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Abstract: Accurately managing a CubeSat's orientation during the orbital injection phase is crucial for mission 
success. Concurrently, signal processing is vital for the CubeSat payload and its subsystems, particularly for the 
Attitude Control Subsystem (ACS). Typically, a CubeSat begins this phase with excessive angular velocity so 
that the controller needs to slew the CubeSat into small angle attitudes for normal operation mode. Cold gas 
thrusters are one method to perform this transition. This work applies an ACS algorithm during the orbital 
injection phase, of nonlinear dynamics behavior as angular velocities are high and perturbed in nature. 
Consequently, linear control methods may fail to meet performance and robustness requirements. To address 
this, we employ the State-Dependent Riccati Equation (SDRE) method, which is applicable to these types of 
nonlinear systems. The SDRE controller uses cold gas thruster torques to execute large-angle maneuvers, 
reducing high angular velocities. This study verifies the numerical simulator model, the control algorithm's 
functionality, and the signal between the controller and actuators, applying a full Monte Carlo perturbation model. 
Although the ACS algorithm is designed as a continuous-time system, it is now prepared for the next study phase, 
which involves analyzing discretization techniques and evaluating the sampling rate for the digital version of the 
SDRE controller. 
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1 Introduction 
Cube-Satellites (CubeSats) are to days experiencing 
an increasing attention within the space community, 
spanning academia, industry, and space agencies. As 
of August 2022, a total of 2068 CubeSats have been 
launched, including those that failed to launch [1]. 
The requirements for attitude control in CubeSats 
have evolved, making propulsion subsystems 
increasingly common [2, 3]. These propulsion 
subsystems are essential for orbit maneuvers and 
attitude control, in particular, for orbital injection. 

Accurate attitude control during the orbital 
injection phase is crucial for mission success. Such a 
mission phase is particularly critical, demanding the 
highest actuator performance [4]. Typically, a 
CubeSat begins this phase with excessive angular 
velocity so that the controller needs to slew the 
CubeSat into small angle attitudes for normal 
operation mode. Cold gas thrusters are one method to 
perform this transition. 

 

The design of a CubeSat attitude control 
subsystem (ACS) faces challenges related to plant 
uncertainties, large angle maneuvers, and rapid 
attitude regulation under tight pointing requirements, 
making nonlinear control methods suitable 
candidates for achieving the desired performance and 
robustness. As an example, there is the Nano-satellite 
Constellation for Environmental Data Collection 
(CONASAT) [5, 6], a set of remote sensing CubeSats 
from the Brazilian National Institute for Space 
Research (INPE) in which the ACS must meet the 
stabilization of the satellite in three axes to enable the 
reception of data from platforms throughout Brazil. 

One nonlinear control method for ACS is the 
State-Dependent Riccati Equation (SDRE), proposed 
first in [7] and explained further in [8]. SDRE 
provides an efficient algorithm for the synthesis of 
nonlinear feedback control via system state 
nonlinearities with a design flexibility in terms of the 
state-dependent weighting matrices. SDRE organizes 
the system model in terms of state-dependent 
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coefficient (SDC) matrices to develop a suboptimal 
control law via online algebraic Riccati equation 
(ARE) solution. This approach linearizes the plant at 
each operating point to create a constant state-space 
model, which is then repeatedly updated at each 
sampling interval to handle multiple linear models 
that depend on the current state, derived from an 
original nonlinear system. 

The SDRE method has been regarded as the 
nonlinear counterpart of the linear-quadratic 
regulator (LQR) control method [8, 9]. 

This work applies an ACS algorithm during the 
orbital injection phase, of nonlinear dynamics 
behavior as angular velocities are high and perturbed 
in nature. Linear control methods may not meet 
performance and robustness requirements, so we 
evaluate the SDRE method, which can handle such 
nonlinear systems. The SDRE controller uses cold 
gas thruster torques for large-angle maneuvers to 
reduce high angular velocities. 

Current work does not explore related topics such 
as optimal thruster geometry, orbital dynamics [10, 
11], and attitude estimation. For a thorough overview 
of the SDRE method and its systematic use with 
nonlinear systems is discussed in [8]. The SDRE 
method has been applied to control nonlinear systems 
like the six-degree-of-freedom CubeSat model in this 
work [12, 13]. Additionally, [17] expanded an open-
source project to create a simulator. In the case of 
CONASAT, [6] used SDRE as a filtering technique 
alongside a PID controller, whilst [17] compared the 
performance and robustness of SDRE with a PID 
controller. 

The SDRE method and the associated ARE 
problem have been thoroughly researched, as an 
example in [14], which explores different approaches 
for solving the ARE and their resource needs. Despite 
the intensive resource demands for online ARE 
solving, SDRE offers simplicity, numerical 
tractability, and design flexibility, comparable to 
LQR [15, 16]. 

To the best of our knowledge, CONASAT is not 
expected to include inertial actuators [5, 6]. 
Therefore, this work utilized available CubeSat data 
extended with a cold gas propulsion subsystem. This 
approach is consistent with the CubeSat industry's 
practice of employing inertial actuators during the 
orbital injection phase. 

In order to test the control adequacy, the CubeSat 
is designed as a continuous-time system for a full 
Monte Carlo perturbation model. The next study 
phase involves analyzing discretization techniques 
and evaluating the sampling rate for the digital SDRE 
controller [18]. The Monte Carlo perturbation model 
investigation evaluates the numerical simulator 

model and verifies the control algorithm's 
functionality, which is designed using the SDRE 
controller. It also suggests that SDRE can enhance 
missions developed by INPE, particularly 
CONASAT. 

The structure of this paper is as follows: Section 2 
outlines the SDRE method, Section 3 dives into the 
CubeSat's physical modeling within the simulator, 
Section 4 discusses state-space models and 
controllers, Section 5 presents the simulation results, 
and Section 6 concludes the study. 
 

2 SDRE 
The SDRE method works by breaking down the 
nonlinear dynamics into a state vector and a matrix-
valued function that depends on the state itself. Such 
an approach converts the nonlinear system into a 
linear structure with state-dependent coefficient 
(SDC) matrices, pair (A, B), as Eq. (1). 
 

 x˙ = A(x)x + B(x)u 

 y = Cx 

In Eq. (1), x ∈ Rn represents the state vector, and 
u ∈ Rm represents the control vector. The SDC form 
resembles the structure of a linear system, but the pair 
(A, B) is a function of the state vector x. While the 
non-uniqueness of SDC matrices provides additional 
flexibility that can enhance controller performance, it 
also introduces challenges. For instance, not all SDC 
matrices satisfy the SDRE requirements, such as the 
need for the pair (A, B) to be pointwise stabilizable.  

The system model in Eq. (1) is evaluated under 
the cost functional in Eq. (2). 



where Q(x) ∈ Rn×n and R(x) ∈ Rm×m are the state-
dependent weighting matrices. For local stability, 
Q(x) must be positive semi-definite, and R(x) must be 
positive definite [6]. 

The SDRE controller works by linearizing the 
plant around the current operating point, generating 
constant state-space matrices to implement the LQR. 
This process is repeated at each sampling step, 
effectively transforming the nonlinear model into a 
linear one, solving an Algebraic Riccati Equation 
(ARE), and calculating a proportional gain at each 
step. Therefore, based on LQR theory applied to Eq. 
(1) and Eq. (2), the state-feedback control law at each 
sampling step is given by u = −K(x)x, where the 
state-dependent gain K(x) is: 
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K(x) = R−1(x)BT (x)P(x)

and P(x) is the unique, symmetric, positive definite 
solution of the ARE expressed as: 
 

P(x)A(x) + AT (x)P(x) – 

P(x)B(x)R−1(x)BT (x)P(x)+Q(x) = 0        (4) 
 
 

Since Eq. (4) is solved at each sampling step, it 
simplifies to an ARE. 
 

3 CubeSat Physical Modeling 
The simulator model is crafted based on a standard 
mission by INPE, where the ACS must stabilize a 
CubeSat along three axes to ensure its antennas point 
toward the intended target. Specifically, this work 
investigates the orbital injection phase of the 
CONASAT, an 8U CubeSat with a side length of 0.2 
meters. 

In terms of sensors, there are two primary types of 
attitude determination hardware: attitude sensors and 
angular velocity sensors [11]. The simulator includes 
both types: (1) a set of attitude sensors, such as Sun 
sensors (commonly used for Earth-orbiting 
satellites), and (2) an angular velocity sensor, 
specifically a gyroscope. The sensors in the simulator 
are simplified, allowing them to measure physical 
quantities at any moment with complete accuracy and 
no noise. Furthermore, the Sun sensors continuously 
deliver the Sun versor measurement in the body-fixed 
frame throughout the simulation, under the 
assumptions of no eclipse, a stationary Sun in the 
Earth-centered inertial (ECI) reference frame, and 
uninterrupted visibility of the Sun by each sensor. 
The ECI serves as a quasi-inertial reference frame 
commonly utilized in ACS. 

The following subsections delve into details of 
relevant CubeSat physical modeling aspects. 

 
3.1 Propulsion Subsystem 
To effectively manage attitude control, it is important 
to explore the various methods available for 
generating torques. Actuators can be classified into 
two main categories: (1) inertial actuators - these 
actuators change the satellite's overall inertial angular 
momentum by producing external torques, such as 
those generated by cold gas propulsion subsystems; 
and (2) momentum exchange actuators - unlike 
inertial actuators, these do not alter inertial angular 
momentum.  

The most basic cold gas propulsion subsystem 
comprises a pressurized gas tank and thrusters 

managed by solenoid valves. Its operation can be 
summarized as follows: (A) the tank is filled with a 
highly pressurized gas; (B) the gas flow is controlled 
by solenoid valves before it reaches the thrusters; and 
(C) when the solenoid valves are activated, the high-
pressure gas expands and accelerates through the 
nozzle, generating the required thrust. 

This streamlined propulsion subsystem design 
offers lower mass, reduced power consumption, and 
enhanced durability. However, as the mission 
advances, the tank pressure diminishes due to 
propellant consumption, resulting in a decrease in the 
subsystem's thrust output. 

A crucial aspect of designing the propulsion 
subsystem is selecting the propellant, as it directly 
influences the choice of both the propellant tank and 
thrusters. Various gaseous propellants with different 
specific impulses are available, including helium 
(GHe), nitrogen (GN2), and xenon (GXe). Due to the 
low specific impulse of these propellants, the thrust 
typically ranges between 10mN and 4N. 

The cold gas propulsion subsystem is modeled 
using three pairs of thrusters, each corresponding to 
a rotation axis: yaw, pitch, and roll. Each pair is 
mounted on opposite sides of the CubeSat, aligned 
along the respective axis of inertia, and arranged 
back-to-back to produce symmetric torques. The 
external torque is described by Eq. (5). 

  

where 𝑔𝑐𝑚 represents the external torque at the 
CubeSat's center of mass, 𝑇𝑛 denotes the thrust 
magnitude along the symmetry axis 𝑎𝑛 for each pair 
of opposite nozzles, and 𝑟𝑛 is the position vector from 
the CubeSat's center of mass to the symmetry axis 𝑎𝑛 
of the nozzles. 

Given the characteristics of solenoids, the control 
mechanism for this type of propulsion subsystem 
operates in an ON-OFF manner, resulting in 
impulsive control [19].  
 
3.2 Rotational Kinematics 
Considering the inertial reference frame Fi and the 
body reference frame Fb with its origin at the 
CubeSat's center of mass, the CubeSat's attitude can 
be defined by a rotation matrix denoted by a unit 
quaternion Q = [q1 q2 q3 | q4] T. The CubeSat's 
angular velocity is defined as ω = [ω1 ω2 ω3]

T. 
Therefore, the kinematics can be modeled using the 
Gibbs vector Q = [g | q4], as shown in Eq. (6). 
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             (6) 

where ω× represents the skew-symmetric matrix and 
1 denotes the identity matrix. 
 

3.3 Rotational Mechanics 
To analyze the variations in angular velocity, it is 
mandatory to study the changes in the CubeSat's 
angular acceleration. According to the Euler-Newton 
equations for rotational mechanics, angular 
acceleration is generated by torques. In other words, 
the rate of change of angular momentum h⃗̇  is equal to 
the net torques g⃗  acting on the CubeSat, as shown in 
Eq. (7). As a disclaimer, the rotational mechanics is 
derived based on the CubeSat's center of mass; for the 
general case, refer to [10]. 

                                   h⃗̇ = g⃗ 

Considering the motion of the body-fixed frame 
Fb relative to the ECI frame Fi and the angular 
velocity ω, the rate of change of angular momentum 
in Fb is given by Eq. (8). 

                         ℎ⃗̇ = 𝑔 − ω⃗⃗ × h⃗ 

Moreover, ℎ⃗̇ = I. ω⃗⃗̇   and ℎ⃗ = I. ω⃗⃗ , in which 𝐼 is the 
time-invariant inertia tensor. Combining this 
definition with Eq. (8) results in Eq. (9). 

                      I. ω⃗⃗̇ = g⃗ − ω⃗⃗ × (I. ω⃗⃗ ) 

The CubeSat is equipped with three pairs of 
thrusters, each aligned with its principal axes of 
inertia. These thrusters act as inertial actuators, 
producing external torques. Consequently, the 
CubeSat's rotational mechanics is governed by Eq. 
(10). 

                 ω̇  =  I−1gcm  −  I−1ω×Iω  

where 𝑔𝑐𝑚 represents the external torque produced by 
the cold gas thrusters. 
 
4 Controller Design 
The model of CubeSat is designed to maintain total 
angular momentum close to zero, requiring control 
over two dynamic states: (1) the attitude, which can 
be described by unit quaternions 𝑄, and (2) its 
stability 𝑄̇, indeed, the angular velocity 𝜔 of the 
CubeSat. For that reason, the following high-level 
requirements were refined: (1) "the attitude must be 

stabilized and must align with the Sun based on a 
specified Sun versor within the CubeSat", and (2) 
"the angular velocities measured by the gyroscope 
should be minimized as much as possible". These 
requirements are common during the orbital injection 
phase, often regarded as the most critical stage of a 
mission, requiring maximum actuator performance 
[4]. 

Considering Eq. (1), the state and the control 
vectors are represented in accordance with Eq. (11). 

                   

The stabilization problem involves determining 
errors in both attitude (x1) and angular velocity (x2). 
The error of the angular velocity is straightforwardly 
obtained from gyroscope data, while the error of the 
attitude must be computed. Regarding the attitude 
error, it is determined by computing a rotation, 
represented by a unit quaternion 𝑄, required to align 
the actual Sun versor (in the CubeSat frame) with the 
reference versor in the CubeSat frame.  

The upcoming subsection delves into the SDRE 
controller. Table 1 outlines the CubeSat 
specifications [5, 6] and references utilized in the 
simulation results presented in Section 5. 
 
4.1 SDRE Controller 
In slow-paced maneuvers, a linear controller is 
appropriate and commonly utilized. However, during 
maneuvers required in the orbital injection phase, 
linearized equations become insufficient, and 
discontinuities may destabilize the system (e.g., 
impulsive torques from actuators that do not allow 
intermediate control torques). To overcome the 
limitations of linearization, the SDRE method is 
employed [20]. 

The SDRE method entails restructuring the 
system model into a pseudo-linear form, as defined 
by Eq. (1), and subsequently solving an ARE at each 
sampling step. 

If the net external torques 𝑔𝑐𝑚 are exclusively 
generated by the cold gas propulsion subsystem, the 
rotational mechanics is governed by Eq. (10). 
Furthermore, considering the vectors specified in Eq. 

INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS,  
COMPUTATIONAL SCIENCE AND SYSTEMS ENGINEERING 
DOI: 10.37394/232026.2025.7.20

Alessandro Gerlinger Romero, 
Luiz Carlos Gadelha De Souza

E-ISSN: 2766-9823 243 Volume 7, 2025



(11), the state space model is derived using Eqs. (6) 
and (10), leading to Eq. (12). 

 

Eq. (12) has been shown to meet the conditions for 
SDRE. Consequently, the state-dependent gain 𝐾 is 
calculated using Eq. (3), which then facilitates the 
computation of the control vector  𝑢1⃗⃗⃗⃗ = −𝐾(𝑥 )𝑥 . 
 
5 Simulation Results 
A simulation test was performed using a 
comprehensive Monte Carlo perturbation model, 
detailed as follows: (1) the initial Euler angle errors 
of the CubeSat were obtained from three independent 
uniform distributions: 𝑋 : 𝑈(−180.0, 180.0), 𝑌 : 
𝑈(−90.0, 90.0), 𝑍 : 𝑈(−180.0, 180.0) degrees; and (2) 
the initial angular velocity errors were sampled from 
three independent uniform distributions: 𝑋 : 𝑈(−0.1, 
0.1), 𝑌 : 𝑈(−0.1, 0.1), 𝑍 : 𝑈(−0.1, 0.1) rad/s. The 
Monte Carlo model was executed 15 times, with a 
simulation duration of 1000 seconds, a fixed step of 
0.1 seconds, and the data presented in Table 1. The 
SDRE controller was defined by Eq. (12) using 
constant weighting matrices 𝑅 = 1 and 𝑄 = 1 (1 
denoting the identity matrix). 

Fig. 1 depicts the set of all quaternion errors 
calculated throughout the simulations. Notably, the 
scalar part of the quaternions (𝑞4) converged over 
time to ±1 (𝑞4 → ±1), while the vector component of 
the quaternion approached zero ([𝑞1 𝑞2 𝑞3]𝑇 → [0 0 
0]𝑇). This convergence demonstrates that the 
CubeSat successfully achieved its target attitude in 
all simulation runs. However, due to the impulsive 
control applied, there was a steady-state error, 
rendering the system marginally stable. 

Regarding the CubeSat angular velocities, Fig. 2 
displays the respective collection of angular 
velocities for each axis. The angular velocities 
approached zero ([𝑋 𝑌 𝑍]𝑇 → [0 0 0]𝑇) rad/s, 
signifying that the reference angular velocities were 
achieved in all runs. Again, due to the cold gas 
propulsion subsystem, there was an error, making the 
system marginally stable. 
 
 

 

TABLE 1 – CUBESAT’S SPECIFICATIONS AND REFERENCES 

Name Value 

Specifications 

unit 8U 

size (m) [0.2 0.2 0.2] T 

mass (kg) 8.2 

inertia tensor (kg.m2) 

 

thrust (mN) 10 

References 

Solar vector (XYZ) [1 0 0] T 

Angular velocity (rad/s) [0 0 0] T 

 
Figure 3 shows the torques from the cold gas 

propulsion subsystem for each axis, confirming the 
system's marginal stability due to its periodic nature. 
Torques were periodically required to maintain the 
target attitude and angular velocities. 

All torques had the same magnitude (10mN × 0.1 
meters = 1mN.m), and their frequency decreased 
over time, indicating a periodic system. These 
simulation results do not apply to general scenarios 
or initial conditions beyond the range defined by the 
Monte Carlo perturbation model, owing to the 
inherent nonlinear phenomena. 
 

6 Conclusion 
To the best of our knowledge, CONASAT is not 
expected to include inertial actuators [5, 6]. 
Therefore, this work utilized available CubeSat data 
extended with a cold gas propulsion subsystem. This 
approach is consistent with the CubeSat industry's 
practice of employing inertial actuators during the 
orbital injection phase. 

In the context of assessing whether the application 
of the SDRE method in ACS could enhance INPE’s 
missions, the performance during the orbital injection 
phase is critical for ensuring mission success. So, 
based on the simulation results, which demonstrate 
that the SDRE controller can meet the requirements, 
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there is evidence that SDRE can indeed offer 
benefits. Nonetheless, SDRE controllers demand 
greater computing resources and often pose 
verification challenges. As a result, drawing a 
definitive conclusion at this stage remains premature. 

In this study, the SDRE controller was designed 
as a continuous-time system to enable a 
comprehensive Monte Carlo perturbation model, 
which was used to test the adequacy of the control 
method. The next phase of this research involves 
analyzing discretization techniques, where the 
sampling rate for the digital version of the SDRE 
controller will be evaluated. 

In summary, the use of inertial actuators for 
CubeSat control is a growing trend. At the same time, 
simulation outcomes suggest that the SDRE method 
has the potential to enhance the performance of 
INPE’s CubeSat missions, in particular, CONASAT. 
Nevertheless, further research is needed to address 
verification challenges, focusing on the a priori 
assessment of the resulting marginal stability. 
 

 
 
 
 

 
 
 
 
 
 
 
 
 
 
Fig. 1. The quaternion errors of the CubeSat during the simulation test 
performed using the Monte Carlo perturbation model. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. The angular velocities of the CubeSat during the simulation test 

performed using the Monte Carlo perturbation model. 

 
Fig. 3. The thrusters’ torques of the CubeSat during the simulation test 
performed using the Monte Carlo perturbation model. 
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