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Abstract: -The work proposes a systematic and innovative graphical technique that practices computer
graphics in the prediction of limit cycles (LC) in 3%3 multivariable systems with memory-type
nonlinearities. If the system in an autonomous state exhibits LC, the present work investigates the
quenching of LC wusing the method of signal stabilization with high-frequency signals
random/deterministic. State feedback combined with pole placement techniques is a key strategy for
suppression of LC oscillations. The feedback gain K is determined either through arbitrary selection of
poles, subject to controllability conditions, or optimally, using the Riccati equation. The complexity
involved in formulating the problem with memory-type nonlinearities is reduced considerably using the
harmonic linearization. The complexity is further reduced if the system considered shows the LC primarily
at a single frequency. The proposed methods are illustrated using examples and validation, done by digital
simulation and by using SIMULINK Toolbox of MATLAB software.
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1 Introduction
For decades, researchers have been increasingly
focused on the prediction of limit cycles (LC) in
2x2 nonlinear systems, in fact demonstrated by a
thorough literature survey in [1-40]. The problem
is more notable and acute in the memory type of
nonlinearity, which has been addressed to a certain
extent in [41-43]. Until [5, 38] almost no literature
is available that addresses the quenching of LC.
The scarcity of literature on quenching self-
sustained oscillations in autonomous 2x2 nonlinear
systems exacerbates the problem in [5, 38].
However, there is little literature available that
addresses 3x3 nonlinear systems and discusses
limit cycles and their quenching/suppression. The
available papers [30-33, 42, 44] have attempted to
focus their research in this area but are confined to
non-memory type nonlinearity in 3-dimensional
case. It is seen and apparent that in 3x3 nonlinear
systems LC exhibits in several cases, like the boiler
turbine unit. A 3x3 system that shows nonlinear
dynamics in a wide range of operations is cited in
[30]. Several other chemical processes are multi-
dimensional and consider a 3x3 model where LC
has been reported as in [33]. Similarly, a good
number of problems related to industries with two-
or higher-dimensional configurations are cited in

[11].
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The describing function (DF) method is
absolutely essential for prediction of LC, which has
been stated in [4, 5, 10, 11, 13, 20, 45].
Investigation/prediction of LC in 3x3 nonlinear
systems compatible with the structure of general
3x3 systems as in [46] caught the attention and is
presented in this paper. The mathematical
formulation of the problem analytically following
the suggested structure is quite complex and
involved, in particular with memory-type
nonlinearities, even by use of harmonic balance as
cited in [40]. Hence, in the present work a graphical
method has been developed for investigation of LC
in 3x3 systems with memory-type nonlinearities.

The most common nonlinearity is backlash,
which occurs frequently in physical systems,
causing LC that acts as a constraint on speed and
position control performance in the robotics and
automation industry and has been extensively
discussed in multivariable systems such as [26, 27,
31, 34-40]. The backlash is an inherent
characteristic of the governor that affects the
performance in load frequency control with multi-
area power systems due to the exhibition of LC
cited in [31, 43].

The proposed work is presented in the following
sequences. Section 2 is a graphical technique
developed for exploration of LC in 3-dimensional
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nonlinear systems with memory-type
nonlinearities, which is an extension/advancement
presented in [46] and also the steps stated in [38].
Section 3 is the signal stabilization, which
illustrates the procedure through memory-type
nonlinearities using deterministic/random
(Gaussian) signals. Section 4 depicts the
suppression of LC applying the pole placement
method with a suitable state feedback gain matrix
K determined either through arbitrary selection of
poles, subject to complete controllability
conditions, or determined optimally using the
Riccati equation.

Section 3 analyzes system dynamics represented in
a class 3x3 multivariable system as in Figure 1. For
the autonomous case (U=0), the governing
equation under LC conditions, expressed in the
frequency domain, is C = GN(X)X and X = -HC.
This leads to X = AX = -HGN(X)X =, where A = -
HGN(X) in [40], facilitating eigenvalue calculation
in Section 2.1 of [44]. X; and C; represent the
amplitudes of the sinusoids and the corresponding
outputs, respectively. G; and N; are the magnitudes
of the associated functions (i =1, 2, 3).

It is worthy to note that in frequency
response analysis, the input is a sinusoid and the
output is considered at steady-state. This allows for
the substitution of the Laplace operator, s, with jo.

2. Investigation of LC in 3x3 Systems
Subject to Memory-Based

Nonlinearities
2.1 Graphical Method

Considering the complexity and many involved
mathematical derivations, a graphical method [44,
46] has been opted for investigation of LC in 3x3
nonlinear systems. Consider a system having three
interconnected systems as given in Figure 1. In the
system Ny, N2 & N3z are 3 nonlinear elements with
rectangular hysteresis-type input/output
characteristics as revealed in Figures 2(a), 2(b), and
2(c), respectively. Gi(s), Ga(s), and Gs(s) are
transfer functions of three linear elements.

The graphical technique based on a normalized
phasor diagram similar to that in [40] is developed
in a 3x3 system for investigation of LC in the
system, which has been shown through Examples
1 and 2. The analysis assumes that the system
shows self-sustained oscillation predominantly at a
particular frequency.
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Fig. 1: A class of 3x3 multivariable nonlinear systems
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Fig. 2: Rectangular Hysteresis Characteristics of
nonlinear elements N, N,, and N3

The rectangular  hysteresis  characteristics
contribute an additional phase loop angle to the
loop phase angle generated by G(jo), G2(jo), and
G3(jw), the transfer functions (TFs) of the
subsystems Si, S; and S;. By substituting the
nonlinear elements with their corresponding DFs
and applying the principle of harmonic balance, the
existence of limit cycles is contingent upon three
specific conditions [46]. The first of these
conditions, applicable to memory-type
nonlinearities:

(i) The phase of the loop should be 8 = 180° =
2Gy + £Gy + £G3 + 4Ny + £Ny + £N3:
where loop angle of G and phase shift of N,
corresponding DFs.

(i1)) The Gain condition: RN % X % = 1: where,

G GUONGimi®) | Co _ G0N (K )

Ry 1+61(Jw)N1(Xjm1,©)’ Rz 14G2(j@)Na(Xmz,w)
C3 _  G3(Jw)N3(Xm3,w)

Ry 1+G3(jw)N3(Xm3 @)

(iii)) The Amplitude Ratio condition:

X1 _ VN X2 Vo X5 V3

X—2=V—Z;X—3=V—3;X—1=V—1:Wher6X1 =Xm1;X2 =

Xm2s X3 = Xz and Vi, V,, and V; are the
Eigen vectors.
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2.1.1 Example 1

Consider the system of Figure 2 with Gi(s) =

s(s+1)2 3 Ga(s) = s(s+4) ;o Gas) = s(s+2) and

the three nonlinear functions having rectangular

hysteresis characteristics having M; = 1.0, My = M3

=1.126 and H = 1.0, h = H/2 = 0.5 as shown in

Figures 3(a), 3(b), and 3(c).

The DF for a rectangular hysteresis nonlinearity is

given by:

NXmo)=|z-< g =0,X<5 ... (1)
Xm 2

< _sin 'li, X2

oX 2X 2

This is expanded in (a + jb) forms (c f Eqns. 2, 4,

and 6)

-1 1) _ i L
N, (Xy,wq) = [cos (sm 2X1) Jox
...... )
, _—aM, 11 2
Ny (X, wq1) = — (sm le) + — X

1 . 4M,

—_—t = ... 3)
1—(1/4)(1) X}

_ 4My in~1 L) —j =
Ny (X2, w3) = X, [COS (Sm zxz) J 2%,
“4)
) -4 -1 1) 2
Ny (X, wz) = X (sm 2X2) + Xy x
1 4M,
N T S 5
JClaxy ™ N
4 1 1
N3(X3,w3) = _[COS (sm 1%) o
... (6)
, _ —4M; 1. 1 2
N3 (X3,(1)3) = x2 (Sm’ 2x3) + Xy X
1 . 4M3

— + 4
/1_(1/4)(3) J X3
The Newton-Raphson (NR) method was employed
to solve Equations (2), (4), and (6). Although
phase angles were not directly used during the
iterative solution process, they were subsequently
included in the loop angle calculations, as shown in
Equations (8), (9), and (10). However, the phase
angle condition (¢ f Eqn. (i): phase 8 = 180° =
2Gy + £Gy + £G3 + 4Ny + 2Ny + £N3:was
checked at every iteration step. Normalized phase
diagrams were constructed for three distinct sets:
Set 1: Subsystems S1, S2, and S3; C1 (-), C2 (-),
C3 (+) (Figure 3a)

Set 2: Subsystems S2, S3, and S1; C2 (-), C3 (-),
C1 (+) (Figure 3b)

Set 3: Subsystems S1, S3, and S2; C3 (-), C1 (-),
C2 (+) (Figure 3c¢)

For subsystem (S)

eL1 = eNl(Xlrﬁ)) + eGl(j‘ﬂ)

R (8)

T
0., = —sin‘lﬁ—E—Ztan
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For subsystem (S>)
OL, = ON,xp0) T 06, Gw)

= —sin~! 2 T _an 12
orf, = —sin T tan™ > ... )
For subsystem (S3)
OL; = ONaxa0) T 965 G0)
= —sin~! 2 T _an 12
or O, = —sin T tan™" —..... (10)

In the graphical method while 6y, traces a circle,
By, traces a straight line, and 8y _traces a straight
line from opposite side of 8y straight line. Radius
of the circle is:

1 .
r=— , and the centre is at
2sinfy,;

-1
(05,@) ...... (11)

The point where the circle and st. line intersect is
located at(u;, v;), and is found using the following
method:

"~ tan 0.,

3cotfy,+cotfr, iJ(3 cot@y,+cotfy,)?-8csc?0y,

-1 . (12)

And v, = e ..(13)

With ® held constant, the normalized phase
diagrams for the three subsystem sets are presented
in Figures 3(a), (b), and (c). The analysis of limit
cycle conditions and related quantities can be
determined using any of these sets.
No=(11-30?) £
J(11 -3 ot — 8(e* + 16)(1 — @?)? P
(14),

(a) -

2 4
Ni= 1)Nz : e (15),

xm, X, (1+a)2)\[[a) (& +16-2N;)+N2]
o -+ (16),
Xxm, X, 2N4 @?+16

X1 _ BDi _ /—(1-ui)2+(“i)2

X, AD; (1+uy)?2+(uy)? (17,

®L1 QNl(Xml, Q)) + HGl 5 ®L2 eNz(sz, (D) +
0G, , OL;=0N;(Xm3,®) + 0G5 ,

~ 2sin OLq

1
and Centre C(—, - )
2 2tan®L4
For set 1:
H
= _gin—1 L _T_ 1
B, = —sin X 2tan™" w; O,
-1 H T —_1 W 1 H T
—sin'——-—tan"!'= ;0 = —sin"'——--—
2X, 2 4 3 2X3 2
-1 @
tan~1=
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The generalized point D: whose
coordinates
X=Xo+rcosB; Y =yo+rsing

Fig. 3: represents the (a) Normalised Phase Diagram with C,, C, & C; for the set 1, where C; (-), C; (-) and C; (+). (b):
Normalised Phase Diagram with C,, C, & Cs for the set 2, where C; (-), C3 (-) and C; (+). (c): Normalised Phase Diagram
with Ci, C; & C; for the set 3, C; (<), Ci (-) and C; (+).

Table 1: shows the 6L,, 0L, 0L, radius (1), centre of the circle, and the intersection points between the two
straight lines and the circle for sets 1,2, and 3 representing the example 1.

Table 1a: Numerical Values of Quantities of Example 1 (Rectangular Hysteresis) for set 1

. Centre
Radius
[0 N1 N2 N3 Xm1 Xm2 Xm3 01 0L O3 0.5 -1
r ©. "2 tan 9L1)

0.60 | 0.3524 | 0.4547 | 0.4547 | 3.1528 | 3.6128 | 3.6128 | -161.0 | -106.4 | -114.6 1.58 0.5,-1.46
0.61 | 0.3647 | 0.4662 | 0.4662 | 3.0750 | 3.4911 | 3.4911 | -162.1 | -106.9 | -115.2 1.63 0.5,-1.55
0.62 | 0.3772 | 0.4779 | 0.4779 | 2.9997 | 3.3755 | 3.3755 | -163.1 | -107.3 | -115.7 1.73 0.5, -1.66
0.63 | 0.3899 | 0.4898 | 0.4898 | 2.9269 | 3.2656 | 3.2656 | -164.1 | -107.7 | -116.2 1.83 0.5, -1.76
0.64 | 0.4028 | 0.5019 | 0.5019 | 2.8564 | 3.1611 | 3.1611 | -166.3 | -108.1 | -116.8 2.11 0.5,-2.05
0.65 | 0.4159 | 0.5142 | 0.5142 | 2.7881 | 3.0600 | 3.0600 | -166.3 | -108.6 | -117.4 2.12 0.5,-2.06
0.70 | 0.4843 | 0.5788 | 0.5788 | 2.4771 | 2.6288 | 2.6288 | -171.6 | -110.8 | -120.2 347 0.5,-3.40
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Table 1b: Phase Diagrams Constructed Graphically of Example 1 (Rectangular Hysteresis) with varying o and
corresponding r for set 1

X
X1 X, X, Xm,
Y. Y. Xm3
Centre X, Xm, X3
Radius (0.5, _BD'| =%, | _BD | From ] _
[0 ; ) = AD = BD the Phasor Diagram
— ) E From ;
2tan@ rom rom Tabl
L Table able
plot plot 1a
la
EhlB ¢ D
& AR T AINg L2
0.60 1.58 0.5,-1.46 0.87 0.87 : ‘1 Al
2
Fa
Q B B
2
C
0.90
(result D
0.63 1.83 0.5,-1.76 0.97 0.90 0.91 matched || OD’=3.57=Cy/R:=C;
with the || OA=1=GC
BB' =1= C3
plot) BD’ =3.65=X;
AD’=3.76 = X,
B’'D’=3.99 = X;
X1/X2 = BD’/AD’ = 0.97
X1/Xs = BD’/B’D’ = 0.91
Ehls ¢ D
0.64 2.11 0.5,-2.05 0.90 0.90
0.65 2.12 0.5, -2.06 0.91 0.91

E-ISSN: 2766-9823 218 Volume 7, 2025



INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS,
COMPUTATIONAL SCIENCE AND SYSTEMS ENGINEERING
DOI: 10.37394/232026.2025.7.19

The data presented in Table 1 contain the
measurements of % for different o using Eqn. (16)
as well as the graphical plots of normalised phase
diagrams. When % is calculated from Eqn. (16), it

matches with % obtained from the graphical plot
(BD’/AD’), confirming the limit cycling condition.
Or f{—; calculated from Table la matches with %
obtained from graphical (BD’/B’D’),
confirming the LC condition.

Table 1 (a): Shows , Nl, Nz, N3, Xml, sz, Xm3,
0L, OL,, L3, 1 (radius), and centre of the circle
for set 1 of example 1 (rectangular hysteresis).
Table 1 (b): Shows o, r (radius) and centre of the

circle for set 1 for example 1 (rectangular

plot

hysteresis), X1 from Table la and % from
X3
Xml _ X1 X1
plot. Or G from Table 1a and o
BD’/B’'D’

2.1.2 Example: 2

The system under consideration presented in

Figure 1, has Gi(s) = G +1)2, G(s) =—— G +4) Gs(s)
= —1 and the three nonlinear elements having
s(s+2)
backlash characteristics with by = b, = bs= 1.0, as
shown in Figures 4(a), 4(b), and 4(c).
/ / gﬁ.i
/ / s/
S e 3/ A
o7 7Yk
as 4 i
i / // b 10 7/7/30 j“
/ // ) 2 1]6 =10 | D=126
(a) (b) (©

Fig. 4: Input and output characteristics of nonlinear
elements, Ny, N, and Nj3.

DF of the above backlash nonlinearities is
expressed as:
N(Xm, w) =

{g\/(§+ﬁ +%Sin2ﬂ)2 + cos4ﬁ}4 —

2
tan™! # for Xm> = o (18)
;+B+Esm2ﬁ
=0 forXy, <§
And N, (Xm, o) = %

\/(g + B + %sinZ B1)? + cos*B; ...(19) and
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N, (Xm,, ®) =

\/(g + B, + %sinZ B2)? + cos* B, ...(20) and
N3(Xm3im) =

\/(g + B3 +35in2 f5)? + cos* Bz ... (21)

The derivative of the DF is calculated as:

Ny (X, @) = = X
\/(—+[31+ /5 sin 2 B1)%+cos* By

(2 x (g+ﬁ’1 +Esm2,81) + (14 cos2pB;) +2 %

(cos2B; + 1) X (—2sin? ;) (22)

fl(Xml) =

K ]

?1\/(5 + B + 1/2 sin 2 B1)? + cos*By —

N1 (Xpm1) (23)

fi' Xm1) == X
J(—+,81+1/2 sin 2 B1)2+cos*B,

@x (3+B1+55in2p;) + (1+cos2p;) + 2 X

(cos2B; + 1) X (=2sin? B1)) Ny’ Xme) ... (24)
Again, Ny (X2, 0) =
%\/(g + B, + 1/2 sin 2 ;)% + cos*p, (25)

The derivative of the DF is calculated as:

’ K
Ny (X2 @) = ;2 X - X

J(§+,82+1/2 sin 2 B;)2+cos*pB,

(2 x (%+,82 +%sin2,82) + (1 +cos2p;y) +

2 X (cos2B, +1) X (=2sin? B;)) ... (26)
fo(Xm2) =

%\/(g + B, + 1/2 sin 2 $,)% + cos*p, —

N2 (Xim2) (27)

f2' (sz)—_ . X 2(%"‘

\/(—*‘Bz“'l/z sin 2 B3)%+cos* B,
B, + isin 2,32) + (1 +cos2B;) + 2(cos 2B, + 1) X

(—2sin? ﬁz)) = Ny’ (Xm1) (28)

Because the relationships between N; and X, N»
and Xa, and N3 and X3 are
implicit/transcendental/memory-type, the third
procedure was used as in [46]. Equations (23),
(25), and (27) contain absolute values of N;, N,
and N; respectively and at a fixed value of w, Ny,

X X5 ..
N, and Nj are constants. The X—Z and X—Sratlos are
1 1

determined from NR method which are compared

with that of % and 22 ratio obtained from graphical
1

plotand at w = 0.57 (cf Table. 2a) they match and
confirm the existence of limit cycle.

For the solutions Eqns. (19), (20), and (21) using
the NR method, the phase angle is not considered
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during the iterative process. However, the phase
angles are incorporated into the loop angles, as
shown in Equations (29), (30), and (31). For every
iteration step, the phase angle condition (cf Eqn.
(1): phase 8 = 180° = 2G; + 2G, + 2G5 +
2Nj + 2Ny, + 2N;.  The normalized phase
diagrams are plotted with three distinct sets or
groups, as follows:

Set 1: Subsystems Sy, S,. and S3; C; (-), C2 (-) and
C3 (+) (Figure 5a).

Set 2: Subsystems Si, S». and S3: C2 (-), C3 (-) and
C1(+) (Figure 5b).

Set 3: Subsystems Si, S,. and S3: C3 (-), C1 (-) and
C2 (+) (Figure 5¢).

Table 2: shows the 0L, 0L,, OL5, radius (r), and the
intersecting between the two straight lines and
circle for sets 1, 2, 3 for Example 2.

9L1:9N1(Xm1, (,0) + 961 . 9L2:9N2(Xm2, (D) +
1

0G, ,0L3=0N; (Xm3,03) +0G3, 1 = 2sin6Lq and
1 1
Centre C(E) ~ TtandL, for set 1:
-1 _Co5*Br |\ _m_ -1
6., = [~tan <§+[)’1+%sin2ﬁ1> ; —2ranol s
By = sin™i(1—-20); (29)
mi
(-1 [__cos?B2 \_m _ -1
0., = [—tan <§+B2+%sin2ﬁ2) S —tan 4],
Bz = sin1(1 - Xb—z) (30)
m2
— —pgn-1(_—Cco?Bs  \_m_ . 1@
9L3 _[ tan <g+ﬁ3+%sin233> 2 tan 2]’
L b
Pz = sin'(1—5) G
m3

For subsystem (s1): 61, = Oy, (X1, @) + 6¢, (jw)
For subsystem (s3): 0, = O, (Xm2, @) + 0, (jw)
For subsystem (s3): 01, = Oy, (Xm3, ©) + 0, (jw)

C_ G _ NG _ XmMiG 32)
Ry C; Y262 XmaNaGe

K yis .
o0 Ctma o' G4/ sin21)? +cos By
r— =

(33)

K ' .
(Xm2 Gz)?z\/(;"'ﬁz"'l/z sin2f8;)?+cos*B;

o o (K1Xm1G1)\/(§+B1+1/2 sin2f1)?+cos*B;
r— =

Ry

(34

(KaXmaG2) [Pt/ sin2B2)?+cos B,
Where Y1, Y2, Ni, N are amplitudes of respective
sinusoids and G; & G; are the magnitude/absolute

values of corresponding transfer functions.
From Figure 4, K; = 1.2, K, = K; = 1.4

. . 2 1 1
Since, |G, (jw)| = D@2’ G, (w)| = wV16+w? ’
Gi| 2V16 + w?
Gyl (w?+1)
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Eq. (34) can be written as: %:
1
1.714xxm1x/16+w2\/(§+51+1/2Si“2ﬁ1)2+0054ﬁ1 (39)
Xmz2 (W2+1) \/(g+ﬁz+1/2Sin2ﬁz)2+COS4BZ
o _ (lemlGl)\/(g+/31+1/2 sin2B;)2+cos*B;
G (K3Xm3G3)\/(§+,83+1/2sin2ﬂ3)2+cos4[33
_ 1714xXXpm VAt w? \/(§+31+1/2 sin21)?+cos* By 36)

Xm2(0?+1) \/(g+ﬁ3+1/2 sin 23)2+cos* B3

In the light of [46] the normalized phase diagrams,
for 3x3 systems, the limit cycling condition are
drawn with 3 sets shown in Figures 5(a), (b), (c):

The generalized point D: whose
coordinates
X=Xo+rcosB;Y =yo+rsind

Fig. 5(a): Normalised Phase Diagram with C;, C, & C3
for the set 1, where C; (+), Cz (-) and Cs (1)

The generalized point D: whose
coordinates:
X=Xo+rcosB; Y =yo+rsind

Fig. 5 (b): Normalised Phase Diagram with C;, C; & C3
for the set 2, where Ca(+), C3(-) and Cy(+)

The generalized point D: whose
coordinates:
X=Xo+rcosO;Y =yo+rsind

Fig. 5 (c): Normalised Phase Diagram with C,, C; & C3
for the set 3, where Cx(+), Ci(-) and Cs(+)
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Table 2 (a): Shows ®, N1, N2, N3, X1, Xm2, Xm3,
0L, OL,, 6L; , r (radius), and centre of the circle
for set 1 for the example 4 (Backlash).

X _ADr i
% 5D from graphical plot ................ (37
% =%2 fom N.R. method ............... (38)

mil 1
X3 _ BrDr .
T from graphical plot .................. (39)
Xms — %5 from N.R. method ............... (40)
Xm1 X1

It may be noted that Table 2 contain the values of

Xm2 — f{—i for different values of ® using Eqn. (38)

Xm1
as well as from the graphical plots of Normalised

Phase Diagrams. When % calculated from Eqn.

Kartik Chandra Patra, Asutosh Patnaik

(38) matches with % obtained from graphical plot

(AD’/BD”), confirms the limit cycling condition.
Or Xm3/Xm1 = X3/X; calculated from Equation (39)
matches with X3/X; obtained from graphical plot
(B’D’/BD’), confirm the LC condition.

Table 2b: Shows r (radius), and centre of the circle
for set 1 for the example 2 (Backlash), Ci/R;= OD’
(from plot) and Ci/Ri(from Eqn. 35); Xmy/Xmi =
AD/BD’ (from plot), Xm3/Xm1 (from Table), X3/ X
=B'D’/ BD.

Table 2a: Values of different quantities for Example 2 (Backlash)

Xma Xma
Radius Xn1 X1
® N1 N2 N3 Xt Xz Xz 0L1 0.2 0.3 F

r rom From
Table Table

0.525 1.302 1.262 1.262 3.85 2.85 2.85 -154.45 -110.83 -117.81 -1.182 0.74 0.74
0.550 1.114 1.251 1.251 3.57 2.55 2.55 -157.99 -112.51 -120.05 -1.324 0.72 0.72
0.570 1.290 1.230 1.230 3.30 2.30 2.30 -160.62 -114.38 -122.18 -1.510 0.93 0.93
0.575 1.286 1.225 1.225 3.27 2.25 2.25 -161.15 -114.80 -122.66 -1.550 0.69 0.69
0.600 0.252 1.7160 1.7160 2.97 1.95 1.95 -164.44 -117.60 -128.36 -1.865 0.65 0.65
0.625 0.284 1.790 1.790 2.63 1.67 1.67 -168.16 -120.1 -129.38 -2.44 0.63 0.63
0.650 0.319 1.862 1.862 2.34 1.47 1.47 -172.04 -123.9 -132.72 -3.61 0.62 0.62
0.675 0.311 2.576 2.576 2.34 1.43 1.43 -174.03 -124.9 -133.99 -4.81 0.61 0.61
0.6955 0.305 3.244 3.244 2.34 1.47 1.4 -175.63 -125.19 -134.51 -6.56 0.628 0.628
0.6961 0.305 3.263 3.263 2.34 1.43 14 -175.67 -125.2 -134.52 -6.62 0.610 0.610
0.7000 0.3055 3.3844 3.3844 2.340 1.43 1.43 -175.975 -125.26 -134.62 -7.12 0.628 0.628
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Table 2b Phase diagrams for different ® and its corresponding r for example 2 (Backlash) using
graphical methods.

Xm2 Xm3
Xm2 | ¥ [ Xm3 | ¥
. Centre v ml | —— m1
Radius Xm1 Xm1 _
® -1 from From Phasor Diagram
r (0.5,————) | from from
2tan@;, Table Table
plot plot
2a 2a
0.525 |-1.182 | 0.5,-1.073 0.740 0.740
0.550 |-1.324 | 0.5,-1.237 0.714 0.714
A Q. B B
IV ‘AD'=32=x,  °
BD'=3.0=X,
N d BD'=3.37=X,
0570 |-1.506 |0.5,-1.42 107 [107 |113 |1.13 . oD =204 =GR, =€,
= XZIX1 =AD'/BD'=1.07
X3IX1 =B'D'/BD'=1.13
DD
2
0.600 | -1.865 | 0.5,-1.797 0.657 0.657
E B c D
-2 0
0.625 |2.4387 |0.5,-2.387 0.636 0.636 -2
G4
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2.2 Simulation using MATLAB
I. Program with MATLAB Code

Examples 1 and 2 revisited in a 3x3 system
(illustrated in Figure 1) containing three nonlinear
elements (detailed in Figures 2 and 4, respectively)
and three linear transfer functions are G,(s) =

2 2 1
s(s+1)2’ Gy(s) = s(s+4) and G3(s) = s(s+2)
By Partial Fraction Expansion of Gi(s), G2(s) and

Gs(s):

2 2 2 2 =2 =2 1
G =T s it (o)
s s+1 (s+1)? s's+1's+1\s+1
G025 _025 . o 05 05
2 =7 s+4 T T 2

The sampling period T (small value), TG(z) = G(s).
Figures 6 and 7 show the canonical and digital
representations for Examples 1 and 2.

Cafs)

G5

Fig. 6: Equivalent Canonical form of Figure 9 for Ex.1
&2
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5

Ci(+ve)

S

Fig. 7: The Digital representation of Figure 9 for Ex. 1
&2

Z-transfer functions from Laplace functions:
61 (s) 2 2z -2 -2z
S S s+ 1 z—eT
-2 —2Tze T
(s+1)? j(z —eT)?
6o ).0.25 0.25z .—0.25 —0.25z )
W88 j(z—l)' St+4 z_e T’
G3(5):0.55s=0.52(z — 1); -0.55s + 2= — 0.52zz —e — 2T
In Z-domain, we have,

’

OYW—EZ()Z) =2 whence OW1 (nT) = 2Y1(nT) + OW1(n—1T) -

- .

—~(41)

°¥V?Z()) = 2 whence OW2 (n T) = -2, (n T) +e~" OW2(n = 1T)
- -

~(42)

0W3(z) —2Tze™" b OW3 (nT)

Y. = = e_T)Zw ence n
= —2Te Y, (n — 1T) + 2e T OW3(n — 1T) —
e 2TOW3 (n — 2T) -- (43)
TU1(z) 0.25z h TUL ()

= whnence n
L@ (-1
= 0.25Y2 (nT) + TU1(n — 1T) — — (44)

T02@) _ 20257 (i hence TU2 nT)=-025Y,(nT)+

Ya(2)  (z=e7*T)

e~*T'TU2(n — 1T) - (45)

V1) — 057 whence TVI (n T) =0.5Y; (n T) +TV1(n = 1T) -
n@ (-1 =3

(46)

TV2(z) _ -0.5z
Y5(2)  (z—e~?T)

T) - (47)

Consider (n — 1T) is the zero™ instant and nT is

the 1% instant, thus it may be written as:
OWI(n = 1T) = OWINO=OWIN; OW1 (nT) = OWINI;
OW2(n — 1T) = OW2NO=0W2N; OW2 (n T) = OW2N1

whence TV2 (n T) = AK2* TV2(n — 1T)-0.5Y; (n
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OW3(n—2T) = OW3N (-1)=OW3NN; OW3
(n — 1T) = OW3N0O= OW3N ;

Now C; (nT) = OWNI1 = T* [OWI1 (nT) +OW2
(nT) + Ow3 (nT)]

Similarly,

TU1(n — 1T) = TUINO = TUIN;

Now C; (nT) =TUNI1=T*[0.25 Y, (nT) + TUIN
—0.25Y, (nT) + AK3+TU2N]

Similarly,

TV1(n —1T)= TVINI

TV2(n — 1T) = TV2N1

Now C; (nT) =TVNI1 =C;

Iterative process continues accordingly.

2.2.1 Usage of SIMULINK

The Values Of X], ij X3, Cl, C2 & C3 was
determined using the SIMULINK for both the
Examples 1 and 2, and the obtained results are
compared with the digital simulation and graphical
method.

ain

d
N
2

@

Transfer Ferd

1 1

s+1 s+l

|
|

Transfer Fend Transfer Fenl

<
Gain2 <|.7
@ Gain
o L =
2 Transfer Fen2 | g I_‘
(4]
’ /_/ 025
Relayl s+4
‘ Dead Zone2 Transfar Fend
Gaind
‘ [7]
(Gaind
03
T 5 s -
Relay2 Transfer Fenf
ne -05
(Gain5 5+
//L Transfer Fen?
\\‘j‘

Fig. 8: SIMULINK model to investigate the LC in
Example 1 (Rectangular Hysteresis).
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2.2.2 Usage of SIMULINK in MATLAB

For Examples 1 and 2, SIMULINK was employed
to calculate X, X, X3, C;, C; & C3 A comparison
was then performed between these SIMULINK
results and those derived from graphical and digital
simulation methods.

—¥
§
Transfer Fend

Transfer Fend

En I
» 541 — s+l

Redy  Transler Fond

Transfer Fent

@ Gain
§

X Transfer Fen2 t
023
o J

5+4

Transfer Fend

Backlash! Relay!

‘ Gain3 c2

|
Kl”
N

Gaind

en

[ [N N

5
Transfer Fen
]
Backlash?  Relay2 05
5+12

Gaind Transfer Fen?

|
d)

[ [

Fig. 9: Shows the SIMULINK model for investigation
of LC for Example 2 (Backlash).

Figures 10(a) and 10(b) show the digital simulation
and SIMULINK results, respectively, for Example
1, while Figures 11(a) and 11(b) show the same for
Example 2. These results were generated using a
MATLAB program implementing the algorithm.
Numerical values are showed in Tables 3a and 3b
for Ex. 1 & Ex. 2 respectively.
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C1=3.02; W = 0.6283 rad/sec
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04

0.2

0

Kartik Chandra Patra, Asutosh Patnaik

C2=0.75; W = 0.6283 rad/sec

0.2
2 04
-4
3 06
-4 -6 08
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40 50
Time in sec Time in sec Time in sec
5. X2=3.48; W =0.6283 rad/sec 1e,  C3=22;W =0.6283 rad/sec s, X3=3.5;W =0.6283 rad/sec
4 u 4
0.5
2 2
- . (3
S & o £
0 0
0.5
2 = -2
-4 15 -4
0 10 20 30 40 50 o 10 20 30 40 50 o 10 20 30 40 50

Time in sec Time in sec Time in sec

Fig. 10(a): Displayed are the results and corresponding images from the digital simulation of Example 1, focusing on
the rectangular hysteresis model. The variables analysed are Ci, C,, C3, X, X, and Xs.

X1=3.5; W = 0.5994 rad/sec

C1=3.1; W = 0.6031 rad/sec

0 20 40 60 80 100 120 140 160 180 200

€2=1.5; W =0.5929 rad/sec X2=3.5; W = 0.5994 rad/sec

1 ar 1
0.5- — 2
0 e
05 2
0 0.33333333 1 1.3333333 2 23333333 3 33333333 ° 20 40 60 80 100 120 140 160 180 200
X3=3.5; W = 0.5994 rad/sec
Al C3=1.3; W = 0.5994 rad/sec | 4
2l
0 ]
0
2 1
2 i
4 1

0 20 40 50 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200

Fig. 10(b): Displayed are the results and corresponding images from the Simulink of Example 1, focusing on the
rectangular hysteresis model. The variables analysed are Ci, C,, Cs, Xi, X, and X3).
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4 C1=3.4; ® = 0.6094 rad/sec

-4r ' X1=3.2; ® = 0.6094 rad/sec

20 40 60 80 100 0 20 40 60 80 100

C2=1.0; ® = 0.6031 rad/sec
! X2=3.4; ® = 0.6031 rad/sec

| 1 1 | b L 4

0 0.33333333 1 1.3333333 0 20 40 60 80 100

X2=3.7; ® = 0.6031 rad/sec

C3=0.7; ® = 0.5969 rad/sec

L

"
0 20 40 60 80 100 0 20 40 60 80 100

1 L Il L
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Fig. 11(a): Displayed are the results and corresponding images from the digital simulation of Example 2, focusing on

the backlash model. The variables analysed are C;, Cs, Cs3, Xi, X and X3.

X1=2.8; w = 0.6283 rad/sec C1=2.8; w = 0.6283 rad/sec

C2=0.31; w = 0.6283 rad/sec

3 3 0.4
0.3
2 2
i 0.2
1
0.1
- & D -
< 0. [ § 0
> 2 X
041
-1
= 02
-2
3 03
3 -4 04
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Time in sec Time in sec Time in sec
C3=1.1; w = 0.6283 rad/sec
3 X2=2.7; w = 0.6283 rad/sec i g 4 X3=2.6; w=0.6283 rad/sec
2 1 3
1 0.8 2
-0 -~ 06 !
' & -
=1 >
A * 04 0
-2 0.2 -1
3 0 2
-4 02 -3
0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50
Time in sec Time in sec Time in sec

Fig. 11(b): Displayed are the results and corresponding images from the simulink of Example 2, focusing on the backlash

model. The variables analyzed are C1, C2, C3, X1, X2 and X3
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Table 3 (a): The results from various methods applied to Example 1 (Rectangular Hysteresis) are compared
and presented.

ZIC') Technique Cy C Cs X1 X X3 ®
1 Graphical 3.57 1.00 1.00 3.65 3.76 3.99 0.63
2 Digital Simulation 3.02 0.75 1.30 3.00 3.48 3.50 0.63
3 SIMULINK 3.10 1.50 1.30 3.50 3.50 3.50 0.60

Table 3 (b): The results from various methods applied to Example 2 (Backlash) are compared and presented.

Sl.
Technique Ci C Cs X1 X X3 ®
No
1 Graphical 2.94 1.00 1.00 3.00 3.20 3.37 0.57
Digital
2 ) ) 2.80 0.31 1.10 2.80 2.70 2.60 0.62
Simulation
3 SIMULINK 3.40 1.00 0.70 3.20 3.40 3.70 0.60
3. Signal stabilization in 3x3 <
nonlinear system Rectanguia ] s
Hysteresis 5 =
: 0
3.1 Using Deterministic signal . E TR
Following the establishment of a limit cycle in the ?Ead1 Relayt m I
autonomous system (Figure 1, Examples 1 and 2), one T (D
quenching was studied by injecting high-frequency A I
signals (of > 10ws), [5] at inputs U1, U2, and/or N
U3. Increasing Blof Bl sin o# while keeping Rectangular
others constant or zero produced complex - Hysteresis
oscillations composed of wr, s, and their sets. The - ., .
system's dependent variables will contain signals at | E D Rz
the forcing frequency (wy), the self-oscillation U=5 ‘ T i
frequency (ws), and their combined harmonics, w=80radfsec —
kior £ kows ,where ki, ko assume various integer ™~
value [38, 46]. )
For the second case, all three inputs at points Uy, Rectangullar
U,, & U, are identical and given by B1 sin o as E Hysteresis
illustrated in Figures 12(a) and 12(b). For ]
. . "l—‘l—ﬁ 7]
Examples 1 and 2 respectively, amplitude B was K D R3
gradually increased and observed that the LC 1 Zoned
frequency (ws) with progressively changes, the <

N
Fig. 12(a): The equivalent system, derived from Figure
9 and used for analyzing forced oscillations with a
deterministic signal in Example 1 (Rectangular
Hysteresis).

system was synchronized to forcing frequency
implying LC was quenched and at frequency wrthe
system exhibited forced oscillations.
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20

w =10 rad/sec |l

1k
~J

e[

Fig. 12(b): The equivalent system, derived from Figure
9 and used for analyzing forced oscillations with a
deterministic signal in Example 3 (Rectangular
Hysteresis).

The results of digital simulation for signal
stabilization ~with deterministic ~signals in
Examples 1 and 2 are presented in respective
Figures 13 and 14.

These figures illustrate the steady-state values of
the system variables as Ciss, Cags, Css and Xiss, Xoss,
Xsss and their associated frequency, w, which
closely approximates the forcing frequency, .

Kissr W= 8.02 rad/sec = w;

1 ‘ Cy,, w=8.2 rad/sec= w;
0.5 \r *o

0 200 400 600 15 20 25 30 35 40
Time (a) Time

Cc1

C;,,, w=8.18 rad/sec = w;

0
0 200 400
Time
0
0.2 Cq, W=7.87 rad/sec = w;
Q0.4
0.6 ] r
-0.8
0 200 400
Time

Fig. 13: The results of applying a deterministic forcing
signal (U = 5sin8t) to the system described in Example
1 (Rectangular Hysteresis) are shown here, focusing on
forced oscillations (signal stabilization).
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Cy. 0= 10.1 rad/sec = w; Xy w=9.91 rad/sec = wy

5

-1 -

(5] x 0
5

30

0 200 400 20
Time Time
[ Npeer WE 9.92 rdd/sec = W,

s 0.5 Coye, w=10.2 radfsec = w;

115 120
Time

X;,, W= 9.95 rad/sec = wy

125 130

0 200 400 600 (b)

ime

0 5

o -0.2 2o
© .4 /Csy w=10.0rad/seczwy =

0.6 - - 5

0 200 400 600 (e 540

545
ime Time

550 555

Fig. 14: The results of applying a deterministic forcing
signal (U = 5sin10t) to the system described in Example
2 (Backlash) are shown here, focusing on forced
oscillations (signal stabilization).

3.2 Usage of Gaussian signal

The conception of signal stabilization using
Gaussian inputs has been explored for single-input
single-output (SISO) nonlinear systems in earlier
works, [45, 47, 48]. Modern research focuses on
robust design and analysis, explicitly considering
uncertainty and randomness. However, the
application of signal stabilization with Gaussian
signals to nonlinear multivariable systems
exhibiting memory effects, also for 2x2 systems,
remained an open problem until the work in [39].
The present study addresses this gap by
investigating the quenching of LC in a 3
dimensional nonlinear system using a random input
signal.

Examples 1 and 2, which exhibit limit cycles in
the autonomous state, were further investigated. To
stabilize the system and quench these oscillations,
a Gaussian random signal with mean (m) and
variance (@) was inserted at each of the input points
(U1, U2, and U3) of the subsystems. It was
observed that, for suitable values of m and o, the
self-sustained oscillations were
eliminated/mitigated. The simulation diagram of
these simulations are presented in Figures 15a and
16a for Examples 1 and 2, respectively.

The corresponding results were illustrated in
Figures 15b and 16b, for Examples 1 and 2,
respectively.
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Gaussian Gaussian B L O
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Dead Relay2
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I
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I
Fig. 15(a): Shows the equivalent system of Figure 9 for
forced oscillations using a Gaussian signal with a mean Fig. 16(a): Depicts the equivalent system from Figure 9
of 60.0 and a variance of 0.050 in Example 3 for forced oscillations driven by a Gaussian signal with
(Rectangular Hysteresis). a mean of 300 and a variance of 0.0250 in Example 4
(Backlash).
0/ I I I 0
€. steady value
= 50 with no oscillations 1 ~-50 ¥y, Steady value 0 Cy, steady value
> with no oscillations with no oscillations X, steadyvalue
100 I 1 -100 | 6 -100 ; -400 with no oscillations
-200 600 |
750 _ 800 850 700 750 800 - ) | L | L
Time (@ Time 600 620 640 660 680 580 590 600 610
0 P Time (@) Time
-2“,5 eal yva.ue X " dv " | 0
-10 with no oscillations -100 s StERCY Value
s Q with no escillations o~ 10 | 400 © Xy, steadyvalue
=20 | o . steadyval o with no oscillations
.20 20 Steady value > 600 i
-30 1 =200 1 20l \nﬁth no us:illati?ns |
) -800
615 620 625 60 () 860 880 900 920 940 420 430 440 450 550 600 650
ime Time I i
T Time (b) Time
12 Cyu steadyvalue 0 0 [ [ [ Xy, Steadyvalue
8 '20 with nooscillaﬁfms Q 50 Ko steadyvalue | ™ 10 = : : o -400 with no oscillations
- with no oscillations _20 1 Cy,y steady value >
-30 H | 1 =100 T T with no oscillations
820 840 860 880 (c) oL 600
Time 750 sg?me%o 900 220 225 -230 235 680 685 690 695
Time () Time
Fig. 15(b): Shows forced oscillations resulting from Ei% 16(b)3. mu?trates. forced osci.llatiolns inducgd by
signal stabilization using a Gaussian signal with a mean signal stabilization with a Gaussian signal having a
of 60.0 and a variance of 0.050 in Example 3 mean of 300.0 and a variance of 0.0250 in Example 4
(Rectangular Hysteresis). (Backlash).
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4 Suppression of Limit Cycles in a
Three-Dimensional Nonlinear System

Using the Pole Placement Method

The pole placement method, as described in [37]
for SISO systems, can also be applied to suppress
limit cycles (LC) or self-sustained oscillations in
3x3 systems. This approach involves strategically
positioning the closed-loop poles (eigenvalues) of
the system at desired locations in the complex
plane through state feedback control. To achieve
this, an appropriate state feedback gain matrix K
[k1, k2, k3] is employed. The gain matrix K can be
determined via pole placement by arbitrarily
selecting poles, provided that the system is fully
state controllable [49]. Furthermore, the optimal
choice of the feedback gain matrix K can be
obtained by solving the Riccati equation, as
discussed in [40, 50].

4.1 Suppression of Limit Cycles in 3x3
Nonlinear Systems via Arbitrary Pole
Placement Using State Feedback

The pole placement method, implemented via state
feedback, suppresses limit cycles by appropriately
assigning the system’s poles (eigenvalues). A
general multivariable nonlinear system, as
described in [46], is illustrated in Figure 17(a). To
analyze the existence of a limit cycle, the
autonomous system (with input input U=0) is
considered, and its simplified representation is

shown in Figure 17(b).
[nxk]

Fig. 17(a): Schematic Diagram of a multivariable
nonlinear system

U=0 C

+ X
:{)@: N [—— €
L

——

Fig. 17(b): The equivalent block representation of the
system in Figure 25(a) with the input U set to zero
(autonomous state).
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By applying first harmonic linearization to the
nonlinear elements, the matrix equation governing
the system in Figure 17(b) can be derived as
follows:

X =-HC, where C = GN(x) X.

Hence, X =-HGN(x) = AX - (48)
Where, A = -HGN(x)

Equation (48) can be interpreted as a
transformation of the vector X onto itself. As noted
in [44], two conditions must be satisfied for a limit
cycle to exist: (i) the matrix A must have an
eigenvalue A equal to one for any non-trivial
solution, and (ii)) The eigenvector of A
corresponding to this eigenvalue must coincide
with X.

4.1.1 Arbitrary Pole Placement for Suppression
of Limit Cycles in Example 1: A System with
Rectangular Hysteresis Nonlinearity

Limit cycle suppression through arbitrary pole
placement is feasible provided the system is fully
state controllable [49].

The controllability matrix

S=[B ABA?B.....] -+ (49)
Where,
—N;G;  —N;G;  N3Gs 0 1 1 -1
A=| NG, —N,G, —N;Gs;|;B=[o|; H=]|-1 1 1];
—N;G;  N,G, —N,Gj 1 1 -1 1
Gi(w) 0 0
Glw)=| 0 G,(w) 0 ;
0 0 Gy(w)
N,(X)) 0 0 X, C,
N = 0 NX) 0 [[x=]X ;c=[c2}
0 0 N3(X3) X3 Cs

From Table 1b for Example 1 (Rectangular
Hysteresis), LC exhibits at, w = 0.63 rad/sec
Xm1=2.9269, Ximp=3.2656, Xm3; =3.2656

Ni(Xmj, w) = 0.3899; No(Xm:2, w) = 0.4898,
N3(Xm3, w) =0.4898

At w = 0.63,|G,(jw)|] =

2
w(w2+1)

|G, (jw)| =

2

(w—w3)2+(2w?)?2 -

=2.2726

1 ]
J(@2)2+(4w)2 V16402
=0.757

=0.392

. _ 1
|G3(](‘))| - oVolta

—N;G;  —NyG,  N3Gj 0
A = N1G1 _N2G2 _N3G3], B = [0], H -
—N;G; N3G,  —N3G3 1
1 1 -1
-1 1 1 ];
1 -1 1
G (w) 0 0
Gw)=] 0 Gy (w) 0
0 0 G3(w)

The controllability matrix, S, is given by S = [B
AB A’B...... ]
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0 0371 —0.3951521
S=]10 -0.371 0.5376161
1 -0.371 -0.1198788

Or |S| = 0.3460569651 # 0

Thus, arbitrary pole placement is quite possible,
[49].

2 [x(t)]=AX + Bu (50)
The autonomous system is represented in Figure
18.

U X

X = AX +BU >

Fig. 18: A system showing the state feedback

Figure 18 is considered
The control law defined by u = —KX
Where K is the feedback matrix given by

[ki kp k3]

Substituting K in Eqn. (65) by Eqn. (66), we get,
£ [x()]= (A-BK) X (52)
Putting the values of A, B and K, we obtain the
Characteristic Equation as
[Al —(A—BK)] =0or

(1)

Hence
(A + N1Gy) NG, —N3G3
—N; Gy (A + N3Gp) N3G3 =
NG, +k; —N,Gy—k, A + NiGs+ks

=13+A%(N; G;+N, G, +N3 Ga+k)+A(2N; N, G, G, +
2N;N3G1G31t2N, N3G, G+ kN3 Gg+k3 N, G+
k3N, G,+k,N3G3)H4N{N,N5G; G, G+
2k3N1N;G;G,+2k;NyN3 G, G3)=0-++ -+ -+ (53)
Substituting the values of N;,G;, N5, G, and N3, G
in Eqn. (68), we get,

A3+2(1.4491+k,)+A(1.0575884 + 0.371k, + 0.371k, +
1.0781k;) +(0.2524747+0.402624k; + 0.142464k,)=0 - (54)
If the poles are selected arbitrarily at A{,A;,A; =
—2,—2 & — 3 respectively, the characteristic
equation becomes:

A+ 2)(L + 2)(A 4 3) =A3+TA2+80+12=0  (55)
Equating coefficients of like powers in Egs. (54)
and (55) gives:

7=1.4491 + k3, whence k; = 4.831 --- (56)
12 = (0.2524746 + 0.3402624ks + 0.142464k;) =

0.2524746+0.8679753562+0.142464k,, whence,
Ky = 7092 v e e (57)
E-ISSN: 2766-9823 231
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8 = (1.0575884 +0.371k; + 0.371k,
+1.0781 k3) = 1.0575884 + 26.31213314 +
0.371k, + 5.2083011, whence k, =

—66.24803946 .................. (58)
0O 0 O
Hence K = [ 0 0 0 ] =
k1 k2 k3
0 0
0 0 0 | -+ (59)
7092 —-66.25 +4.831

Eqn. (52), (A — BK) = A,, with shifting poles for
Example 3. Or

A1 =
—0.8861 —-0.192 0.371
[ 0.8861 -0.192 —-0.371 ]~~(60)
—0.8861—70.92 —0.192 + 66.25 —0.371—4.831
The images/response C = |C| = [N G2x5 |,
Cs N3G3x3

X1
X= [Xz] obtained from a digital simulation of the
X3

autonomous system, with A, presented in Fig. 19.

Response Curves x1,x2,x3 versus t

—1

—x2
R 0.05| x3 X3
o~ Y
x
*x oK . -

x2 x1
-0.05
0 2 4 6 8 10

Response Curves C1,C2,C3 versus t

0.04
, —Ci|
) 2 —C2|
O‘ 0.02} x3 c3l
o~ | ¥
3) P ) e i -
5 0 - ¥
x1 X2
-0.02" :
0 2 4 6 8
tsec

(b)
Fig. 19: Suppression of LC by state feedback with an
arbitrarily chosen poles for Example 1.
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4.1.2 Arbitrary Pole Placement for Suppressing
the LC in Example 2 with Backlash Type
Nonlinear Systems:

From Table 2b for Example 2 (Backlash), LC
exhibits at ® = 0.57 rad/sec.

Nl(Xml, (0) = 1.290, Nz(sz, (D) = 1.230, N3(Xm3,
®)=1.230

Xmit = 3.0, Xim2 = Xm3 =2.3, 01 = -160.62°, O = -
114.38°, 013 =-122.18°

At © =0.57 rad/sec
2 2

1G1(0)| = T = ey — 21565
|G (j0)| = = = ——— = 0.4342

J@)2+(#w)?  wV16+0?

R
|G3(jw)| = e 0.8436

—N;G;  —NzGy  N3Gs 0
A=|N;G; -—N,G, —N3G3|;B= [O];
—N;G; NG, —N3G3 1
1 1 -1
H=([-1 1 1 ],
1 -1 1
Gy (w) 0 0
Glw)=| 0 Gy (w) 0
0 0 G3(w)
The controllability matrix, S =

0 -1.038 4.519

1 —-1.038 -2.364

Or [S|=1.151#0

Thus, arbitrary pole placement is quite possible,
[49]. For autonomous state, the system is as shown
in Figure 18 where the state equation with state

0 1.038 —3.411]

feedback is represented by equation (52): % [x(D)]=
(A-BK) X. On substitution of A, B and K, the
characteristic equation is represented as Equation
(53):

A4+ (N; Gy +N5Gp+N5 Gy k3 )+A(2N; N, Gy G +2
N;N3G;G3+2N,N3G,Gg+ ki N3 Gg+kg N, G+
k3N, G,+k,N3G3)+H4N{N,N5G; G, G+
2k3N;N,G;G,+2k{N,N3G,G3)=0

Substituting the numerical values of Ni(Xmi, ®),
NZ(Xst (D)a and N3(Xm3s (D)a |G1(](A))|, |G2(](A))|
|G3(jw)| for Example 2 at ® = 0.57 rad/sec in
Equation (53), we get,

A3+A%(N; Gy +N, G, +N3 Ga+k3)+A(2N; N, G G, +2
N;N3G;G3+2N,N3G,Gg+ ky N3Gtk N, G+
k3N;GytkyN3G3)H(4N; Ny N3Gy GG+
2k3N;N,G;G,+2k{N,N3G,G3)=0

Or
A3+12(2.782+0.534+1.038+k3)+A(2.971+5.775
+1.1086+ 1.038k;+3.316k5 +
1.038k,)+(6.168+2.971k5+1.10861k,)=0...(61)
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If the poles are selected arbitrarily at Aq,A5, A3 =
—3,—3 & —4 respectively, the characteristic
equation becomes:

A+ 3 + 3)(A + 4)=A3+10A%+331+36=0 (62)
Eq. (62) is compared with Eq. (61), and equating
the coefficients of like powers of A we get:

10 =4.354 + k3, whence k3 = 5.646

36 = (6.168 + 2.971k; + 1.086k;) whence, k; =
12.024

33 = 2971+5.775+ 1.1086 + 1.038k, +
3.316k; + 1.038k,, whence k, = —7.763
0 0 O
Hence K = 0 0 0] =
k1 k2 k3
0 0 0
0 0 0 .. (63)
12.024 -7.763 +5.646

Eqn. (52) gives, (A — BK) = A, with shifting poles
for Example 2. Or
—-2.782 —0.534 1.038

2782 —0.534 —1.038] ..... (64)

—14.806 7.763 —6.684
The images/response C, X obtained from a digital

simulation of the autonomous system, with A,
presented in Fig. 20.

A2:

Response Curves x1,x2,x3 versus t
/ X3

¥ _X1‘, ‘
m—2
T 0.05 (a) X3
g | ;
- Smm——
X2 x1
<0.05" :
0 2 4 6 8
tsec
5 Response Curves C1,C2,C3 versus t
' /X3
¥y
O 002! " —c|
N | \ —C2 b
o & |—cs (b)
G 0
o | 3
X2
-0.02° g ‘ -
0 2 4 6 8
tsec

Fig. 20: Suppression of LC by State Feedback with
arbitrarily pole placement for Example 2

Volume 7, 2025



INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS,
COMPUTATIONAL SCIENCE AND SYSTEMS ENGINEERING

DOI: 10.37394/232026.2025.7.19

4.2.1 Optimal Feedback Gain Matrix Selection
(Riccati, Example 1)

The Riccati Equation is given as A'P+PA-
PBR™IB'P+Q=0 - --- (65)

And K the Feedback gain matrix = R™1 B'P --- (66)

0 1 0 0
GivenR =1, B=|0 ,Q=[O 0 0},
1 0 0 O
—N;G;  —=NG;  N3Gs
A = N]_G]_ _N2G2 _N3G3
—N;G; NpG;  —N3G3
P11 P12 Pis
Let P=|P21 P22 pza], considering P to be
P31 P32 P33

symmetric matrix: p2;=p12, P31 = P13, P32 = P23
P11 P12 p13]

HenceP=[p12 P22 P23
P13 P23 P33

-N;G; NG —N;Gg
A'P = —N,G, —N,G, N,G,

N3G —N3Gs —N3G3
(P11 P12 P13]
P21 P22 P23 e (67)
P31 P32 P33l
PA =
P11 Piz P13][—N1G: —NyGy N3Gs
P21 P2z P2s|| N;G;  —NyG,; —N3G3
P31 P32 P33l l-N;G; N,G, —N3G3

...... (68)
P13P31  P13P32 Pi13Ps33

PBR™IB'P=[DP23P31 DP23P32 p23p33] ....(69)

P33P31  P33P32 P33Ps33
Substituting Example 3 values into Eq. 67 yields

(—0.8861p,,; +0.8861p,, — 0.8861p;,) (—0.8861p,, + 0.8861p,, — 0.8861p;,) (—0.8861p,; + 0.8861p,; — 0.8861ps;)
(-0.192p,, — 0.192p,, + 0.192p;,) (=0.192p,, — 0.192p,, + 0.192p,,) (=0.192p,; — 0.192p,; + 0.192p;)
(+0371p,, — 0371p,, — 0371ps,) (+0.371p;, — 0.371p,, — 0.371ps,) (+0.371py5 — 0.371p, — 0.371pss)

=A'P e (70)
Substituting Example 3 values into Eq. 68 yields:

(~0.8861p,, + 0.8861p,, — 0.8861p,5)  (~0.192p,, — 0.192p,, +0.192py;)  (+0.371p,, — 0.371p,, — 0.371p,3)
(~0.8861p,, + 0.8861p,, — 0.8861p,;) (~0.192p;, — 0.192p,, +0.192p,)  (+0.371p,, — 0.371p,, — 0.371p,,)
(—0.8861ps, + 0.8861ps, — 0.8861ps;)  (~0.192ps, — 0.192ps, +0.192ps)  (+0.371ps, — 0.371py, — 0.371psy)

=PA e (71)
Substituting Example 1 values into Eq. (69), (70),
(71) and the Q in Riccati Eqn. 65 gives:
(-1.7722pq1 + 1.7722p15-1.7722p43 -p13> +1)=0
...... (72)
(-0.8861p1,-0.192p;,1+0.8861p,,-
0.192p;3+0.8861p,3-p13 p23)=0 e (73)
(-1.2571p131+0.371 p;1+0.8861 p23-0.371 pi2-
0.8861 p33-pi3ps3)=0 oo (74)
(-0.192 p11-1.0781 pi2+0.8861 pat 0.192p;3 —
0.88611323 - P13 p23): 0 e (75)
(-0.384 p12-0.384 p22+0.384 py3-p3%)=0--- (76)
(-0.192 p13+0.371 p21-0.192 pa3- 0.371p2+0.192p33

- p23 p33) =0 e (77)
0.371 P11 — 1.2571 piz t 0.8861 P23 — 0.371 P12 -
0.8661 P33 - P13 P33 = 0 «oeee (78)

0.371 pra—0.371 paz - 0.192 p13— 0.563 py3 +0.192
P33 —PuPsz =0 coe e (79)
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0.742 p13 — 0.742 po3 - 0.742 ps33 — p33° = 0-+- (80)
From Equation (77) and (79), by subtracting, we
get, pa3 = P32z =0
From Equation (74) and (78), by subtracting, we
get a trivial solution.
From Equation (73) and (75), by subtracting, we
get, P12 = 2p13
From Equation (76), we get, py; = —p12 ... (81)
From Equation (80), we get, 0.472 (p13 — Pp33) =
P332 i, (82)
From Equation (77), we get, - 0.192p,3 +
0.371py1 — 0.371py, + 0.192p33 =0 ...... (83)
From Equation (73) p;; = —9.731p;,
From Equation (72) 34.49513 — 177 py3 —
p?; +1 = 0, whence p;3=32.75 or — 0.31
Other values are p;, = 0.31 or — 0.061,p,, =
—65.50 0or 0.361,p33 = —341.14 or 0.032
P11 = —637.074 or — 0.594, p,3 =0

Pi1 P12 P13
P= Iplz P2z O ]

Piz 0 ps33
From Equation (66),

P11 Piz P13
K=R!BP=1[001] Ile p2z 0 ]
P31 0 P33

whence k; =32.75 or—0.031, ko =0, ks = -

341.144 or 0.032. -------——-- (84)
-0.8861 —0.192 0.371

Hence A-BK=A;=| 08861 —0.192 —0.371]

-0.8551 0.192 —0.403

The images/ responses C, X obtained from a digital

simulation of the autonomous system with Aj are

presented in Figure 21.

§ Response Curves x1,x2,x3 versus t
: ' / X3

¥ —) .

0.4 (a) =

x1, x2, x3

tsec

. Response Curves C1,C2,C3 versus t

/X3

@ 0.2 . e —
o 3

; \ —Cf
~N
({ 0.1 (b) x1 —C2
- C3|
O ol ;

\x2
0.1 4 : 4
0 2 4 6 8

tsec

Fig. 21: LC Suppression via State Feedback (Optimal
Feedback Gain, Example 1)
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4.2.2 Optimal Feedback Gain Matrix Selection
(Riccati, Example 2)

The Riccati Equation is A’P+PA- PBR'B'P+Q=0 .. (65)
And K = Feedback gain matrix=R™1 B'P --- -+ (66)

0 1 0 0
Assuming R=1,B=|0|,Q=(0 0 Ol,
1 0 0 O
—N;G; —N;G; 3U3
A= | N;G;, —N,G, —N3G;
—N;G; NG, —N3Gs
P11 Piz Pis
Let P=|P21 P22 stl, considering P to be
P31 P32 P33
symmetric matrix: p;;=p12, P31 = P13, P32 = P23
P11 Piz Pis
Hence P = [pu P22 pzsl
P13 P23 P33
A'P =

(=N;Gypyy + NiGipyy = NiGipsy)  (—N3Gipaz + NiGipaz — NiGipsz)
(=N2Gzp11 = NaGap1 + NoGopsg)  (=N3Gopsz — N2Gopaz + N2 Gopsz)
(+N3G3pyy = N3Gspyy = N3Gspsg)  (+N3Gapsz — N3Gapa, — N3Gspsz)

(85)
PA -

(=N;Gypyq +NiGipy; = NiGipis)  (=N3Gypyy — N3 Gopyp + N3 Gopsz)
(=N3Gypa1 + N;1Gipzz = NiGipzs)  (=N3Gzpaoy — NaGzps; + NyGopss)
(=N;Gyps1 +N;Gypsz = N;Gypss)  (=NGzpsy — NaGzps; + NyGopss)

(86)
P13P31  Pi3P32  P13Ps3
PBR™!B'P=|P23P31 D23P32 p23p33] -+ (87)
P33P31  P33Ps32  P33P33
Substituting the values of Example 2, where
—-2.782 —0.534 1.038
A=] 2782 —0.534 —1.038] and Eqn. 85 can
—2.782 0.534 —-1.038
be written as
[E:i;;iir;:ti;;iiﬁ::é;;iiﬁ:ii ol e o) Eiﬁlifﬁtifﬁ:éiiﬁiilﬁlifﬁiii]
(1.038p,; —1.038p,, — 1.038p,s)  (1.038p,; — 1.038p,, — 1.038p,))  (1.038p; — 1.038p,; — 1.038pss)
=A'P - (88)

Similarly, Substituting the values of Example 4,
and Eqn. 83 can be written as:

(—2.782py, +2.782p,, — 2.782p,5)  (—0.534p,; — 0.534p,, + 0.534p,;) (~1.038p,, — 1.038p,, — 1.038p,:)
(—2.782p,, + 2.782p,, — 2.782p,;) (—0.534p,, — 0.534p,, + 0.534p,;)  (1.038p,, — 1.038p,, — 1.038p,,)
(—2.782p,5 + 2.782p,5 — 2.782p53)  (—0.534p,; — 0.534p,, +0.534p,;)  (1.038ps, — 1.038p,; — 1.038ps5)

Substituting the values of Eqns. (87), (88), (89) and
the Q in Riccati Eqn. 65 gives:

(-5.564p,; + 5.564p;5-5.564p,5 -pys> +1)= 0--- -+ (90)
(-3.316p;,-2.782p55+2.782p4,-0.534p, 1 +0.534p, 5-

P13 p23)=0 (0D

(73.82p13+2.782 p2372.782 p3371.038p| 1—1.038 Pi2—pi13
p)=0 e 92)

(-0.534 p11-3.316p1210.534p 13+ 2.782p,, — 2.782p2s —
p13p23)=0 < (93)

(—1.068p12—1.068p22+1.068p23—p232):0 -+ (94)
(-0.534p13-1.572p23+0.534p33+ 1.038p12-1.038p22 - p23

p33) =0 e (95)

1.038p11 - 1.038[)]2 - 3.82p13 + 2.782}323 - 2.7821333 -
pp3=0 e (96)

1.038p12 - 1.038p22 - 1.572p23 - 0.534p13 + 0.534p33 -
psps=0 e 97)

2.076p13 - 2.076p23 — 2.076p33 — p332 =0-- (98)
Subtracting, Equation (93) from Equation (91), we
get a trivial solution.
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Subtracting, Equation (97) from Equation (95), we
get a trivial solution.

Subtracting, Equation (96) from Equation (92), we
get, pii =0.

Equation (90), in conjunction with Equation (91) —
(98) yields, p13 = 1.01, pi2=1.0136.

Similarly, equation (94) in conjunction with others
yields p23 = 2.036 or — 0.97. And equation (98) in
conjunction with others yields ps3s = 0.393 or —
2.115.

From Eqn. (81), K = R™* BP = 1 [001]
P11 Piz Pi3
P12 P22 pzsl
P13 P23 P33
Or[kqk; k3]=[(0xpy1 + 0xpy, + 1xpy3)  (O0xpy, +

0xp,z + 1xpp3)  (0xpy3 + 0xpy3 + 1xps3s3) |
Or [kik, k31=[(p13)  (P23) (p33) 1
= [1.01 2.0360r—0.97 0.393 or—2.115],

Whence, k; = 1.01, k,= 2.036 or — 0.97and k; =

0393 or — 2115  eeeees (99)
Hence, A — BK = Ay =
—2.782 —0.534 1.038
2.782 —0.534 —1.038 ]
—3.792 —-1.5020r1.504 —-1.4310r1.077
...... (100)
Cq N;Gyxq
The images/ responses C = |C, | = INZGZX2 and X =
Cs N5G3x3

X1
[le in the autonomous state, obtained from digital
X3

simulation with A4, for Example 2, are shown in
Figure 22.
o4 Response Curves C1,C2,C3 versus t

»
© \ —C1
O 0.05 x3 —cC2! (a)
) cs3|
5 i
x2
-0.05
0 2 4 6 8
t sec
Response Curves x1,x2,x3 versus t
* —X1
0.2 \
R 3 (b) (—xz
i X3
X 0.1 Ny
‘;f x1
0 Lo
\ x2
-0.1
0 2 4 6 8
t sec

Fig. 22: LC Suppression with Optimal Feedback Gain,
K (Example 2)
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5. Conclusion

The presence of limit cycles (LC) is a hallmark of
instability and can significantly impact the
performance of speed and position control in
robotics and automation, as well as load frequency
control in multi-area power systems. While there is
limited literature addressing the suppression or
complete elimination of LC in 2x2 systems with
memory-type nonlinearities, this work focuses on
quenching LC in 3%3 systems using signal
stabilization and pole placement methods. The
proposed graphical techniques offer enhanced
insight into the problem due to their
straightforward application. The effectiveness of
these methods is demonstrated through numerical
examples and validated by results from graphical
analysis, digital simulations, and MATLAB’s
SIMULINK Toolbox.

In the graphical method, results are sometimes
interpreted through visual estimation, which can
lead to errors. In our approach, we used both
computer graphics and a geometric toolbox to
improve accuracy. In only one instance did the
measurement differ noticeably from results
obtained using other methods. However, even in
that case, we have faithfully reported the exact
recorded value, regardless of the discrepancy.

The present work introduces the following
novel contributions: (1) extinction of limit cycles
through signal stabilization using (a) deterministic
and (b) Gaussian signals, thereby addressing
uncertainty for robust applications; and (2)
suppression of limit cycles in 3x3 systems with
memory-type nonlinearities via state feedback,
including (a) arbitrary pole selection under the
complete state controllability condition, and (b)
optimal feedback gain matrix K design using the
Riccati equation—an updated approach not
previously reported..

The complete tracking of synchronization/
desynchronization under signal stabilization
(deterministic and random), may be explored in
future work with extension of the present work.
Further, both signal stabilization as well as
suppression of LC may also be extended for nxn
systems with non-memory and memory type
nonlinearities. Above all, an attempt may be made
to develop an analytical method as an extension of
such work in 3x3 systems with memory type
nonlinearities.

Appendix

Derivation of Describing Function (DFs) for
rectangular hysteresis and backlash.
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The describing function (DF) [7, 10, 38, 51]
expression for rectangular hysteresis type of
nonlinearity is

Y H
N(Xm,m):|ﬁ<¢|:0,x<; ........... (1)
Y ¥ v
M, —< » M, » M < >
M,=10
» M= 1126=M, » >
H 0 H2 =10 L0/ 0] 1
h=H/2=05
L —-M. ¢ - — M

(@ ®) G

Fig. Al: Rectangular Hysteresis Characteristics of
nonlinear elements N1, N2, and N3

The DF for rectangular hysteresis (Fig. 2) is a
complex function of jo. Therefore, the DF has two
parts: real and imaginary parts. Hence, it is derived
as (atjb) forms (c f Eqns. 2, 4, and 6)

L in~1 1) _ i L
N1(X1;w1)—nxl [cos(sm le) e R 2
_ —4My g 1 2

N,(X;, wq) = p— cos (sm le) +_nxf X
1 . 4M,
= - S 3
/1—(1/4)(1) X3 ®
— Mz in~1 1) i L
Ny (X5, wp) = - [cos (sm zxz) Jaxg)eee 4
_—4My o1 1 2
N,(X,, w,) = p— cos (sm zxz) +_nxg X
1 . 4M,
1_(1/4)(2) T[X% ( )
— M3 in~1 1) i L
N3 (X3, w3) = = [cos (sm 2x3) Jag] e (6)

Slope=K; /

b/
7‘//

Fig. A2: Input and output characteristics of nonlinear
elements, N, N, and N.
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xm J( +p+Lsin 2 f)?+cos* B Due to syI_nmetry of y only the positive half wave
N(Xm, o) = g L— to be considered
tan 1 <Coi—ﬁ> -
g - /2
Zthtpsin2p A= 2 / K(X,,sinwt —H)coswtd(wr)
For Xw>H = b/2 or X;>b/2 ™o
— : — _ TP T
Whereﬁ—Xm smB Xm—2H + /K(X,,, H)coswtd(wr)+ /KX,,,sina)l+H)coswtd(a)1)
Orf =sin™?! (1 — ﬁ) /2 B
Xm
Equation to output of nonlinear element:
K ( b) 0<wt<= 2 [ T
x—=];0<wt <, == | [ kX,sin0cos0d6 —KH 0do
2 2 / 1nocos / cosod
b s B
K (Xm - E) 2 Swt < (m—p) +K / (X, — H)cos0.d0 + / KX,,sinBcos0d6 + KH / co\9d9:|
n/2 a-B n-p

where w1 = 6

KX — H); 3% Swt<(2r-p) [T/Z<m e) }

Y= K(x+é>'(r[—ﬁ)<wt<3E
2)’ - -2

2KH 2
— [sin @]y~
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- = — < < _ A
K(x 2)1 2r—-p) <wt <2m ;3K(X+”{sm9] 2I;Xn. [ / (y) ng H o) 5
Ja\ 2
Y Y ) n/2
) P :ﬁ[,mf"]o 72KH|17(>]+'—"[%5-11
| | v/
K= slope i / ix(xu—$)=n it E k +ZKX,,.[ cosle]” LK sinf]
| L _'L.,‘ ............................ — S —— -8
¥ ! ! 25/5 ! l'« ) ” T 4 Jzp
1 | Y A oy _
i _io E: : & :’( gmlﬂn\‘ : :“,’ _ m[l+l _ﬁ+2k(xrrr H)sinﬁ—ZK( m—H)
| / 21 ! ‘gf -] :‘1 2n » T T =
l ) / ! | \; i i '"[ 14cos2(m—B)] - _KH;mﬁ
I‘—“—: | l Y Al KX, 2KH 2KX
b ! ! o m 2K X, sin ﬁ 2KH ",
: ! =% stz -
2KH KX, KXa 2KH smﬁ
PR -2 [
T 2t 2¢m cos(2m —2f) T
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=—_ + - + cos2f} — sin
2n T T 2n p b
KX, 2KX,, - . 4KH .
:2—;[l+0032ﬁ]+Tn[smB—l]— sinf8
e | KX, 4KH
4 : = 2’” -,B+ ’"[ sinff — 1] — sin B
Flg: A3: Backla‘sh. type Tlonhnearltles (used for KX, 2KX,, - 1 2H
derivation of describing function. =75 8 B+ N sinff (1— 52
Therefore, the fundamental component of y is KX KX
given by: = —Mcos? B+ —"[—1+sinBsinB]
T T
Vi =A cosat + B sinwr, ax
A= %Cﬂszﬁ + 2A”XIH +sin2 B] Xm ¢ _Zﬁ i -me —1+1—cos? ﬁ
where
KXn > KX 5
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.
0
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I 2
B = —/vsin(ord(mr).
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0
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Similarly,
T
B = /K Xpsinot —H)sinotd(or) /K X —H)sinotd(or)
I
+ / K(X,,,sinwl+H)sinwld((m)‘|
Jl.ﬂ J
KX, T / K(X,—H) [
=—= /sm@ %1116(]9—— / sdeG—L / sinfdo
T T i
Y n/2
2KX,, | 2KH |
+ / sin@sin6d6 + —— / sin6d6
T T
B B
/2
2KXm [ (1 —cos26 2KH 2 2K(Xm—H)
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T . 2 T - T
0
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—cos 23
- / L().\ﬂ_; 8
B
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2z 2 o n ;
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2n 2 g n
KX, 2KH 2KX 2KH KXy .
T’" = -fT'"m_xﬁ- = cos B + KX, + :”'sm(ln 2B)
KX, 2KH 2KH
—="(n—B)+ )
o B p cos B
0 ¢ YK ) =
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m L2 i1 i1
KXu[ 1 2KH 2KH
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5% 5 s = s
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KX b 4 1 KX, sin2
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m T . ol 2
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where A| is —ve.
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