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Abstract—Information loss often occurs in industrial processes under unspecified impacts and data errors.
Therefore robust predictors are required to assure the performance. We design a one-step H2 optimal finite
impulse response (H2-OFIR) predictor under persistent disturbances, measurement errors, and initial errors by
minimizing the squared weighted Frobenius norms for each error. The H2-OFIR predictive tracker is tested by
simulations assuming Gauss-Markov disturbances and data errors. It is shown that the H2-OFIR predictor has
a better robustness than the Kalman and unbiased FIR predictor. An experimental verification is provided based
on the moving robot tracking problem.
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1. Introduction

Predictive tracking refers to the process of predicting théth full error matrices is a more robust estimator than the
future object position [1]. Robust predictive control is requiréchiman predictor (KP) and unbiased FIR (UFIR) predictor
in vision robot tracking [2], wireless sensor networks (WSNg2], [33].

[3], power grids [4], and smart sensing [5]. It is also provided

under missing data caused by latency and propagation losgeState Space Model

[6], [7] and in different kinds of industrial motors to enhance
robustness against parameter perturbations [8].

To organize prediction, one can employ an estimgteat
discrete time index: and project it ahead using the system
matrix F' as Zx+1 = Fij that yields an accurate estimate
under the unknown future noise [9]-[12], When some data Yo = Hzp+ Dwp +og, @)
are temporary unavailable, then future observatjpn; can
be predicted agy,; = HFiy, where H is the observation where T < RY, up S R, y’“KEMRP’ F e foﬁ’

. . . . HeR>*H F e RY*E B e RYXY and D € RF*M,
matrices. A drawback is that recursive forms available fQr M . P
white noise (diagonal error matrices) produce more errors th %ctor wp € R repre§ents a disturbance ang € R .
batch estimators operating with full error matrices [13]-[20 sa me_asu_ren_’nen_t error; both zero mean, bounded, and with
An advantage of FIR structures is the bounded input bound %certaln distributions and covanancgs. i
output stability [16]. A disadvantage is the computational Expand model (1) and (2) on a horizgn. ] of V' points,
complexity O(N?) inherent to batch estimators. HoweverVherem =k — N +1, as
unlike in Kalman'’s days, the computational complexity is not

Consider a process represented in discrete-time state-space
with the following linear equations

Tpr1 = Fap+ Eup + Buwy, 1)

_ pN S >

already an issue for modern computers [21]. Trtt = FT2m o+ SnUnmp + DN Won g, (3)

The recursivel, approach was extensively investigated in =~ Ymk = HNTm + LNUm i + TnWin g + Vi, (4)
[22]-[27] and generalized in [28]-[30]. Since tli& problem - T
is convex, it has a closed form solution resulting in the K hgreTUmJ: o Ym tmed - - U I TWmvk -
under Gaussian noise [29]. It worth noting that, as argueffm “m-+1 o ] Vi - [Vm Omr -0 17,
) - . Y, . = [yT y yT]T and H = HyF
in [20], the RH H, FIR filter can perform similarly to the ™k m ImA1-c Ik SIN NN

RH H_, filter. Even so, the standarH, FIR approach [16] Ly = HySn, Tn = Gn +Tn, Gy = Hy Dy,
has two critical drawbacks: 1) the squared Frobenius norm is

minimized unweighted and 2) data errors and initial errors are Py = _I FT ... FN=20 pN-U

ignored. That requires further investigations. i 0 0 .0 0 01
In this paper, we derive a one-stéf, optimal FIR (Hs- E 0 ... 0 0 0

OFIR) predictor for robust predictive tracking under persistent FE E ... 0 0 O

disturbances, data errors, and initial errors. By simulations andSy = : . . : R E
experimentally, we show that thfé,-OFIR predictor operating .

=3
o

FN=3p FN-E ... E
| FN=2E FN73E ... FE E 0
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Ty = diag(D D ... D), and Hy = diag(H H ... H). where the strictly sparse block matrices are constructed as

N N
Mat[ix Dy is equal to matrix Sy if we sub§tituteE with or o0 ... 0 0
B, Sy is the last row vector ir6 and so isDy in Dy. 0o 1 ... 0 0
Ay =1+ . Bu=1:]. (15)
3. Optimal H2 FIR Predictor 00 o0 ... I 0
To derive a batchH,-OFIR predictor, we refer to (4) and 0o 0 ... 0 4
define the FIR predicted estimate as Then the transform applied to (14) yields(z) = (Iz —
. Ay) 1Byw(z) and the transform applied to errey, =
- £ L w (k+1)
Tepr = HNYmp +HyUmp, , (Dy — HY T )wm x results in the transfer function
e HNHNxm+(HNLN+HN)Um7k .
FHNTN W+ H Vi (5) Tulz) = Wi (Iz = Aw)™ Bu (16)

whereH y is the fundamental gain aﬂdﬁ\, is the forced gain. Similarly, the transfer function oV, , can be found to be

The unbiasedness conditiéd{ 1} = E{Zx+1} applied to To(2) = Vn(Iz — Ay) 'B, . (17)
(3) and (5) yields the unbiasedness constraints
To minimize the prediction error, effects of the transfer

I = HNCy, (6) functions (13), (16), and (17) must be minimized in the
"y = Sy—HnLy, (7) predictor error (12) as will be shown next.

where Cy = HyF~®¥-1_ We next define the prediction 3.2. H2-OFIR Predictor
error aseiy+1 = Tr41 — Tx+1 and introduce thebias error We now introduce a producf (z)w of 7(z) and some
residual matrix By, system error residual matrixV;, and proper vectoro,. The weighted squared Frobenius norm can

observation error residual matri¥’y as be defined by averaging over both variableand k as [34]
By = FYN-—HyHy, €) ITENE = EA&{t(T (2)wrwi T (2)]}}
_ 2
Wn = Dn-—HNTN, ) = 1 tr [T (7T E{wpwi}
Vv = Hn (10) 2™ Jo
xT*(e?T)] dwT, (18)

to represent the prediction erreg,, as _ )
where7*(z) is a conjugate transpose ®f(z) and&{w;w;, }

err1 = Bytm + (Sy —HnLy — HN) Ui for each error can be assigned as
AWNWin ke = VN Vi » (11) ByxmBE = ByxmB%, (19)
which, subjected to (7), can finally be generalized with Ov = EWipnWi,}, (20)
Ry = E{VimViim} (21)
Ekt1 = Eg(kt1) T Ew(kt1) T Ev(k+1) 5 (12) ’

_ X where x,, = E{x,zl}. If we now combine (19) and (18)
where the sub-errors are given by.,1) = zm — & = and provide the averaging ovefl’, then the weighted norm
BNTm, €w(kr1) = WNWm i, ande,(xr1) = —VN Vi k- 7. can be significantly simplified and written as

IT(2)IF = ByxmBy- (22)

3.1. Disturbance-to-Error Transfer Function

The H, performance is guaranteed by minimizing th&ext, the weighted norm df,, can be written using (20) as

trace of the squared Frobenius nofiffi(z)||% of the transfer L e

function 7 (z) averaged over all frequencies [28]. That means 1Tw()% = =— tr [ﬁu(eﬂ'wT)QN
minimizing effects of ther,,-to-cx; transfer functiorn7,(z), 2 Jo .
wy-to-c;1, transfer functionT,, (z), and v-to-;, transfer x Ta(e?T)] dwT . (23)

function 7,(z) at the estimator output.
Since the initial state errof, 41y goes toey; directly,
then it follows that

To arrive at a closed form of (23), we first suppose @at =
I and transform (23) td|7,,(2)[|%2 = tr(WNPWE), where
matrix P is a solution to the Lyapunov equation

To(z) =1. (13
P=A,PAL + M, (24)
The wg-to-e,41 transfer function7,(z) can be found by ) ) N o )
representingV,,, . as [16], [24] in which M is allowed to be any positive definite matrix. We
thus assign/ = B,,Qn BL and represent a solution to (24) as
Wik = AuWin—1.5-1 + Bywy, (14) P =33, A, B,OnBL AT [35] that, forA,, andB,, given
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by (15), readily become® = Qy. Consegently, || 7., () ||% TABLE |
transforms to RMSES UNDER THEGAUSS-MARKOV DISTURBANCES
2 T Nopt, ¢, RMSE, m
z = tr . 25 opt
17 ()7 (W QxWR) (25) orREm

The weighted norm off, can be found similarly as 26,0,0 4.1818  4.1802 4.0482

10, 0.95, 0 6.4169 65657 9.1782

1To(2) |2 = tr(VNRaVE) (26) 55, 0, 0.95 37.433  34.836 33574

3, 0.95, 0.95 37.167 36.187 48870

and the trace of the error matri® = E{e,c} } for mutually
uncorrelated errors becomes

trP = E{(Ez(kJrl) + Ew(k+1) + E,U(kJrl))T(. .. )}
= tr(ByxmBy + WnONWE
+VNRNVR). (27)
Because thed, problem is convex [35], find the gaif x KR - ke HOFR
using (27) by considering the cost function 201 “ i
5 i | ‘1‘ il 1A i \ July ||H At
J = ar%min trP(Hy) . (28) <o nll v| ‘I'HV il nlIlM ”iv| !hl ”ln llj i‘\ J“qI”l bl liv || "ul.»'“ I '|“rlt u”I W"l\ "lL
. _ ; . S A ni $=095,y=0
By setting the derivative,;—J to zero,come up with (b)
N - 100 UFIR === Kalman , — HOFR
0 = —2(FNx,HY + DNONGE)
F2HN(HnxmHYy + GNONGY +Ry)  (29)
that results in thed,-OFIR predictor gain n(x)w" =0,y =095
. Ly =0
Hy = (FNxnHy +DNONGYE)

T T 1 Fig. 1. Estimation errors produced by thé>-OFIR, UFIR, and Kalman
><(HNXmHN +GNONGy +RN) , (30) predictors in Gaussian environments: (&)= ¢ = 0, (b) ¢ = 0.95 and
) ) ¥ =0, and (c)¢ = 0 andy = 0.95.
where the error matrix@y is computed by (21)R y by (22),
and other block matrices are defined after (4).
It can now be shown that th>-OFIR predictor generalizes

the OFIR predictor in a special case of Gaussian processe¥/ift 7 = 0.5s. Vectorswy, and v, are chosen to be stable

the following batch estimate Gauss-Markov processes (34) and (35) with the scalar factors
. 0 < ¢ <1and0 < ¥ < 1. The white Gaussian driving
Ehi1r = HNYmp + (S = HNLN) Ui, (31) sources are set ag ~ N(0,02) and & ~ N(0,02), The

goal is to learn effects produced by the colored process noise
(CPN) and colored measurement noise (CMN) on fiige
OFIR predictor performance.

where H  is specified by (30). The error matrik,,; =
E{ert1e} 1} of the Ho-OFIR predictor can be shown to be

T T T
Pir = BnxmBy + WnQnWy +VNRNVy (32) The case of Gaussian errors is favorable for KP. To compare
where the error residual matrices are defined above. the root mean square errors (RMSESs) under the Gauss-Markov
. . disturbances, we set; = 0.3m/s ando¢ = 10m, simulate
4. Simulations the processes for extreme values @fand +), measure the

To investigate theH,-OFIR predictor properties, we will optimal horizonN,y for the UFIR predictor [33], compute
think that the robot dynamics and measurements are corrupfédi block error matricesQy and Ry, setQ = (Qn)11
by colored noise. Accordingly, we represent the robot arfdd 2 = (Rn)1,1 to the KP, run the algorithms, and list
its observation along a coordinatewith a two-state space the RMSEs in Table I, where the minimum errors are bolded.

tracking model Examples of the estimation errors are sketched in Fig. 1.
_ As expected, the KP performs better when= ¢ = 0,
Tepr = Fop o By, (33) although the difference with other predictors appears to be
Wk = QWp—1+ G, (34) insignificant (Table 1). A situation changes dramatically under
v = Yuvg—1+ &k, (35) the sever disturbance with = 0.95. Here all FIR structures
yr = Hxp+up, (36) perform very consistently, while the KP produces of about
i ) 30% larger errors. An explanation to this results can be found
where matrices are assigned as in the nonzero components of the error mai@lx wheng =
1 7 /2 0.95 and the fact that the KP discards the cross components,
= {0 1} , B= { 1 } , H= [1 0] which become nonzero when noise is not white. An example
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Fig. 2. RMSEs produced by th&/>-OFIR, UFIR, and Kalman estimators or s 7/ e il
with ¢ = 0 as functions of factor) under the Gauss-Markov disturbances.
40 EJRNL rRN4
—— UFIR H,-OFIR ) )
--=-- Kalman /.’ -10 -5 0

East direction x, m

Fig. 4. UWB-based measurement data of a robot travelling along aeudan
path (dashed) in the indoor environment with four reference nodes deployed
as RN1...RN4.

5. Robot Predictive Tracking

To verify the H,-OFIR predictor performance, we have
0 organized an experimental set and conducted measurements
' v ' ' of a moving robot platform in the indoor environment of the
Fig. 3. RMSEs produced by th#>-OFIR, UFIR, and Kalman estimators Machine BUIldII’_Ig of t_he UmverSIty.Of Jinan, J'”"’.‘”’ China.
with ¢ = 0 as functions of factor) of the Gauss-Markov disturbance. Data were obtained with = 0.05s using the ultra wide band
(UWB) technology as described in [38].
Four reference nodes (RNs) were deployed with known

of matrix Q measured fotV = 5 and¢ = 0.95, coordinates as shown in Fig. 4: RN}9.4,—3)m, RN2
(—9.4,11.78)m, RN3 (2.63,11.78)m, and RN4(2.63, —3)m.
1.0882 1.0425 0.9990 0.9575 0.9169 The planned path trajectory along the east coordinaie
1.0425 1.0895 1.0436 1.0001 0.9584 shown in Fig. 5 together with the UWB data. It is seen that
On = |0.9990 1.0436 1.0904 1.0446 1.0009]| , some data jump from one point to another, while some others
0.9575 1.0001 1.0446 1.0914 1.0453 are reminiscent of the Gaussian and uniformly-distributed
0.9169 0.9584 1.0009 1.0453 1.0920 noise. There are also several outliers associated with the

Cauchy noise. We therefore model data errors as the Gauss-
reveals even more: all of the components are of the samdarkov disturbance, compute the difference with the planned
order of magnitude and thus neglecting the cross componep@gh, and measure the full error matriX ;. The robot
will cause errors. The effect is negligible whenis small velocity in this experiment is abouwt4m/s and we accept
and it becomes brightly pronounced whempproaches unity o, = 0.1m/s, setQ = 0.01m/s, specify the diagonal matrix
(Fig. 2). However, this inference does not hold for the Gaus€y with all components equal @, and measuréV,,; = 30.
Markov disturbances (Fig. 3), in which case all the predictofidat allows evaluating the estimator robustness against the
produce consistent error, although tHe-OFIR predictor still CMN and CPN.
performs better. We explain it by the observation that the The RMSEs of predictive tracking are sketched in Fig. 6 for
disturbed state is required to be tracked, while the Gausbke initial path of 1100 points. It is seen that the KP and UFIR
Markov noise needs to be filtered out that is better providgdedictor perform consistently with the RMSEs @fl268 m
by other algorithms [36], [37]. A conclusion one can arrivUFIR) and0.1270 m (KP) and demonstrate the well-known
at is that theH,-OFIR and UFIR predictors are more robustransient effects [33] arounk = 500. In turn, the Ho-OFIR
trackers than the KP. estimator operating with full matrixk ; produces smaller
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the KP and UFIR predictor. An experimental verification was
provided for a moving robot travelling along a planned path
in an indoor environment using the UWB technology.

We are now working on a more genefd-OFIR predictor
for uncertain industrial processes observed under the distur-
bances, data errors, and initial errors and plan to report the

Coordinate x, m
|
N

(1]
[2]

(3]

0 2 4 6 8
kx 10°

Fig. 5. The planned path along the coordinatef a robot meing in an indoor 4l
environment and measurement data provided using the UWB technology with
four RNs.

[5]
0.6
p UFIR (6]
Dat X Kal
04 ata ;,'{\\/ alman
M ¥
A 7]
£ i
< J
3 |
0.2
5 [8]
3
(&}
o [9]
Planned path
H,-OFIR [10]
02 22 44 6.6 8.0 11
0 . . ! .
fx 10° (1]

Fig. 6. Measurement data and predictive tracking estimates producte by
H>-OFIR, UFIR, and Kalman predictors at the beginning of the planned paﬂle]
(dashed) trajectory shown in Fig. 5.

(13]
RMSEs 0of0.0665m and ranges closer to the planned path.
This gives an evidence of a better accuracy and robustness[%
the batchH,-OFIR predictor.

6. Conclusions el
The H»>-OFIR predictor derived in this paper under bounded; g
industrial persistent disturbances, data errors, and initial errors
has demonstrated a better performance and robustness thr(h
the KP and UFIR predictor. Namely, thié,-OFIR predictor
operating with full error matrices has appeared to be morgs]
robust than the Kalman and UFIR predictors. The effect has
been achieved by improving the derivation procedure andg;
minimizing the squared weighted Frobenius norms at the
predictor output. The performance of ti#&-OFIR predictor
was investigated by simulating the Gauss-Markov environmeipo
associated with industrial operation conditions. Thereby, it has
been confirmed that the derived predictor is more robust than

E-ISSN: 2224-3488 91

results in near future.
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