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Abstract—In this paper, we present some identities of Bivariate
Fibonacci polynomials and Bivariate Lucas polynomials. We
have used their Binet’s formula and Generating function to
derive the identities.
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Mario Catalani, [9, 10, 11], define generalized bivariate
polynomials, from which specifying initial conditions
the bivariate Fibonacci and Lucas polynomials are obtained
and derived many interesting identities. Also derive a
collection of identities for bivariate Fibonacci and Lucas
polynomials using essentially a matrix approach as well as
properties of such polynomials when the variables x and y are
replaced by polynomials. Jacob, Reutenauer, Sakarovitch [3];
Belbachir and Bencherif, [4]; Inoue and Aki, [6]; Kaygisiz and
Sahin, [7] and Tasci, [2], present theories of the bivariate
Fibonacci and Lucas polynomials are developed. Panwar and
Singh, [13], present generalized bivariate Fibonacci-Like
polynomials sequence and its properties like Catalan’s
identity, Cassini’s identity or Simpson’s identity and
d’ocagnes’s identity for generalized bivariate Fibonacci-Like
polynomials through Binet’s formulas. Alves and Catarino,
[1], present to the reader elements and information derived
from a formal and computational mathematical model, in
order to demonstrate a greater, complete and broad
understanding of some studies on the subject that require a
greater scientific discussion and dissemination, in order to
provide an evolutionary understanding about the current
research of some subjects in Mathematics and provide a
systematic and simplified view of the various properties
(related to the BFP, BLP, BCFP and BCLP) discussed
throughout the paper. Cakmak and Karaduman, [12], present
the new algebraic properties related to bivariate Fibonacci
polynomials have been given and the partial derivatives of
these polynomials in the form of convolution of bivariate
Fibonacci polynomials. Also, they define a new recurrence
relation for the r-th partial derivative sequence of bivariate
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Fibonacci polynomials. Panwar, Gupta and Bhandari, [14],
derived many identities of bivariate Fibonacci and Lucas
polynomials through Binet’s formulas. Also present identities
related to their sum and difference of squares involving them
and describe some generalized identities involving product of
bivariate Fibonacci and Lucas polynomials. In this study, we
present and define some identities of Bivariate Fibonacci and
Bivariate Lucas polynomials.

l.
Forn> 2, the bivariate Fibonacci polynomials sequence is
defined by

F (X Y)=XF, (% Y)+YF, (X Y)

So, the first bivariate Fibonacci polynomials are

PRELIMINARIES

(2.1)

F (% y)={0,1x x> +y,x°+2xy,x* +3x°y + y?,...
(R (xy)} =

Binet’s formula for the bivariate Fibonacci polynomials:

R, —NR)
R0y =5—F (22)
ER1 _Enz
Generating function for the bivariate Fibonacci polynomials:
t
(2.3)

Forn>2, the bivariate Lucas polynomials sequence is
defined by

L, (% y) = XLy (%, Y)+ YL, (%, y)

So, the first bivariate Lucas polynomials are

{L(xy)}= {2, X, X2 +2y, X* +3xy, x* +4x2y+2y2,...}

(2.4)

Binet’s formula for the bivariate Lucas polynomials:

L, (xy) =9 +9%; (25)
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Generating function for the bivariate Lucas polynomials:

Ln(x, y):( 2—xt

—_— 2.6
1-xt—yt?) 29

The characteristic equation of recurrence relation (2.1) and

(2.4) is: t? —xt—y=0 2.7)

Where X#0, y=0and x*+4y=0.

This equation has two real roots:
X+X° +4 XXt +4
R, XX Ay and ‘R, XX Ay .
2 2
Note that
R AR, =xRR, =y, R, —R, =X +4y .

Also F (X, y)=

-1
-y)"

1

-y)"

L,(xy)=

I11. EXPRESSION OF SUMS OF BIVARIATE FIBONACCI
AND BIVARIATE LUCAS POLYNOMIALS

In this section, we establish many identities and relations
for Bivariate Fibonacci polynomials and Bivariate Lucas
polynomials.

PROPOSITION 1: For any integer N > 0 [Panwar et al., 2020],
n+2 n+1 n
R =X\ + yR;

, . (3.1)
R =xR," + YR,

ProPosITION 2: If F, (X, Y) is Bivariate Fibonacci
polynomials, then for p,q €

[ PHAY npegon

Z( n X yp ‘ I:n (X1 y) = F2p+2q (X’ y) (32)
n=0

Proof: By the Binet’s formula of bivariate Fibonacci
polynomials,

SY PHA )y pean
Z( ) ]xy“ F,(xY)

n=0

eSS
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el
_ 1 p+q (p:q}{(xiﬂl)n _(sz)n} yp+q—n

=0

P~
|
=

= g, (O R )

Since R, & R, are the roots of the characteristic equation
t? —xt—y =0, using Lemma:
_ (BT (%)™
9{1 - 9{2
Fopi2a (X Y)

This completes the proof.

THeoReM 3: If F (X, Y) is Bivariate Fibonacci polynomials,

then for p,q €l
p+q

Z[ p:qu”(—y)”*q”Fn(x, y)

n=0
(3.3)
p+q

Z( ](_Zy)nFZ(erqn) (X’ y)

Proof: By the Binet’s formula of bivariate Fibonacci
polynomials,
p+q

Z(‘”qjx ()" "F, (x,y)
([ P+q p+g-n 9{;_9{2
Z—;( j ) (ml_mzj
z[ ]x“ (Y7 (R -9%3)
93 AN (RSN ISV

2 n=0

(O, —y)" = (xR, - y) "9}

B R -NR,
Since $R,and*R, are the roots of the characteristic equation
t?—xt—y=0,
XR, -y = in -2y

R,-y= 9{2 -2y
Thus,
p+q 2 _ p+q _ 2 _ p+q
Z p+q Xn (_y)p+q—n Fn (X, y) — (ERl 2y) (SRZ 2y)
=0 n ml _ERZ
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p+q

=;(p:qj(—2y>“a(p+qn)(x, )

This completes the proof.

ProposITION 4: If L, (X, Y) is Bivariate Lucas polynomials,
then for p,q €l

a4
[ > qj DL () =L (Y) G4

Proof: By the Binet’s formula of bivariate Lucas polynomials,

n=0
p+q
Z(p”jx*’“‘”(—l)%n(x, Y)
n=0 n
(P4 anap o)
< n 1 2
[p+qjx (p+q\]xp+qn(_1)n (_mg)
n n
= (X_i}{l)mq + (X_mz)mq
-y

SR

G
(mlmz )p+q

= I‘p+q (X’ y)
This completes the proof.

o |l

n
p+ p+q

PN (D) (-] )+ Y

n=0

n=0

-y
SRl

ProPOSITION 5: If L (X, Y) is Bivariate Lucas polynomials,

then for p,q €l
p+q

P+q -
Z Xnyp+q nLn (Xi y) = L2p+2q (X’ y)
n=0 n

Proof: By the Binet’s formula of bivariate Lucas polynomials,
p+q

P+A) o praen
Z( " jx yP L (X, Y)

(3.5)

n=0

& p+q n +q-n n n
:Z( ) Jx yPr (R +RY)
n=0
p+q p+q
= Z( p:q](xim)” yPre +Z( p:qj(xiﬁz)" yPra
n=0 n=0

=(XR; +Y) P+ (XR,+Y) P

Since R, and R, are the roots of the characteristic equation
t? —xt—y=0,

= () + ()
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= L2p+2q (X! y)

This completes the proof.

ProposITION6: IfF, (X, y) and L, (X, y)is Bivariate

Fibonacci and Bivariate Lucas polynomials, then for
n>p+q,

Fn+p+q (X’ y) - (_y) P I:n—p—q (X’ y)
=Foa (YL (xy)

Proof:By the Binet’s formula of bivariate Fibonacci
polynomials and bivariate Lucas polynomials,

Fripg 6 Y)—(=Y)"F (X Y)
_ ER;H p+q _ SRT p+q B (_ y) - m;*p*q _ ER? p—q
iRl - SRZ SRl - iR2

_ (ER]r.H p+q _9{2+D+Q) _ (_y) p+q (ER:T_p_q _ mg_p_q)

(3.6)

|

R, -R,
_ (ER;_H— p+q _EREHJ-HJ) _ (ERISRZ) p+q (SR?_ p—q —iR;_p_q)
R, -N,
_(RTPI—RETPH) — (RIRET—RPIRY)
R, -N,
SR P+d _ ¢ P+a
[P o sy
17 7R

=F, YL (Y)

This completes the proof.

IV. Sums OF BIVARIATE FIBONACCI AND LUCAS
POLYNOMIALS WITH NEGATIVE INDICES

In this section, we study the sums of bivariate Fibonacci and

Lucas polynomials for negative indices.

THeoReM 7: If F (X, Y) is Bivariate Fibonacci polynomials,

then for p >1and q any integer,

n

Z Y Faqxy)

(4.1)
Fonipea 06 V)= (=)' P 06 Y) = (=)' Fy o (X, V) = F,(x,Y)

(-1)°-L,(x y)+1
Foncpsa (%:Y) _(_y)p Fnia(6Y) +(_y)q Fp(y)-F(xy) otherwise
(-1 -L,(xy)+1 1

vifg<p

Proof: Since Z:(—y)i Fo(Xy)= —Z Fri.q(X,Y) (42)
i i=0

By the Binet’s formula of bivariate Fibonacci polynomials,
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_imlpnq _mgnq
i=0 9{1 _9{2

-1 noo noo
_ RISTRP RIS Ry

_ _1 9{1pn+p+q _ER](-] ~ m§n+p+q _SRg
R, -NR, R -1 Ry -1
(RETPT R~ (RR,)° (RP—RE™) —(RPRY - RINE ) — (R -]
(mlfmz){(mlmz)“ ~(wy +m;)+1}
Fonepea ) = (=¥)" Fona 06 V) = (=Y) Fyg (%, ¥) = Fy (%, Y)
(-1)" - L, (x,y)+1
Forepea (6 V) = (=) Fonig 6 V) +(=Y)" By, (%, y) = Fy(x,Y)
(-1)° L, (x,y)+1
This completes the proof.

> gx9) =

vifg<p

; otherwise

THEOREM 7: If L, (X, ) is Bivariate Lucas polynomials,

then for p >1and Qany integer,

YL y)

= (4.3

(=Y)" Loneg (6 ¥) = Liprg (6 Y) = (=Y) Ly (6 ) + L (X, Y) i q<
(1) -L,(x y)+1 '

(Y)" Loneg 06 V) = Ly 5 )+ (=) Ly, (X, 1) + L, (X, Y)
(-1 -L,(x y)+1

p

; otherwise

n n

Proof: Since Z(—y)' L, (%Yy)= Z Log(X,y) (44)
i=0 i=0

By the Binet’s formula of bivariate Fibonacci polynomials,

;(—y)‘ L pi—q (X,y)= ;(mlpnq N §R§i+q )

=R R +RT RY

i=0 i=0
pn+p+q g pn+p+q q
_ R, -R; N R, -R,
R -1 Ry -1
(RR,) (RETO+REE) = (R0 + REPH)— (RPRT + RIRY )+ (R + R
(9, - 9,){(RR,)" —(%] +97)+1}
(=9) Lo ) = Lo KN = (29) Ly XN+ L (0 Y) a<p
(-1)" - L, (x,y)+1 '
(7y)p Lpn+q(x’ y) - Lpn+p+q (X’ y) +(7y)q LEI*P(X’ y) + L‘l (X' y)
(-1)" =L (x, y)+1
This completes the proof.

; otherwise
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V. GENERATING FUNCTION OF BIVARIATE FIBONACCI AND
BIVARIATE LUCAS POLYNOMIALS

In this section, we establish some identities for bivariate
Fibonacci and bivariate Lucas polynomials. Generating
functions are very helpful in finding of relations for sequences
of integers. Some authors found miscellaneous identities for
bivariate Fibonacci and bivariate Lucas polynomials by
manipulation with their generating functions. Our approach is

rather different in this section.

COROLLARY 8:

i{Fn(Xv y)+F.(x y)jt" = d+t) (5.1)

— S 1-xt—yt?

>

COROLLARY 9:

2 n_ (y=-xt+(2-x)
;{Ln(x! y)+Ln+l(X! y)}t - 1—Xt—yt2

(5.2)

>

THEOREM 10: For p,q €[] , we get
p+q

Y Rt
= (5.3)
1

= TRy (PR (% Y) = YR, ()]

Proof: By the Binet’s formula of bivariate Fibonacci
polynomials,

2 29 R —R]
Foyt"=)|21—2|t"
ZO L (%, Y) z[ml—mj

n=0

B ENEES)
®-R, = |t t
1_(9%1];3&0]-#1 1_(9{2jp+q+1
1 t Lt

SR, -R, R, 1- %

t t

_ 1 tp+q+l _ ml;a+q+1 B tp+q+1 _ ERSHH:L
(R, — R, )P t-R, t-R,

B 1 pras (“Rl _ gﬁz ) _t(gﬁlpﬂhl _m§+q+1) -y (“leq _ ‘ng )
ICORETAEE (t—%,)(1-%,)

1 +q+1
- tP+q (tZ —xt— y) {t P _tFp+q+1 (X’ y) - pr+q (X’ Y)}

This completes the proof.
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THEOREM 11: For p,q €[] , we get
p+q

2Lyt

n=0 (54)
2% —xt 1

@ -xt-y) " -xt-y)

{0+ 3L )]

Proof: By the Binet’s formula of bivariate Lucas polynomials,

p+q p+q
DLt =3 (R + R )
n=0 n=0

n

+ n
o [\ 1 t

+q+1 +qg+1
t N t
1= R _%
t t

l tp+q+1 _ iRlpHHl . tp+q+l _ ER?_
t" t—NR, t—-NR,
2P (RO RE) P (R 4R )+ RR, (R +RE)
(=R, (t-R,)
2t -xt 1
T (P-xt—y) tP(E-xt—y
This completes the proof.

p+g+1

) {tLp+q+1(X' y)+ pr+q (x y)}

VI. CONCLUSION

In this paper, we have derived many identities of bivariate
Fibonacci and bivariate Lucas polynomials through Binet’s
formula and generating function. We describe sums of
bivariate Fibonacci and bivariate Lucas polynomials. This
enables us to give in a straightforward way several formulas
for the sums of such Polynomials. These identities can be used
to develop new identities of polynomials. Also we describe
some sums with negative indices and give several interesting
identities involving them.
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