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Abstract: Let {X(t),t > 0} be a CIR diffusion process, and 7(z) be the first time that X (¢) = 0 or ¢, given that
X (0) =z € (0, c). First, we compute the moment-generating function and the expected value of 7(z). Then, an
optimal control problem is considered for { X (¢),¢ > 0}. Finally, we add jumps to the diffusion process and we
calculate in a particular case the probability that X (7(z)) = 0, as well as the expected time needed to leave the

interval (0, ¢). Explicit and exact results are obtained.
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1 Introduction

We consider the one-dimensional diffusion process
{X(t),t > 0} defined by the stochastic differential
equation

dX(t) = alb — X ()] dt + o /X () dB(), (1)

where {B(t),t > 0} is a standard Brownian motion,
and a, b and 0 > 0 are constants. This stochastic
process is known as a Cox—Ingersoll-Ross (CIR)
process. It is important in financial mathematics,
where it is used to model the evolution of interest
rates.

If the condition 02 < 2ab is satisfied, then the
origin cannot be reached in finite time, which is an
important feature in the application to interest rates.
However, in other applications it is possible to have
X (t) = 0. In this paper, we assume that

o2 > 2ab,

2)
so that the origin is an attainable boundary.

Remark. In fact, it is possible that interest rates will
be zero or even negative, as has already been the case
in several countries, including Japan.

Assume that X(0) = = € (0,c¢). We define the
first-passage time

T(z) =inf{t >0: X () =0orc} (3)

and we denote its moment-generating function by
M(z;):

M(z;a):= E [e—m@} , &)
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where a > 0.

In the next section, we will obtain an exact
and explicit expression for the function M (z;a).
Moreover, we will also compute the function
m(z) := E[r(x)], as well as

7(x)
/ X@dt].
0

The function A(z) represents the expected value of
the area between the t-axis and the trajectory of
{X(t),t > 0} in the interval [0, 7(x)]; see, [[I]].

Alz):=F (%)

First-passage problems for CIR or related
diffusion processes were studied, in particular, by

[21, [31, [4], [51, [61, [7].

In Section B, we will consider an optimal control
problem for the CIR process. This control problem
will be a particular homing problem. In such
problems, the optimizer controls a stochastic process
until a given event occurs; for example, until the
process hits either of two absorbing boundaries, such
as 0 and c in the definition (B) of the random variable

7(x).

In Section H, random jumps according to a Poisson
process will be added to the CIR process. We
will compute the mean time until the jump-diffusion
process leaves the interval (0,c), as well as the
probability that it will hit the origin before the
boundary at c.

Volume 24, 2025



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2025.24.36

2 First-exit Problems for the CIR

Process

The function M(x;«) satisfies the Kolmogorov

backward equation (see, for instance, [§], and/or, [9])

1

502$M”(CIZ; a)+a(b—x)M'(z;0) = aM(z; ),
(6)

subject to the boundary conditions M (0;a) =

M (¢; o) = 1. Moreover, we have

a2
M(z;0) = E |1 - ar(z) + 5 7(x) =

(7
Assuming that the moments of 7(z) exist (and are
finite), we can write that

2
M(r;a) = 1= aElr(@)] + 5 ElP@)] =+ (®)
Substituting the above expression for M (z;a) into
Eq. (), we find that the function m(z) := E[r(z)]
satisfies the ordinary differential equation (ODE)

The boundary conditions are m(0) = m(c) = 0.
Finally the function A(x) defined in Eq. (§) is a
solution of the ODE (see, [|L]])

1
5021'14”(.%) +a(b—z)A(x) = -2z,
such that A(0) = A(c) = 0.

First, we will solve Eq. ().
equation as follows:

(10)

We rewrite the

" 2 2ab , 2
xM"(z;0) — (U—ZI — %) M (z;a) — U—OsM(x;a) =0.
1n
Let 5
a
y= g, (12)
g

where we assume that a # 0, and N(y;) =
M (z; ). We find that the function N (y; «) satisfies
the ODE

2ab o
yV' (i) (- 25 ) V)2 M) =0,

(13)
which is a Kummer differential equation. Its general
solution is of the form (see, [[10])

).

(14)

o 2ab

2ab
N(y,O{):C]_¢<, 2,?/>+02‘1’<a a4
a o

™ )
a’ o2
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where ¢; and co are arbitrary constants, and (-, -, -)
and U(-, -, -) are confluent hypergeometric functions
of the first and second kind, respectively. Thus,

M(z;a) =1 ® (E,Lﬁ),za—f) + ¥ (g,@ 2a7x> .
a o o a
Next, the boundary conditions

M (c; o) = 1 imply that

@ (§,52,0) + e (5, 22,0)

a’

I
—
———
~~
—
)
SN

1@ (2,25 25) oW (2,280 20) .

a’ 02 o2 a’ 02 o2

We find that

2ab

(2,290 ,0)-w(2,290 0
2ab

|~
=

c1 = —Z
(2,290 200 (2, 29D 0)—w (2, 29D,

oR
Q;‘N

and a7
(2,200 290) 1

C2 = .

o(5. 29 Z5)v(2, 2% 0)- (5, 2. 2F)
Proposition 2.1. The moment-generating function
M (z; ) of the random variable T(x) is given by
Eq. (g) with the constants c¢1 and co defined in
Eq. .

Now, we turn to Eq. (B). With

2a ab

2
and 6 := ——

2
d:= ?7 ﬁ:? 0_27 (18)
the equation becomes
em(2) + (8 — Sa)m/(x) =0, (19)

which is a first-order linear ODE for m/(x). We find
that

m'(z) = 2P e {co —067°T(B,62)|, (20)

where ¢ is an arbitrary constant and I'(-,-) is the
incomplete upper gamma function:

o0
/ tsLetdt.
xT

I(s,2) =T(s) = (s, 2),

where ~(s,x) is the incomplete lower gamma

[(s,z):= 21

We have
(22)

function:
x
v(s,z) == / t*tetdt. (23)
0
Moreover,
(o] :L‘k
=z°T - _—, 24
7(871.) x (3)6 ZP(S+k+1) ( )

k=0
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It follows that

) = — (52)B e = (8z)"
I(8,6z) =T'(B) {1 (6) giwwm :

(25

Now, integrating the expression obtained for
m’(z), we obtain that

m(x) =

[co— 06 T(B)] /x_ﬁ e dz

+01(8 /Z 5+k+1 dz

+ co0, (26)
where ¢ 18 a constant to be determined.
Making use of WolframAlpha, we find that
/:c_fae&” dz = —z'=F Eg(—dx), (27)
where E,, () is an exponential integral function:
o] e—:ct
E,(z) := / m dt (28)
1
We have, [[11]
En(z) = 2" 'T(1 - n,z), (29)

which implies that

/az_ﬁe‘sxdx = —(=0)P7Ir(1 - B,—dz). (30)

Next, integrating term by term (which is
allowed because the sum we integrate is uniformly
convergent), we have

0 (Sk k+1
/Zr(ﬁ+k+1) n z:: (k+1DT(B+Ek+1)
I (A1
B T(1+5) D
where ,F; is the generalized hypergeometric

function. Hence, we can write that

m(z) = (~8)710(1— B, —d2)[05PT(B) — co)

(1,2 )

+ 1+ p5)

+ coo- (32)

Finally, we deduce from the boundary conditions
m(0) = m(c) = 0 that
co = 67°00(B)

6ch(—8)"" 2 Fy (m ’ {142#3} ’56)

i (1~ 3.50) 33
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and

T (1 = B) 2 F> (m ’ [1 i B] ’5C>

- 71 - B,50) -G8

Proposition 2.2. The expected value m((%)of the
random variable T(x) is given by E , with
the constants co and coy defined in (é) and @)
respectively. Moreover, the constants 9, 5 and 0 are
defined in Eq. (18)

Coo

To conclude this section, we will solve Eq. ([L0).
With the notations introduced in Eq. ([1§), we rewrite
the equation as follows:

zA"(x) + (B8 — dx) A'(x) = Ox. (35)
We find that
Al(x) = ki Ped® — 95 P 127 Ped* (B + 1, 0x)
= kizPel®
— 06 P Bz P e T(B,0x) + 1],  (36)

where k1 is an arbitrary constant, and the last equation
follows from the identity

I(s+1,z) =sT(s,x) + e ". (37)

Proceeding as above, we can state the following
proposition.

Proposition 2.3. The function A(x) defined in Eq. ()
is given by

Alx) = (=6)°'r(1 =B, —6x)[06 P DB+ 1) — k1
o[ 2] )
* ST(1+B)
— 05"+ ks, (38)
where
ey = % f(—5) P51 <c5/3+1 Py (m , L i B} ,50)
+ (=0)PT(B+ 1)y(1 — B, —cd) — 50):|
(39)
and
ks = —% [095 A=1r(1 — 8,0)
(2] 9] @
in which

A = y(—cd) 41
and the constants 6, 3 and 0 are defined in Eq. ([[8).
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3 A homing Problem

In this section, we consider the controlled CIR process
{Xu(t),t > 0} defined by

dX,(t) = ab — Xu()] dt + B[Xu ()] u[X,(t)] dt
+ o /Xu(t) dW (1), (42)

where B(-) # 0, u(-) is the control variable, which
is assumed to be a continuous function, and the
stochastic process {W(¢),t > 0} is a standard
Brownian motion.

Assume that X, (0) = « € (0,c). Our aim is to
find the value u*[X, 81%)] of the control variable that
minimizes the expected value of the cost function

()
s = [ { G ot + rix.o} e
i “3)
where Q(-) > 0 and R(-) # 0. To do so, we can
make use of dynamic programming. First, we define
the value function

F(z) = inf
u[Xu(t)]
0<t<t(x)

E[J(z)]l. (44

Proceeding as in [12], we obtain the following
proposition.

Proposition 3.1. The value function F(x) satisfies
the non-linear ODE

2
_ QBQ((?) [F'(2))*+a(b—z)F'(z)+ %U2£L‘F”(CL') =0
(45)
for 0 < x < c, subject to the boundary conditions
F(0) = F(c) = 0. Moreover, the optimal control is
given by

R(x)

B(x)

u*(z) = 0@ F'(z). (46)
In the case when the relation
o’z = rB*(x)/Q(x) (47)

holds for a positive constant «, it is shown in [[12], that
Eq. (#3) can be linearized by defining

®(z) = e F@/n, (48)

In this paper, we will solve a problem for which
Eq. (#7) does not hold.
Assume that a = 0, 0 = 1 and

B(z)=z, Q(z)=1 and R(z)=az% (49)
Remark. Because the function R(x) is positive, the
objective is to leave the continuation region (0, ¢) as
soon as possible, while taking the quadratic control
costs into account.
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Then, Eq. (#3) reduces to
x? 1
i o [F' ()] + 5a:F”(gc) =0. (50

With the help of the software program Maple, we find
that the solution to the above equation that satisfies
the boundary condition F'(0) = 0 can be written as
follows:

F(z) = /Ozx/ﬁtanh (\/322 e \/§> dz, (51)

where C is an arbitrary constant. Let ¢ = 1. We
find that the only constant C; for which F'(1) = 0 is
C1 ~ —0.1652. Hence,

u*(z) ~ zv/2tanh (\/52:”2 —0.1652 ﬂ) (52)

for 0 < x < 1. The functions F'(z) and u*(z) are
shown in Figure [I] and Figure [, respectively.

0.12
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0.08
0.06
0.04

0.02

0.2 0.4 0.6 0.8 1
x

Figure 1: Function F'(x) defined in Eq. (51)) for = in
the interval [0, 1].
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Figure 2: Optimal control v*(z) defined in Eq. (52)
for x in the interval [0, 1].
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4 Addition of Random Jumps

Let {N(¢),t > 0} be a Poisson process with rate A,
which is assumed to be independent of the standard
Brownian motion {B(¢),¢ > 0}. In this section, we
consider the jump-diffusion process {X (¢),t > 0}
defined by

X(t) = X(0)+/O alb— X(s)]ds

t N(t)
+ a/ VXE)AB(s)+ 3 Vi, (53)
0 i=1

where Y1,Ys, ... are independent random variables
that are uniformly distributed on the interval [—z, 0]:

)=, if-z<y<0, (54
for ¢ = 1,2,... Note that the continuous part of
the jump-diffusion process { X (¢),t > 0} is the CIR
process defined in Eq. ([l]).

We can show (see, [|13], and/or, []14]) that
the moment-generating function of the random
variable 7(x) defined in Eq. (B) now satisfies the
integro-differential equation (IDE)

%UQZ'M//(SC;O() +a(b—x)M'(x;)
+)\{:11: ’ M(x+y;a)dy—M(m;a)}
= aM(z;a). (55)

Similarly, the mean m(x) of 7(x) satisfies

Z g2

2
+A{;/im<x+y>dy—m<x>}

= 1.

zm”(z) + a(b— z)m/(x)

(56)

The boundary conditions are m(0) = m(c) = 0.
Let
p(z) := P[X(7(z)) = 0].

This function is a solution of the IDE

(57)

%0233]9”(3:) +a(b—x)p ()

+A{i/_ip<x+y>dyp<x>}

=0 (58)

such that p(0) = 1 and p(1) = 0. We will calculate
the functions m(x) and p(z) in the case when a = 0.
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We have

/im(x+y)dy=

€T
/ m(z)dz (59)
0
(and similarly with the function p(x)). Differentiating
Eq. (56), we find that the function m(x) satisfies the
linear third-order ODE

1 1
502:Um"’(x) +o2m! (z) — Am/(z) = —=. (60)
x
Likewise, we have
1
—o?xp” (x) +o?p"(x) = A\p/(x) =0.  (61)

2

Let us choose 0 = v/2, A = 1 and ¢ = 1. We find
that

m(z) = d; Io (2vz)+d: Ko (2vz)+2 In (2Vz)+ds, (62)

where [(-) and Ky (-) are modified Bessel functions.
The constants dq,ds and d3 can be determined as
follows: we impose the conditions m(0) = m(1) =0
and m(0.5) = r. Then, we find that » must be equal
to (approximately) 0.3281 in order for the function
m(z) thus obtained to satisfy the IDE in (56). The
expression for m(z) is rather long and will therefore
not be reproduced here.

When there are no jumps, the function mg(x) that
corresponds to m(z) satisfies the second-order linear
ODE

zmy(z) = —1. (63)
The solution for which m(0) = mg(1) = 0is
mo(x) = —x In(z) for0 <z < 1. (64)

The functions m(x) and mo(z) are displayed in
Figure . We can see the effect of the jumps on the
expected value m(x).

Figure 3: Functions m(x) (full line) and my(z) =
—x In(x) for x in the interval [0, 1].

To obtain the function p(z), we must solve the
ODE

zp(z) +2p"(z) — p(z) = 0. (65)
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The solution such that p(0) = 1, p(0.5) = p and

p(1) =01s
1p(2) — Ip(2/z)
= 66
which is valid if and only if p ~ 0.5576. In the

absence of jumps, the corresponding function py(z)
satisfies the simple ODE

zpg(x) = 0. (67)

The solution for which po(%) = land py(1) = 0 is
po(z) = 1 — x. See Figure {.

1
0.8
0.6
0.4

0.2

Figure 4: Functions p(z) (full line) and po(x) = 1—=
for x in the interval [0, 1].

Finally, in Figure § we present the functions p(z)
and po () when the parameter \ is equal to 10, instead
of 1. We observe the much greater effect of the jumps
on the probability of absorption at the origin.

1
0.8
0.6
0.4

0.2

Figure 5: Functions p(z) (full line) and po(x) = 1—=
for x in the interval [0, 1], when A = 10.

References:

[1] M. Abundo, On the first-passage
a one-dimensional jump-diffusion
Methodology and Computing in Applied
Probability, Vol. 15, No. 1, 2013, pp. 85-103.
https://doi.org/10.1007/s11009-011-9223-1

area of
process,

E-ISSN: 2224-2880

387

Mario Lefebvre, Romain Mrad

[2] E. Martin, U. Behn and G. Germano,
First-passage and first-exit times of a
Bessel-like  stochastic  process,  Physical

Review E, Vol. 83, No. 5, 2011, 051115.
https://doi.org/10.1103/PhysRevE.83.051115

[3] J. Masoliver and J. Perello, First-passage and
escape problems in the Feller process, Physical
Review E, Vol. 86, No. 4, 2012, 049906.

https://doi.org/10.1103/PhysRevE.86.049906

E. Di Nardo and G. D’Onofrio, A cumulant
approach for the first-passage-time
problem  of the  Feller square-root
process, Applied  Mathematics and
Computation, Vol. 391, 2021, 125707.
https://doi.org/10.1016/j.amc.2020.125707

V. Giorno and A. G. Nobile, On
the first-passage-time problem for
a Feller-type diffusion process,
Mathematics, Vol. 9, No. 19, 2021, 2470.
https://doi.org/10.3390/math9192470

[4]

[5]

[6] V. Giorno and A. G. Nobile, On
the absorbing problems for  Wiener,
Ornstein—Uhlenbeck, and Feller diffusion

processes: similarities and differences, Fractal
and Fractional, Vol. 7, No. 1, 2023, 11.
https://doi.org/10.3390/fractalfract7010011

E. Di Nardo, G. D’Onofrio and T. Martini,
Orthogonal gamma-based expansion for
the CIR’s first passage time distribution,
Applied  Mathematics and  Computation,
Vol. 480, No. C, 2024, 20 pages.
https://doi.org/10.1016/j.amc.2024.128911

D. R. Cox and H. D. Miller, The Theory of
Stochastic Processes, Methuen, London, 1965.

[7]

[8]

[9] M. Lefebvre, Applied Stochastic Processes,
Springer, New York, 2007.

[10] W. Magnus, F. Oberhettinger and R. P. Soni,
Formulas and Theorems for the Special
Functions of Mathematical Physics, 3rd Ed.,
Springer-Verlag, New York, 1966.

M. Abramowitz and 1. A. Stegun, Handbook
of Mathematical Functions with Formulas,

Graphs, and Mathematical Tables, Dover, New
York, 1965.

P. Whittle, Optimization over Time, Vol. I,
Wiley, Chichester, 1982.

[11]

[12]

[13] S. G. Kou and H. Wang, First passage times of
a jump diffusion process, Advances in Applied
Probability, Vol. 35, No. 2, 2003, pp. 504-531.

https://doi.org/ 10.1239/aap/1051201658

Volume 24, 2025



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2025.24.36

[14] M. Lefebvre, Exact solutions to first-passage
problems for jump-diffusion processes,
Bulletin of the Polish Academy of Sciences
— Mathematics, Vol. 72, 2024, pp. 81-95.
https://doi.org/10.4064/ba190812-11-6

E-ISSN: 2224-2880

388

Mario Lefebvre, Romain Mrad

Contribution of Individual Authors to the
Creation of a Scientific Article (Ghostwriting
Policy)

Both authors contributed significantly to the

development of the manuscript.

Sources of Funding for Research Presented in a
Scientific Article or Scientific Article Itself

This research was supported by the Natural
Sciences and Engineering Research Council of
Canada.

Conflicts of Interest
The authors have no conflict of interest to declare
that is relevant to the content of this article.

Creative Commons Attribution License 4.0

(Attribution 4.0 International , CC BY 4.0)

This article is published under the terms of the

Creative Commons Attribution License 4.0

https://creativecommons.org/licenses/by/4.0/deed.en
Us

Volume 24, 2025


https://creativecommons.org/licenses/by/4.0/deed.en_US
https://creativecommons.org/licenses/by/4.0/deed.en_US

	Introduction
	First-exit problems for the CIR process
	A homing problem
	Addition of random jumps



