. The mathematical
formulation is derived from mass and momentum conservation principles for shallow water flow. A linearized
one-dimensional model is first analyzed to obtain an equivalent wave-type equation through perturbation and
separation of variables. A nonlinear formulation with variable bottom topography and discontinuities is then
considered, incorporating analytical integration with Dirac delta representation of step changes in the channel
bed. The two-dimensional Saint—Venant system is subsequently introduced to model spatially distributed depth
and velocity fields. Numerical implementation is carried out using a finite difference FTCS scheme, including
stability constraints of CFL type. Simulations illustrate the temporal evolution of water depth under step-type
bottom discontinuities in both 1D and 2D configurations. The results show the capacity of the model to capture
wave propagation, depth transitions, and spatial flow redistribution. The framework provides a computational
basis for hydraulic analysis and future high-resolution modeling of irrigation channels.
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1. Introduction
Open irrigation channels frequently present geometric
irregularities, variable depth profiles, and localized

discrete treatment of bottom discontinuities,
providing a wunified framework that connects

bottom discontinuities that significantly affect flow  analytical representations based on distributional
behavior [1], [2], [3]. Accurate prediction of water 'formulatlons. with practical numerical
depth and discharge under such conditions is essential ~ implementation. ) )

for hydraulic design, risk evaluation, and operational Numerical simulations are performed using an
planning [4], [5], [6]. explicit finite-volume scheme with a Rusanov (local

Lax—Friedrichs) flux to analyze depth evolution under

The Saint-Venant equations provide a well- : ) L !
bottom discontinuities and variable channel geometry.

established mathematical framework for modeling
shallow water flow based on conservation of mass and
momentum [7], [8], [9]. Their one-dimensional
version describes longitudinal flow evolution, while 2. Theoretical Framework

the two-dimensional formulation captures spatial

redistribution effects across the channel domain [10], 2.1 Saint-Venant Equations for Shallow

[11],[12]. Water Flow

This work develops a computational framework The Saint—Venant model describes shallow free-
for the evaluation of open-channel flow with variable surface flow under the assumptions of hydrostatic
depth using the Saint—Venant equations in both one- pressure  distribution and negligible vertical
and two-dimensional formulations [3], [7], [10]. The acceleration, which are valid when the horizontal
approach combines analytical reduction, linearization, length scale is much larger than the flow depth [3],
and finite-volume numerical discretization to obtain [11]. The governing equations express the
physically interpretable and computationally tractable conservation of mass and momentum for open-
models [8], [11], [13]. channel flow in terms of wetted area, discharge, flow

The main contribution lies in the consistent depth, and velocity [1], [3].
integration of 1D and 2D Saint—Venant models with a
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In one dimension, the Saint-Venant system
consists of two coupled partial differential equations:
a continuity equation enforcing mass conservation
and a momentum equation accounting for advective
transport, gravitational forcing, and bed slope effects
[3], [7]. These equations provide a physically
consistent description of unsteady open-channel flow,
including wave propagation and depth variations
along the channel [7], [9].

The primary variables of the model include the
wetted cross-sectional area, volumetric discharge,
flow depth, gravitational acceleration, and bottom
slope parameters, which together characterize the
hydraulic response of the system under varying
geometric and boundary conditions [1], [3], [9].

2.2 One-Dimensional Saint-Venant
Formulation

The one-dimensional Saint—Venant equations
describe unsteady shallow water flow along a channel
by means of mass and momentum conservation laws
written in hyperbolic form [3], [7], [9]. They are
derived under the shallow-water assumptions, namely
hydrostatic pressure distribution, small vertical
acceleration, and depth much smaller than the
characteristic horizontal length scale [3], [11].

In conservative variables, the system can be
written in terms of wetted cross-sectional area and
discharge as a coupled nonlinear system of first-order
partial differential equations [7], [9]. The continuity
equation expresses conservation of mass, relating the
temporal variation of the wetted area to the spatial
variation of discharge. The momentum equation
expresses conservation of linear momentum,
including convective transport, gravitational forcing,
and bed slope contribution [3], [7].

For prismatic channels, the wetted area can be
expressed as a function of flow depth, which allows
the system to be rewritten directly in terms of depth
and mean velocity. This representation is frequently
used in computational hydraulics because it provides
a direct physical interpretation of wave celerity and
flow regime transitions [1], [3], [9].

From a mathematical perspective, the one-
dimensional Saint—Venant system forms a quasilinear
hyperbolic system. Its characteristic structure explains
the propagation of long gravity waves and the
appearance of phenomena such as hydraulic bores and
moving fronts [7], [11]. This hyperbolic character also
determines the admissible class of numerical methods,
favoring conservative discretizations such as finite-
volume and upwind-type schemes for stable and
physically consistent computation [7], [9], [13].

For small perturbations around a steady reference
state, the nonlinear system admits a linearized
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approximation that leads to a wave-type equation for
the depth or discharge perturbation. This reduced
model is useful for analytical interpretation and for
validating numerical schemes under controlled
conditions [3], [11].

In this context, the present work adopts a finite-
volume formulation consistent with the conservative
structure of the equations, enabling a robust treatment
of wave propagation and discontinuities in the
presence of variable bottom topography.

2.3 Linearization and Wave Reduction

For analytical interpretation, the one-dimensional
Saint—Venant system can be simplified by linearizing
it around a steady reference state defined by constant
depth and discharge [3], [7]. Small perturbations are
introduced in the hydraulic variables, and higher-
order nonlinear terms are neglected. This procedure
yields a linear coupled system for the perturbation
quantities, which preserves the essential wave
propagation behavior of the original model [7], [11].

Under the additional assumption of a prismatic
channel and slowly varying bottom slope, the
linearized equations can be combined into a single
second-order partial differential equation of wave type
for the depth (or discharge) perturbation [3], [11]. The
resulting equation has the general structure of a one-
dimensional wave equation with propagation speed
determined by gravitational acceleration and
reference depth.

This reduction makes explicit the gravity-wave
character of shallow water flow and provides a direct
interpretation of celerity and signal transport along the
channel [11]. It also offers a convenient benchmark
setting in which analytical solutions can be
constructed and compared with numerical
approximations [7], [13].

A standard solution approach for the resulting
wave-type equation is the method of separation of
variables, assuming a product structure between
spatial and temporal components. This leads to two
ordinary differential equations coupled through a
separation constant and produces modal solutions
compatible with boundary conditions [11], [13]. Such
modal representations are frequently used to validate
discretization schemes and to interpret transient flow
responses in simplified geometries [3], [7].

2.4 Variable Bottom and Discontinuity
Modeling

In practical irrigation channels, the bottom profile is
rarely uniform. Variations in bed elevation, geometric
steps, and localized obstructions introduce
discontinuities that significantly modify the hydraulic
response. Within the Saint—Venant framework, these
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effects are incorporated through the bottom elevation
function and its associated slope term in the
momentum equation [3], [7].

When the channel bed presents a step-type
discontinuity, the bottom elevation can be modeled as
a piecewise function with a jump at a given location.
A convenient analytical representation uses a
Heaviside-type function, whose derivative is
expressed in the sense of distributions through a Dirac
delta term. This approach allows the discontinuity to
be treated in a mathematically consistent way within
the differential formulation [11], [12].

Under this representation, the bed slope
contribution becomes singular at the step location,
producing a localized forcing effect in the governing
equation. This singular term generates a depth
transition compatible with hydraulic jump conditions
and provides a compact analytical description of step-
induced flow variation [3], [11].

From a modeling standpoint, this formulation is
useful because it separates smooth-flow regions from
the discontinuity point while preserving global
conservation structure. It also supports exact or semi-
analytical integration in simplified configurations,
which is valuable for validating numerical schemes
and interpreting simulation results [7], [13].

Graphical representations of step-type bottom
geometry and associated depth transitions are
typically used to illustrate the hydraulic configuration
and notation of upstream and downstream depths. The
step-type bottom configuration is illustrated in Figure
1, while its distributional derivative representation is
shown in Figure 2.

One-dimensional flow geometry with bottom step and hydraulic notation

u:
1 by

Fig. 1: Schematic representation of open-channel
flow over a step-type bottom discontinuity located at
Xs. The upstream and downstream flow depths are
denoted by h1 and h2, respectively, measured from
the local bed elevation to the free surface. The mean
velocities ul and u2 indicate the longitudinal flow
direction on each side of the step. The orange curve
represents the free-surface profile, while the blue line
represents the channel bed with a positive elevation
jump at the step location
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Bottom elevation profile with step discontinuity and Dirac delta representaticn
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Fig. 2: Piecewise bottom elevation zb(x) with a step
discontinuity at position xs separating two constant
bed levels z1 and z2. The derivative of the bed
profile is zero everywhere except at the
discontinuity, where it is modeled in the
distributional sense as dzbdx=Azd(x-xs). This
representation is used to incorporate localized bottom
jumps into the Saint—Venant momentum equation as
a singular source term

2.5 Two-Dimensional Saint-Venant Model
The two-dimensional Saint—Venant model extends the
shallow water formulation to flows with significant
spatial variation in both horizontal directions. Instead
of describing the dynamics only along the longitudinal
channel axis, the 2D system accounts for depth and
velocity components distributed over a planar domain
(31, [9].

Under the shallow-water assumptions
hydrostatic pressure distribution, small vertical
acceleration, and depth much smaller than horizontal
length scales — the governing equations are obtained
by depth-averaging the incompressible Navier—Stokes
equations. The resulting system expresses
conservation of mass and horizontal momentum in
each spatial direction [7], [11].

The primary unknowns in the two-dimensional
formulation are the water depth h(x,y,t) and the
depth-averaged velocity components u(x,y,t) and
v(x,y,t). The model consists of one continuity
equation and two momentum equations, one for each
horizontal direction. Gravitational forcing, bed slope
effects, and friction terms may be incorporated as
source contributions [3], [9].

From a mathematical viewpoint, the 2D Saint—
Venant equations form a nonlinear hyperbolic system
with source terms. Their structure supports the
propagation of gravity waves, interaction with bottom
topography, and multidirectional flow redistribution.
This makes the two-dimensional formulation more
suitable for channels with geometric irregularities,
lateral variations, or localized obstacles [7], [11].

Because of their hyperbolic character and coupling
between flux and source terms, stable numerical
approximation of the 2D Saint-Venant system
requires discretization schemes that properly balance
transport and topographic forcing. Finite difference,
finite volume, and well-balanced methods are
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commonly used in computational hydraulics for this
purpose [7], [9].

3. Mathematical Formulation of the

Model

3.1 One-Dimensional Saint-Venant Equations
The one-dimensional Saint—Venant equations
describe unsteady shallow water flow in an open
channel through coupled conservation laws of mass
and momentum [3], [7]. In conservative variables,
using flow depth h(x, t) and discharge per unit width
q(x,t) = hu, the system can be written as:

¢ Continuity equation:

6h+6(hu)_0
ot ox

e Momentum equation:

d(hu) @ dz,

1
. 2 - 2 - _ b _
ot +ax(h“ +zgh) ghge =5

Where g denotes gravitational acceleration, z,(x)
is the bottom elevation, and Sy represents friction
effects. This nonlinear hyperbolic system captures
wave propagation, depth variation, and the influence
of bottom slope [3], [9].

For rectangular channels, the formulation in terms
of depth and velocity provides a direct physical
interpretation and is widely used in computational
implementations [3], [7].

3.2 Linearized Perturbation Model

For analytical insight, the nonlinear system can be
linearized around a steady reference state (hy, uy) by
introducing small perturbations:

h(x,t) = hg + n(x, t), ulx, t) = uy + v(x,t),

with |n] < hy and |v| < uy. Neglecting higher-
order nonlinear terms yields a linear coupled system
in the perturbation variables [7], [11].

Under constant reference depth and negligible
friction variation, the linearized equations combine
into a second-order equation for the depth
perturbation.

3.3 Wave Equation Reduction

Combining the linearized continuity and momentum
relations leads to a one-dimensional wave-type
equation:
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a%n _ 9% _
2z = € oz €=V ho,

Where c is the gravity-wave celerity. This equation
makes explicit the wave propagation character of
shallow water flow and provides a useful analytical
reference for validation and interpretation [11].

A standard solution approach assumes separation
of variables:

n(x,t) = X()T (),

which leads to two ordinary differential equations
linked by a separation constant and modal sinusoidal
solutions compatible with boundary conditions.

3.4 Bottom Step and Discontinuity
Representation

When the bottom elevation presents a step
discontinuity at x = x,, the bed profile can be modeled

as a piecewise function with a jump:
Z4, x < X
zp(x) = {22, x> X

Its derivative is zero away from the step and
singular at the discontinuity. In the distributional
sense, this is represented as:

de
a = AZ6(X - xs),

Where Az =2z, -2z, and § is the Dirac delta
distribution. This representation introduces a
localized source term in the momentum equation and
supports analytical jump relations for the depth
variable, consistent with the step geometry illustrated
in Figure 1 and Figure 2 [3], [11].

3.5 Two-Dimensional Saint-Venant
Equations

The two-dimensional Saint—Venant equations
describe shallow free-surface flow with spatial
variation in both horizontal directions. They are
obtained by depth-averaging the incompressible
Navier—Stokes equations under the shallow-water
assumptions and expressing conservation of mass and
momentum over a planar domain [3], [7].

Let h(x,y,t) denote the water depth and u(x, v, t),
v(x,y,t) the depth-averaged velocity components in
the x and y directions. In conservative form, the
system can be written as follows.

e Continuity equation:

oh  o(hu)  d(hv)

at 0x dy 0

e  Momentum equation in the x-direction:
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d(hu)
ot

d(huv)

0 1 0z
e 2 0= 2
+6x(hu +2gh)+ 3y

= —gh——S§
g ax fx

e Momentum equation in the y-direction:

a(hw)
at

d(huv) 0

aZb
+ J—
0x dy

oy

2 1 2) —

(hv +Egh >——gh =S¢y

Here z,(x,y) is the bottom elevation and Sy, Sy,
are friction source terms in each direction. The flux
terms represent advective transport of momentum,
while the source terms account for gravity and bed
slope forcing [3], [9].

This nonlinear hyperbolic system generalizes the
one-dimensional formulation and allows
multidirectional propagation of gravity waves and
lateral redistribution of flow. It is therefore more
appropriate for channels with transverse variation,
localized obstacles, or spatially varying bottom
topography, such as the step configuration illustrated
previously (Figure 2) [7], [11].

From a numerical standpoint, the coupling
between flux gradients and topographic source terms
requires discretization schemes that maintain balance
between transport and bed slope contributions, in
order to avoid spurious oscillations near
discontinuities [7], [9].

4. Numerical Discretization

4.1 Computational Grid and Notation

The numerical solution of the Saint—Venant equations
is carried out on a uniform structured grid. In the one-
dimensional case, the spatial domain is divided into
nodes x; = iAx, while time is discretized as t" = nAt.
The discrete approximation of a variable w(x,t) at
node i and time level n is denoted by w?.

For the two-dimensional model, a Cartesian grid
(x;,y;) 1s introduced with spacings Ax and Ay. The
discrete variables are written as w]}. This structured
layout supports explicit finite difference schemes with
central spatial operators and forward time stepping

(71, [13].

4.2 Finite-Volume Scheme for the 1D Saint-
Venant System

The numerical solution of the one-dimensional Saint—
Venant system is carried out using a finite-volume
formulation with an explicit time integration scheme.
The governing equations are written in conservative
form, and numerical fluxes are computed at cell
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interfaces using a Rusanov (local Lax—Friedrichs)
numerical flux.

This approach is consistent with the hyperbolic
nature of the Saint—Venant equations and provides a
stable framework for capturing wave propagation and
discontinuities, particularly in the presence of variable
bottom topography.

For a conservative variable vector U, the semi-
discrete finite-volume formulation can be written as:

dt

iy Fi+%_Fi—%)+Si’

Where F,,1 denotes the numerical flux at the
2

interface between cells i and i + 1, and S; represents
source terms associated with bottom slope and
friction. The numerical flux is computed using a
Rusanov-type scheme:

1 1
FH_% = E [F(Ui) + F(Ui+1)] - ESmax(UHl - Ui);

where s,,,4, 1s an estimate of the maximum wave
speed of the system, typically taken as:

Smax = max(lul + \/ﬂ)

The fully discrete update reads:

At
(F."l

yrtt = pyr — —
L 4 =
Ax i+

- Fi’ll) + AtST.

2

The bottom discontinuity introduced in the
theoretical formulation is represented numerically
through a discrete approximation of the bed elevation
profile. Instead of explicitly evaluating the Dirac delta
function, the bottom slope term is approximated using
discrete differences of the bed elevation between
neighboring cells. In particular, the bed elevation is
defined as a piecewise function over the
computational grid, and its spatial derivative is
approximated by:

<d2b> _ Zbit1 — Zpi
dx /; Ax

This approach allows the localized discontinuity to
be incorporated into the numerical scheme as a
discrete source term, ensuring consistency between
the analytical formulation and the computational
implementation. Such a treatment avoids the direct
numerical handling of singular distributions while
preserving the physical effect of the bottom step on
the flow dynamics.
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Although the Rusanov scheme introduces
numerical diffusion that contributes to stabilizing the
solution, additional smoothing may be applied in the
presence of sharp gradients or discontinuities.

This is particularly relevant in simulations
involving step-type bottom profiles, where localized
source terms may amplify numerical oscillations.

4.3 Two-Dimensional Numerical Scheme

In two dimensions, a central explicit discretization is
employed using differences in both spatial directions.
For consistency with the one-dimensional
formulation, the scheme can also be interpreted within
a finite-volume framework, although it is
implemented here using central operators for
simplicity. For the continuity equation:

oh 0(hu) d(hv)
E-l_ 0x + dy =0

the discrete update becomes

At
hi*t = hl — Ax [((h)fy; — (hw)l,]

A
- ﬁ [,y — (o) .

The momentum equations in the x and y directions
are discretized analogously, using central differences
for flux gradients and explicit evaluation of source
terms due to gravity and bottom slope. This produces
a coupled explicit update at each grid node [7], [9],
[13].

4.4 Stability Condition (CFL Constraint)

The FTCS scheme applied to hyperbolic shallow-
water systems is conditionally stable. The time step
must satisfy a Courant-Friedrichs—Lewy (CFL)
restriction involving grid spacing and wave celerity
[71, [13].

In one dimension, a typical condition is

At < c— 2
lul +/gh

Where C < 1 is a safety factor. In two dimensions,
the restriction involves both spatial steps and
combined directional wave speeds. In practical
simulations, a conservative CFL factor is selected to
prevent numerical instability near sharp gradients and
bottom discontinuities.

4.5 Numerical Smoothing

Because central explicit schemes may generate
spurious oscillations near steep gradients or
discontinuities, a mild numerical smoothing filter can
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be applied after each time step. A weighted local
averaging over neighboring nodes reduces high-
frequency numerical noise while preserving the main
wave structure [13].

This stabilization step is especially useful in
simulations involving step-type bottom profiles, such
as those illustrated in Figure 1-Figure 2, where
localized source terms may amplify grid-scale
oscillations.

5. Results

5.1 Numerical
configuration

The numerical simulations were performed for a
one-dimensional open channel with variable bottom
elevation, including a step discontinuity. The Saint—
Venant system was solved using an explicit finite
volume scheme with Rusanov numerical flux and
CFL-controlled adaptive time step. The spatial grid
uses Ax = 0.5 m over the interval [0, 10] m.

behavior for bottom step

To assess the numerical reliability of the scheme, a
grid refinement analysis was performed. Simulations
were conducted using different spatial resolutions,
and the resulting depth profiles were compared. The
selected spatial and temporal resolutions were chosen
to satisfy the Courant—Friedrichs—Lewy (CFL)
condition while maintaining computational efficiency
and numerical stability.

The numerical solution exhibits consistent
convergence behavior as the grid is refined, with
reduced numerical diffusion and improved resolution
of the bottom discontinuity. This behavior is
consistent with the expected properties of first-order
finite-volume schemes applied to hyperbolic systems.

Additionally, the qualitative structure of the
solution, including wave propagation and depth
transitions across the step, remains consistent across
different grid resolutions, supporting the robustness
and numerical consistency of the proposed
computational framework.

Boundary conditions fix the water depth at the inlet
and outlet, while the initial condition assumes a
uniform depth. Two different initial velocity regimes
were analyzed to evaluate the sensitivity of the flow
evolution with respect to the initial momentum level.
Friction effects are neglected in the present
simulations in order to isolate the impact of bottom
topography on the flow dynamics.

The bottom elevation profile used in the simulations
contains a localized step, as shown in Figure 3, which
introduces a source term in the momentum equation
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Depth profile h(x, t) at t =0.405 — ug = 1.00

and generates spatial gradients in the depth field. This

geometric configuration defines the reference :

topography for all numerical experiments presented .

below. £,

Bottom elevation profile z,(x) with step discontinuity =
0.4 2
Eo3 !
S 9] 2 4 6 8 10
N 0.2 x {m)

o Fig. 5: Depth profile h(x,t) at t=0.40s for the bottom-
T PRI 8 8 1 step configuration with initial velocity u0=1.00 ms-1.

X (m}
Fig. 3: Bottom elevation profile zb(x) with a step
discontinuity used in the simulations. The dashed
vertical line indicates the step position xs, which
generates the topographic source term in the Saint—
Venant momentum equation

The solution remains smooth and monotone, with the
strongest gradient appearing downstream of the step

5.3 Case B: initial velocity uy = 2.0 m/s

When the initial velocity is increased to ug =2.0 m/s,
a stronger advective contribution appears in the
solution. The depth profiles plotted in Figure 6 show
a more pronounced temporal separation between
curves corresponding to different times.

5.2 Case A: initial velocity ug = 1.0 m/s
For the first regime, with initial velocity u, = 1.0 m/s,
the depth profiles at different times show a

progr6881ve Spatlal redlStrlbutlon Of the Water COlumn‘ Depth profiles h(x, t) with bottom step (explicit Rusanov, 1D} — up = 2.00

The initially uniform profile evolves toward a non- 5
uniform configuration controlled by the bottom step

— f=0405
£=0.50s

— £=1.005
— 1=2.00s
— f=4.005

and boundary constraints.

As shown in Figure 4, the multi-time depth profiles
exhibit smooth deformation without spurious
oscillations, which confirms the numerical stability of
the Rusanov scheme under the selected CFL
condition. The transition region near the bottom
discontinuity generates a gradual slope in h(x,t) rather
than a numerical shock, which is consistent with the
intrinsic numerical diffusion of the method.

Depth profiles h(x, t) with bottom step (explicit Rusanov, 1D} — ug = 1.00

= - — — 1=0.405

t=0.505
— t=1.00s
— =2.005
—— t=4.005

0 2 4 6 8
x {m)

10

Fig. 4: Depth profiles h(x,t) at multiple times for the
bottom-step configuration with initial velocity
u0=1.00 using the explicit Rusanov scheme. The
profiles remain smooth and monotone, confirming
stable propagation under CFL control

The individual snapshot at intermediate time,
shown in Figure 5, highlights that the largest gradient
appears downstream of the step location. This
behavior is physically consistent with the additional
gravitational source contribution induced by the bed
slope term.
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Fig. 6: Depth profiles h(x,t) at multiple times for the
bottom-step configuration with u0=2.00 ms-1 using
the explicit Rusanov scheme. A stronger advective
effect produces greater separation between curves and
steeper downstream gradients

Compared with the lower-velocity case, the spatial
decrease of water depth along the channel becomes
more pronounced, indicating stronger momentum
transfer toward the outlet boundary. The profiles
develop steeper gradients at earlier times, which
shows that the dynamic response accelerates with
higher initial discharge.

5.4 Two-dimensional depth field and cross-
sectional slices

The two-dimensional structure of the solution is
illustrated through schematic depth fields h(x,y,t)
evaluated at t = 0.40s for both initial velocity regimes.
Figure 7 and Figure 8 show contour maps of the depth
distribution over the full spatial domain for u, = 1.0
m/s and u, = 2.0 m/s, respectively. The corresponding
velocity fields (u,v), superimposed in Figure 9 and
Figure 10, indicate the dominant streamwise transport
and its spatial modulation across the bottom-step
region.
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In both regimes, the bottom discontinuity located
at x =x, produces a clearly identifiable vertical
transition band in the depth field, together with a

2D depth h{x,y,t) with velocity field {u,v) (schematic) (t = 0.40 s)
1.0 1.824
1.800
1.776
1.752

0.8 brrrrrrrrrr v

~ 0.8

localized low-depth region immediately downstream E 1728
of the step (Figure 7, Figure 8, Figure 9 and Figure o Légo
10). Away from this zone, the solution remains 021 i
smooth and laterally regular, with no visible spurious 00 B " . p o | Leos

oscillations, which confirms that the numerical flux x(m)
and source-term discretization remain well balanced Fig. 9: Two-dimensional depth field with
also in the two-dimensional representation. superimposed velocity vectors at s for m/s. The
velocity field confirms dominant streamwise
transport and a controlled variation near the bottom
discontinuity, consistent with the balanced treatment
of flux and source terms in the numerical scheme

2D depth field hix,y, t} (schematic) (t = 0.40 s)
10 1824
1.800
1.776
1.752

1.728 |
1.704 5 i frapr . _
Leg0 1_02D depth h{x,y,t) with velocity field {u,v) (schematic) {t = 0.40 s} 1.830
1.656 1.785
1.632 1.740
- T 1.608
0 2 4 6 8 10 1695 -
x (m) 1.650 z
. . . 1.605
Fig. 7: Two-dimensional depth field fields at at s for 1560
the bottom-step channel configuration with initial 1.515
velocity m/s. The contour map shows a smooth o3 p ; & Py o v
x (m)

spatial redistribution of depth with a localized
transition band at the step position , where the
strongest longitudinal gradient appears, while the rest
of the domain remains laterally regular and free of
spurious oscillations

2D depth field hix,y,t) (schematic} (t = 0.40s)

1.0 1.830
| o 1.785
0.8 1.740
— 0.6 1.695 _
£ 1.650 £
> 0.4 . 1605
1.560
0.2
n 1.515
0.0 1.470
0 2 4 6 8 10

x {m)

Fig. 8: Two-dimensional depth field fields at at s for
the bottom-step channel configuration with initial
velocity m/s. Compared with the lower-velocity
regime, the downstream depth reduction is more
pronounced and extends over a wider region,
indicating stronger advective influence and faster
spatial redistribution
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Fig. 10: Two-dimensional depth field with
superimposed velocity vectors at s for m/s.
Compared with the lower-velocity regime, the
downstream depth reduction is more pronounced and
extends over a wider region, indicating stronger
advective influence and faster spatial redistribution

The higher-velocity case exhibits a stronger
downstream depth reduction and a wider affected
region (Figure 8 and Figure 10) consistent with the
steeper gradients previously observed in the one-
dimensional profiles. The transverse variation
remains bounded and structured, indicating that the
dominant gradients are aligned with the main flow
direction and that no artificial lateral instabilities are
introduced by the scheme.

To connect the two-dimensional field with the one-
dimensional analysis, longitudinal slices h(x,y,,t)
extracted at mid-channel y, = 0.5m are shown in
Figure 11 and Figure 12 for u, = 1.0 m/s and u, = 2.0
m/s. These slices reproduce the same qualitative
behavior observed in the 1D results: a sharp gradient
near the step location and a smooth downstream
recovery. This agreement supports the consistency
between the reduced one-dimensional representation
and the full two-dimensional field evaluation.

Volume 8, 2026



INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS,

COMPUTATIONAL SCIENCE AND SYSTEMS ENGINEERING

DOI: 10.37394/232026.2026.8.11

Slice from 2D field: h{x,y0,t} {schematic} (y0 = 0.500 m, t = 0.40 s}
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Fig. 11: Longitudinal slice extracted from the two-
dimensional solution, at m and s, for m/s. The profile
reproduces the same qualitative behavior observed in

the one-dimensional results, with a sharp gradient

near the step and a smooth downstream recovery,
confirming consistency between the 1D and 2D
representations
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Slice from 2D field: h(x,y0,t) {schematic) {y0 = 0.500 m, t = 0.40 s)
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Fig. 12: Longitudinal slice extracted from the two-
dimensional solution, at m and s, for m/s. The
stronger depth drops and sharper local minimum
downstream of the step agree with the multi-time
one-dimensional profiles and confirm the
acceleration of the dynamic response at higher initial
velocity

10

5.5 Influence of Bottom Discontinuity

Although the two-dimensional simulations describe
the full h(x,y,t) field, the dominant variation occurs
along the main flow direction. For this reason,
longitudinal profiles h(x,t) are also analyzed, since
they capture the principal downstream gradients
observed in the two-dimensional depth maps. As
observed in Figure 13, the discontinuity location
coincides with the onset of systematic profile
curvature in all simulated regimes.

Depth profile A{x, f) at t=0.40s — v =2.00

IS

f{m)

N

0 2 4 6 8
x{m)

Fig. 13: Depth profile hx,t at t=0.40s for the bottom-
step configuration with initial velocity u0=2.00m/s.
The solution remains smooth and monotone, with the
strongest gradient appearing downstream of the step
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The numerical solution remains stable and
monotone across the step region, with no evidence of
nonphysical oscillations. This behavior indicates that
the selected numerical flux and source-term
discretization achieve a robust balance between flux
gradients and bed-slope forcing.

The comparative behavior between the cases u, =
1.0 ms! and uy = 2.0 ms™!, summarized in Figure 3-6,
shows consistent qualitative trends: a higher initial
velocity produces faster depth redistribution and
steeper downstream gradients.

6. Conclusions

This work presented a computational framework for
the evaluation of open-channel flow with variable
depth based on the one- and two-dimensional Saint—
Venant equations, including a consistent treatment of
step-type bottom discontinuities and an explicit finite-
volume discretization with CFL-controlled stability.In
the one-dimensional configuration, the numerical
results show that the selected explicit scheme with
controlled numerical diffusion produces stable and
monotone depth profiles h(x,t), including in the
neighborhood of the bed discontinuity. The coupling
between flux gradients and bed-slope source terms is
handled consistently, with no evidence of spurious
oscillations near the step. The discontinuity location
systematically coincides with the onset of strong
downstream gradients and curvature changes in the
longitudinal depth profile.

The two-dimensional simulations extend these
results to the full depth field h(x,y,t) and the
associated velocity field. The depth maps and
velocity-vector representations confirm that the
dominant gradients remain aligned with the main flow
direction, while transverse variations remain bounded
and structured. The bottom step generates a localized
transition band and downstream depth reduction
without introducing lateral numerical instabilities,
which supports the robustness of the flux—source
balance in the two-dimensional discretization.

Longitudinal slices extracted from the two-
dimensional field show strong qualitative agreement
with the directly computed one-dimensional profiles
h(x,t). This consistency between the reduced one-
dimensional representation and the full two-
dimensional evaluation provides an internal cross-
validation of the model behavior across dimensions.

A comparative analysis for different initial
velocities shows consistent qualitative trends in both
1D and 2D configurations. Higher initial velocity
produces faster spatial redistribution of depth, steeper
downstream gradients, and stronger temporal
separation between profiles and fields, while
preserving numerical stability and monotonicity.
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Overall, the proposed framework provides a
reliable and computationally efficient basis for

simulating

shallow-water flow over variable

topography with localized geometric discontinuities.
Future work may extend the approach toward higher-
order reconstructions, strictly well-balanced source-
term treatments, and fully resolved two-dimensional

finite-volume

formulations to further improve

accuracy near strong bottom discontinuities. A
quantitative error analysis and convergence rate study
are beyond the scope of the present work and will be
addressed in future research, particularly in the

context

of benchmark problems with known

analytical or reference solutions.
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