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Abstract: - In this paper, we extract some subordination and Superordination properties using the characteristics 
of the generalized byproduct operator. The article aims to demonstrate some applications of the differential 
subordination concept to univalent function subclasses that contain specific convolutions as operators. During 
this time, several highly complex mathematical detectives have emerged, including Riemann, Cauchy, Gauss, 
Euler, and several others. Geometric function theory combines or involves geometry and analysis. The main 
objectives of the paper above are to investigate the dependence principle and to introduce an extra subset over 
polyvalent functions through a further operator related to higher-order derivative products. The results were 
important when taking into account the numerous geometric characteristics, including radii over stiffness, 
close-to-convexity, and convexity; value estimation; deformation and expansion bounds; and so on. 
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1  Introduction 
A lot of investigators are interested in this concept 
because it is one of among the most fascinating 

subjects in geometric function theory. Analytical 
univalent and multivalent functions are holomorphic 
and meromorphic functions. This paper is dedicated 
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solely to the study of meromorphic functions, [1], 
[2], [3], [4]. The theory of univalent as well as 
multivalent functions has emerged as one of the 
most important areas to research in the area that 
links geometry alongside analysis. The aim of the 
research is to become capable to look into a new 
class of multivalent functions called an unusual 
linear operator and begin studying the new linear 
operator with the aid of the product, which stands 
for the basic higher-order products resulting from 
subordination for various functions, [4], [5]. Using 
the universal the characteristics of the broader lead 
operator as well as the hypergeometric function, 
various solutions are going to be obtained as a more 
complex product of deviations and subordination 
inside the open unit disk. Very intriguing findings 
are found regarding harmonious multivalent 
functions that are determined by operators with 
differential properties. The idea of shift 
subordination is connected to the study of the 
univalent function subclass, [6], [7]. We examined 
some consequences of both subordination and 
Superordination, including a class devoted to the 
field of univalent meromorphic functions on a large 
unit disc. 

The goal of the paper is to show some 
applications of the notion of differential 
subordination to subclasses of univalent functions 
that have certain convolutions as operators. The 
aforementioned paper's primary goals are to explore 
the dependence principle and introduce an 
additional subset over polyvalent functions via an 
additional operator associated with higher-order 
derivative products. 

The following are some of the most significant 
scientific applications that can be researched: 
communications (hide function), electrostatic fields, 
magnetism, heat flow, fluid mechanics, and gravity. 

If the functions 𝑘 and ℎ are analytic functions in 
Λ = {𝑡 ∈ ℂ ∶ |𝑡| < 1} be an open unit disc in ℂ as 
well as Λ̅ = {t ∈ ℂ ∶ |t| ≤ 1}. The class of analytic 
functions in 𝛬 is denoted by ℋ(Λ), as well as the 
subclass of ℋ(Λ) of the kind represented by ℋ[𝑒, 𝑙] 
𝑘(𝑡) = 𝑒 +  𝑒𝑙  𝑡𝑙  +  𝑒𝑙+1 𝑡𝑙+1  + ⋯  where 𝑒 ∈
ℂ  and  𝑙 ∈ ℕ. 

A function 𝑘 is subordinate to ℎ and ℎ is called  
superordinate to 𝑘 if a function is available 𝑗 ∈ ℧ =
{𝑗(0) = 0 and |𝑗(𝑡)| < 1, 𝑠. 𝑡. 𝑗 ∈ 𝒜 },  the Schwarz 
function, so 𝑘(𝑡) = ℎ(𝑗(𝑡)). 

In case, we compose a letter  𝑘(𝑡) ≺ ℎ(𝑡) where 
𝑡 ∈ Λ . There would then be equivalency if h is 
univalent in 𝛬.  
𝑘(0) = ℎ(0)  ⟺ 𝑘(𝑡)  ≺  ℎ(𝑡)   with  𝑘(Λ) ⊂ ℎ(Λ). 
If 𝑘(𝑡) is one of 𝒜, then 

𝑘(𝑡) = 𝑡 + ∑ 𝑒𝑙𝑡𝑙    where (𝑡 ∈ Λ)

∞

𝑙=2

          (1) 

 
The differential subordinations approach was 

proposed by Miller and Mocanu in 1978, along with 
the theory started to take shape in 1981.  

Allow ℧, 𝛺 ∈ ℂ, with Δ: ℂ3 ×  Λ →  ℂ and 𝑔  is 
univalent. If function  𝑑  is analytic with 𝑑(0) =
𝑒 and broad generalizations of inference: 

℧ ⊃ [∆{𝑑(𝑡), 𝑡𝑑′(𝑡), 𝑡𝑑″(𝑡); 𝑡}] ⟹ 𝑑(Λ) ⊂ Ω,  
 

In addition to satisfies the differential subordination: 
∆{𝑑(𝑡), 𝑡𝑑′(𝑡), 𝑡𝑑″(𝑡); 𝑡} ≺ 𝑔(𝑡)            (2) 

 
If 𝑑 and Υ(𝑑(𝑡), 𝑡𝑑′(𝑡), 𝑡𝑑″(𝑡); 𝑡)  are univalent in 
𝛬  in addition to satisfies the differential 
subordination: 

𝑔(𝑡) ≺ ∆{𝑑(𝑡), 𝑡𝑑′(𝑡), 𝑡𝑑″(𝑡); 𝑡}              (3) 
by Eq. (3), ℧ ⊂  [∆{𝑑(𝑡), 𝑡𝑑′(𝑡), 𝑡𝑑″(𝑡); 𝑡}]. 

 
An explanation of the paper's structure is 

provided below. We cover some fundamental 
definitions in complex analysis in section two, along 
with some examples and fundamental ideas in 
geometric function theory. In the third section, we 
discuss results concerning the linear operator.  

 
 

2  Definitions and Lemmas 
In this section, the definitions you need in the 
theorems are mentioned, a new operator is 
mentioned, and the special cases obtained are 
mentioned. 
Definition 2.1: [8] Allow 𝑊 the set of analytic as 
well as injective functions 𝑞 on Λ̅ 𝐸(𝑤),⁄  so that 

  Λ̅ = Λ ∪ {𝑡 ∈ 𝜕Λ}                                     (4) 
 
In addition to 𝐸(𝑤) = {𝑥 𝜖 𝜕Λ ; lim

𝑡→𝑥
𝑤(𝑡) = ∞} 

such that 𝑤′(𝑥) ≠ 0  for 𝑥 𝜖 𝜕Λ 𝐸(𝑤).⁄  𝑊(𝑒)  is 
subclass of 𝑊 for which 𝑤(0) = 𝑒 . 
 
Definition 2.2: [9] Allow ℧ be a set in ℂ and this 
functions Δ: ℂ3 × Λ → ℂ  that satisfy the 
admissibility condition Δ(𝑟, 𝑝, 𝑞; 𝑥) ∈ ℧, in addition 
to 𝑝 =

𝑡𝑤′(𝑡)

𝑠
 , 𝑟 = 𝑤(𝑡), 𝑤 ∈ ℋ[𝑒, 𝑙] , 𝑡 ∈ 𝛬 with 

𝑤′(𝑡) ≠ 0 . The class of admissible functions 
Υ′[℧, 𝑤]  and ℜ𝑒 {1 +

𝑞

𝑝
}  ≤  

1

𝑠
 ℜ𝑒 {1 +

𝑡𝑤″(𝑡)

𝑤′(𝑡)
},  for 

𝑡 ∈ 𝛬, 𝑥 ∈ 𝜕𝛬 and 𝑠 ≥ 𝑙 ≥ 1. 
 
Definition 2.3: [10] The class of admissible 
functions Υ𝑙[℧, 𝑤] consist of functions Δ: ℂ3 × Λ →
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ℂ  that satisfy the admissibility condition 
Δ(𝑟, 𝑝, 𝑞;  𝑡) ∉ ℧,  in addition to 𝑟 = 𝑤(𝑥), 𝑝 =

𝑦𝑥𝑤(𝑥) , ℜ𝑒 {1 +
𝑞

𝑝
}  ≥ 𝑦 ℜ𝑒 {1 +

𝑥𝑤″(𝑥)

𝑤′(𝑥)
},  so that 

𝑡 ∈ Λ, 𝑥 𝜖 𝜕Λ 𝐸(𝑤),⁄ 𝑦 ≥ 𝑙 . Let ℧  be a set in ℂ , 
𝑤(𝑡) ∈ 𝑊 and 𝑙 be a positive integer. In particular 
𝑤(𝑡) = 𝑌

𝑌𝑡+𝑒

𝑌+�̅�𝑡
, 𝑌 > 0 as well as |𝑒| < 𝑌 , then 

𝑤(Λ) = Λ𝑌 = {𝑗 ∶ |𝑗| < 𝑌}, 𝑤(0) = 𝑒, 𝐸(𝑤) = ∅  
and  𝑤 ∈ 𝑊. 
In this case, we set Υ𝑙[℧, 𝑌, 𝑒] = Υ[℧, 𝑤],  and in  
the special case when ℧ = Λ𝑌 , the class is simply 
denoted by Υ𝑙[𝑌, 𝛼]. 
 
Definition 2.4: [11]   A derivative operator 𝑘, which 
we apply to the function 𝑘 ∈ 𝒜  in cases where 
0 ≤ 𝛽1 ≤  𝛽2  and  𝑣  is a fixed positive natural 
number 

𝑌𝛽1,𝛽2

𝑣 𝑘(t) = 𝑡 + ∑ (
1 + 𝛽2(𝑙 − 1)

1 + (𝛽1 + 𝛽2)(𝑙 − 1)
)

𝑣+1∞

𝑙=2

𝑒𝑙𝑡𝑙         (5) 

By Eq. (5), we obtain 
𝑡 (𝑌𝛽1,𝛽2

𝑣 𝑘(t))
′

= (𝛽1 + 𝛽2)𝑌𝛽1,𝛽2

𝑣 𝑘(t) − 
((𝛽1 + 𝛽2) + 1)𝑌𝛽1,𝛽2

𝑣+1 𝑘(t)                                      (6) 
 

Definition 2.5: [12] The generalized derivative 
operator D𝜆,𝜂

𝑣,𝑠 : 𝒜 → 𝒜 for 𝑘 ∈ 𝒜 is described by 

𝐷𝜆,𝜂
𝑣,𝑠𝑘(𝑡) =  𝑡 + ∑

(1 + 𝜂(𝑙 − 1))
𝑣−1

(1 + 𝜆(𝑙 − 1))
𝑣

∞

𝑙=2

(
𝑠 + 𝑙 − 1

𝑠
) 𝑒𝑙𝑡𝑙     (7) 

 
Where , 𝑣 ∈ ℕ0, 𝜂 ≥ 𝜆 ≥ 0. 
Clearly visible is the fact that 

 D𝜆,0
0,0𝑘(𝑡) = D0,𝜂

1,0𝑘(𝑡) = 𝑘(𝑡), and 
 

D𝜆,0
1,0𝑘(𝑡) = D0,𝜂

1,1 𝑘(𝑡) = 𝑡𝑘′(𝑡). 
and, D𝜆,0

𝑏−1,0𝑘(𝑡) = D0,𝜂
1,𝑏−1𝑘(𝑡), (𝑏 = 1, 2, 3, …  ). 

We are able to confirm that: 
𝑡 (D𝜆,𝜂

𝑣,𝑠 𝑘(𝑡))
′

= (1 + s)D𝜆,𝜂
𝑣,𝑠 𝑘(𝑡) + 𝑠 (D𝜆,𝜂

𝑣,𝑠+1𝑘(𝑡))        (8) 

 

Definition 2.6: By use the Hadamard product of the 
derivative operator 𝑌𝛽1,𝛽2

𝑣 and the generalized 
operator D𝜆,𝜂

𝑣,𝑠  and for 𝑘 ∈ 𝒜 the operator 
𝐷𝑌𝛽,𝜂

𝑣,𝜆: 𝒜 → 𝒜 is defined 

𝐷𝑌𝛽,𝜂
𝑣,𝜆𝑘(𝑡) = (𝑌𝛽1,𝛽2

𝑣 ∗ D𝜆,𝜂
𝑣,𝑠 )𝑘(𝑡)  where  𝑧 ∈ 𝑈, 

and 
𝐷𝑌𝛽,𝜂

𝑣,𝜆𝑘(𝑡) = 𝑡 +  

∑ (
1

1 + 𝜂(𝑙 − 1)
)

𝑛

(
1 + 𝛽2(𝑙 − 1)

1 + 𝜆(𝛽1 + 𝛽2)(𝑙 − 1)
)

𝑣∞

𝑙=2

(
𝑠 + 𝑙 − 1

𝑠
) 𝑒𝑙𝑡𝑙    (9) 

 
so that  𝑛 = 𝑣 − 1 and 𝑣, 𝑠 ∈ ℕ0, 0 ≤ 𝛽1 ≤  𝛽2, 𝜂 ≥
𝜆 ≥ 0. 
By Eq. (9), 

𝑡(𝑌𝛽,𝜂
𝑣,𝜆𝑘(t))

′
= 𝑠𝛽𝑌𝛽,𝜂

𝑣+1,𝜆𝑘(t) − (𝑠𝛽 + 1)𝑌𝛽,𝜂
𝑣,𝜆𝑘(t)         (10) 

As an alternative, consider a few special cases 
involving operator 𝐷𝑌𝛽1,𝛽2

𝑣 . 
1. The generalized derived operator D𝜆,𝜂

𝑣,𝑠  is present if 
𝑌1,0

𝑣 = 1 by [13], [14], [15]. 
a. The Srivastava-Attiya derivative operator [16] 

introduces D0,0
𝑣,𝑠 , which is what happens if 𝜆 =

0, 𝜂 = 0 and  D𝜆,𝜂
𝑣,𝑠  reduces to D0,0

𝑣,𝑠 . 
b. The Salagean derivative operator [17], [18], 

[19] introduces D1,0
𝑣,0, which is what happens if 

𝜆 = 1, 𝜂 = 0, 𝑠 = 0  and  D𝜆,𝜂
𝑣,𝑠  reduces to D1,0

𝑣,0. 
c. The Generalized Salagean derivative operator 

introduced by [20] introduces D𝜆,0
𝑣,0, which is 

what happens if 𝜂 = 0, 𝑠 = 0  and  D𝜆,𝜂
𝑣,𝑠  

reduces to D𝜆,0
𝑣,0. 

2. The derivative operator 𝑌𝛽1,𝛽2

𝑣  is present if D1,0
𝑣,0 =

1 by [21].  
a. [22] introduces 𝑌𝛽1

𝑣 , which is what happens if 
𝛽2 = 0  and 𝑌𝛽1,𝛽2

𝑣  reduces to 𝑌𝛽1

𝑣 . 
b. [23], [24], [25] introduces 𝑌𝑣, which is what 

happens if 𝛽1 = 1, 𝛽2 = 0  and 𝑌𝛽1,𝛽2

𝑣  reduces 
to 𝑌𝑣. 

 

Lemma 2.1: [26] If 𝑑 ∈ 𝑊(𝑒)  with Δ ∈ Υ𝑙[℧, 𝑤] 
and  ∆{𝑑(𝑡), 𝑡𝑑′(𝑡), 𝑡𝑑″(𝑡); 𝑡} is univalent in Λ, then 

       ℧  ∆(𝑑(𝑡), 𝑡𝑑′(𝑡), 𝑡𝑑″(𝑡); 𝑡)                 (11) 
Implies 𝑤(𝑡) ≺ 𝑑(𝑡). 

 

Lemma 2.2: [26] Let Δ ∈ Υ𝑙[℧, 𝑤] wtih 𝑤(0) = 𝑒. 
If the analytic function 

𝑑(𝑡) = 𝑒 + 𝑑𝑙𝑡𝑙 + 𝑑𝑙+1𝑡𝑙+1 +. . .   (12) 
 
t ∈ Λ, satisfies the following inclusion relationship 

∆(𝑑(𝑡), 𝑡𝑑′(𝑡), 𝑡𝑑″(𝑡); 𝑡) ∈ ℧          (13) 
Then 𝑑(𝑡) ≺ 𝑤(𝑡), 𝑡 ∈ Λ. 
 
 
3 Findings Related to the Linear 

Operator 
In the field of computational science, an operator 
which satisfies specific requirements, like having a 
closed a subspace and adhering to particular 
equations, and keeps linear combinations is called a 
linear operator 𝐷𝑌𝛽,𝜂

𝑣,𝜆 . Results related to the linear 
operator were obtained and are discussed in this 
section. 
 
Definition 3.1: Allow ℧ ∈ ℂ, 𝑤 ∈ 𝑊0 ∩ ℋ[0,1 ] 
and class of admissible functions 𝛷𝑙[℧, 𝑤] consist of 
this functions 𝜙 ∶ ℂ3 × Λ → ℂ in addition to satisfy 
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the admissibility condition 𝜙(𝑢, 𝑣, 𝑗; 𝑡; 𝑥) ∉  ℧ , so 
that: 

𝑢 = 𝑤(𝑥), 

𝑣 =  
𝑦𝑥𝑤′(𝑥) + 2(𝑠𝛽 − 2)𝑤(𝑥) 

(𝑠𝛽)2
 ,  

𝑗 =
𝑦2𝑥2𝑤′′(𝑥) + 4𝑦𝑥(𝑠𝛽 − 3)𝑤′(𝑥) + (𝑠𝛽 − 2)2𝑤(𝑥)  

(𝑠2𝛽2)3  

and 

ℜ𝑒 {
𝑠2𝛽2𝑗 + 4(𝑠𝛽 − 3)𝑠𝛽𝑣 + 6(𝑠𝛽 − 2)2𝑢

𝑠𝛽𝑣 + (𝑠𝛽 − 2)𝑢
}

≥ 𝑦ℜ𝑒 {1 +
𝑥𝑤″(𝑥)

𝑤′(𝑥)
},  

Where 𝑥 𝜖 𝜕Λ 𝐸(𝑤), and 𝛽,⁄ 𝑠 ≥ 0. 
 
Theorem 3.1: If 𝑘 ∈ 𝒜 and 𝜙 ∈ Φ𝑙[℧, 𝑤] satisfies 
{𝜙(𝐷𝑌𝛽,𝜂

𝑣,𝜆𝑘(𝑡) , 𝐷𝑌𝛽,𝜂
𝑣+1,𝜆𝑘(𝑡) , 𝐷𝑌𝛽,𝜂

𝑣+2,𝜆𝑘(𝑡) ; 𝑡) ∶ t ∈ Λ }  ⊂  ℧    (14) 

hence,  
𝐷𝑌𝛽,𝜂

𝑣,𝜆𝑘(𝑡) ≺ 𝑤(𝑡).  
Proof. By Eq. (5) in addition to Eq. (6),  

𝐷𝑌𝛽,𝜂
𝑣+1,𝜆𝑘(𝑡) =  

𝑡 (𝐷𝑌𝛽,𝜂
𝑣,𝜆𝑘(𝑡))

′
+ 2(𝑠𝛽 − 2)𝐷𝑌𝛽,𝜂

𝑣,𝜆𝑘(𝑡)

(𝑠𝛽)2
     (15) 

and ℎ(𝑡) ∈ Λ define 
ℎ(𝑡) =  𝐷𝑌𝛽,𝜂

𝑣,𝜆𝑘(𝑡)                 (16) 
Hence,  

𝐷𝑌𝛽,𝜂
𝑣+1,𝜆𝑘(𝑡) =

𝑡ℎ′(𝑡) + 2(𝑠𝛽 − 2)ℎ(t)

(𝑠𝛽)2
          (17) 

In light of that 
𝑌𝛽1,𝛽2

𝑐+2 𝑘(t)

=
𝑡2ℎ′′(𝑡) + (4𝑠𝛽 − 3)𝑡ℎ′(t) + (𝑠𝛽 − 2)2ℎ(𝑡)

(𝑠2𝛽2)3
                   (18) 

Describe the conversion of ℂ3 to ℂ by 
𝑢(𝑟, 𝑝, 𝑞) = 𝑟, 

𝑣(𝑟, 𝑝, 𝑞) =  
𝑝 + 2(𝑠𝛽 − 2)𝑟

(𝑠𝛽)2
,   

𝑗(𝑟, 𝑝, 𝑞) =  
𝑞 + (4𝑠𝛽 − 6)𝑝 + (𝑠𝛽 − 2)2𝑟

(𝑠2𝛽2)3           (19) 

Let 
Δ(𝑟, 𝑝, 𝑞; 𝑡)

=  𝜙 (𝑟,
𝑝 + 2(𝑠𝛽 − 2)𝑟

(𝑠𝛽)2 ,
𝑞 + (4𝑠𝛽 − 6)𝑝 + (𝑠𝛽 − 2)2𝑟

(𝑠2𝛽2)3 ; 𝑡)

=  𝜙(𝑢, 𝑣, 𝑗; 𝑡)                                                                                  (20) 
 
By use of Lemma 2.1 and Eqs. (16), (17) and (18), 
from Eq. (20), we get: 

∆(𝑑(𝑡), 𝑡𝑑′(𝑡), 𝑡𝑑″(𝑡); 𝑡)

= 𝜙(𝐷𝑌𝛽,𝜂
𝑣,𝜆𝑘(𝑡) , 𝐷𝑌𝛽,𝜂

𝑣+1,𝜆𝑘(𝑡) , 𝐷𝑌𝛽,𝜂
𝑣+2,𝜆𝑘(𝑡) ; 𝑡)                    (21) 

and by Eq. (13), obtaining  
∆(𝑑(𝑡), 𝑡𝑑′(𝑡), 𝑡𝑑″(𝑡); 𝑡) ∈ ℧              (22) 

See that 

1 +
𝑞

𝑝
=  

𝑠2𝛽2𝑗 + 4(𝑠𝛽 − 3)𝑠𝛽𝑣 − 6(𝑠𝛽 − 2)2𝑢

𝑠𝛽𝑣 + (𝑠𝛽 − 2)𝑢
, 

since Lemma 2.2. and Δ ∈ Υ𝑙[℧, 𝑤] 
𝐷𝑌𝛽,𝜂

𝑣,𝜆𝑘(𝑡) ≺ 𝑤(𝑡).  

Theorem 3.2: If 𝑘 ∈ 𝒜 and 𝜙 ∈ Φ𝑙[𝑔, 𝑤] satisfies 
 𝜙( 𝐷𝑌𝛽,𝜂

𝑣,𝜆𝑘(𝑡) , 𝐷𝑌𝛽,𝜂
𝑣+1,𝜆𝑘(𝑡) , 𝐷𝑌𝛽,𝜂

𝑣+2,𝜆𝑘(𝑡) ; 𝑡) ≺ 𝑔(𝑡)       (23) 
 
Therefore,  𝐷𝑌𝛽,𝜂

𝑣,𝜆𝑘(𝑡) ≺ 𝑤(𝑡). 
The following is an expansion of Theorem 3.2 

to include the situation where 𝑤(𝑡) is behavior on 
𝜕𝛬 is unknown. For the following result, the best 
dominant of the differential subordination is 
required Eq. (23). 
 
Theorem 3.3: If 𝑘(𝑡) ∈ 𝒜 , ℧ ∈ ℂ and allow 𝑤(𝑡) 
be univalent in 𝛬 in addition to 𝑤𝜌(𝑡) = 𝑤(𝜌𝑡) with 
𝑤(0) = 0  and let 𝜙 ∈ Φ𝑙[℧, 𝑤𝜌]  where 𝜌 ∈

(0,1) satisfies 
𝜙( 𝐷𝑌𝛽,𝜂

𝑣,𝜆𝑘(𝑡) , 𝐷𝑌𝛽,𝜂
𝑣+1,𝜆𝑘(𝑡) , 𝐷𝑌𝛽,𝜂

𝑣+2,𝜆𝑘(𝑡) ; 𝑡) ∈ ℧, 

then 𝐷𝑌𝛽,𝜂
𝑣,𝜆𝑘(𝑡) ≺ 𝑤(𝑡). 

Proof: By use Theorem 3.1., 𝐷𝑌𝛽,𝜂
𝑣,𝜆𝑘(𝑡) ≺ 𝑤(𝜌𝑡) 

the conclusion that can now be drawn from the 
subsequent subordination relationship 𝑤𝜌(𝑡) ≺

𝑤(𝑡). 
 

Definition 3.2. If class of admissible functions 
Φ𝑙[℧, 𝑌] of functions 𝜙 ∶ ℂ3 × Λ → ℂ in addition to 
satisfy the admissibility condition:  

𝜙 (𝑌𝑒𝑖𝜃 ,
𝑘 + (𝑠𝛽 + 2)𝑌𝑒𝑖𝜃

(𝑠𝛽)2
,
𝐿 + [(4𝑠𝛽 + 3)𝑘 + (𝑠𝛽 + 2)2]𝑌𝑒𝑖𝜃

(𝑠2𝛽2)2
; 𝑡)

∉ ℧           (24) 
so that ℧ be a set in ℂ, ℜ𝑒{𝑐} > 0, 𝛽 ≥ 1 and 𝑌 >

0,   𝜃 ∈ 𝑅, 𝑅(𝐿𝑒𝑖𝜃) ≥ 𝑘(𝑘 − 1)𝑌 for all real 𝜃, 𝑘 ≥

1 and 𝑡 ∈ 𝛬. 
 

Corollary 3.1. If 𝑘(𝑡) ∈ 𝒜 and 𝜙 ∈ Φ𝑙[𝑌] satisfies  
𝜙( 𝐷𝑌𝛽,𝜂

𝑣,𝜆𝑘(𝑡) , 𝐷𝑌𝛽,𝜂
𝑣+1,𝜆𝑘(𝑡) , 𝐷𝑌𝛽,𝜂

𝑣+2,𝜆𝑘(𝑡) ; 𝑡) ∈ ℧, 

so that  𝑌 > 0 and 𝑡 ∈ Λ. Then |𝐷𝑌𝛽,𝜂
𝑣,𝜆𝑘(𝑡)| < 𝑌. 

Proof: By using Theorem 3.1., obtaining 

𝐷𝑌𝛽,𝜂
𝑣,𝜆𝑘(𝑡) ≺ 𝑤(𝑡) = 𝑌𝑡, and 

𝐷𝑌𝛽,𝜂
𝑣,𝜆𝑘(𝑡) ≺ 𝑤(𝑡) = 𝑌𝑗(𝑡). 

Hence, 
|𝐷𝑌𝛽,𝜂

𝑣,𝜆𝑘(𝑡)| < 𝑌, so that |𝑗(𝑡)| < 1. 
Corollary 3.2. Let 𝑘(𝑡) ∈ 𝒜  and 𝜙 ∈
Φ𝑙[℧, 𝑌] satisfy inclusion relationship 
𝜙( 𝐷𝑌𝛽,𝜂

𝑣,𝜆𝑘(𝑡) , 𝐷𝑌𝛽,𝜂
𝑣+1,𝜆𝑘(𝑡) , 𝐷𝑌𝛽,𝜂

𝑣+2,𝜆𝑘(𝑡) ; 𝑡) ∈ ℧, 

so that 𝑡 ∈ Λ and 𝑌 > 0. Then  𝐷𝑌𝛽,𝜂
𝑣,𝜆𝑘(𝑡) ≺ 𝑌𝑡. 

 
 

4  Conclusions 
In the present work, some applications of the notion 
of different subordination to subclasses of univalent 
functions which employ specific transformations as 
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operators are found. The geometric properties of 
these kinds of functions were studied including, 
among other things, convexity radii, starlikeness, 
distortion theorem, as well as coefficient bounds. 
We investigated both the essential operator as well 
as extreme points. Here, we investigated some 
characteristics related to the differences in 
subordination of analytical univalent functions in Λ. 
We also used the characteristics of the more general 
result operator to determine some facets of 
subordination as well as Superordination. Utilizing a 
broader hypergeometric function and the convexity 
operator, several results on subordination in Λ . 
Applying the principle of dependence and 
introducing a new subset of polyvalent functions via 
an additional operator associated with higher order 
derivative products. The applications of science that 
are most relevant to study are fluid mechanics, 
communications (hide function), magnetism, 
gravity, electrostatic fields, and heat flow. 
 
 
References: 

[1] EL-Ashwah, R. M. (2012). Properties of 
certain class of p-valent meromorphic 
functions associated with new integral 
operator, Acta Universitatis Apulensis, 29, 
255-264, [Online]. 
https://www.emis.de/journals/AUA/pdf/28_88
7_paper21-acta29-2012.pdf (Accessed Date: 
October 20, 2024). 

[2] Ruscheweyh, S. (1981). Neighborhoods of 
univalent functions, Proc. Amer. Math. Soc., 
81(4), 521-527. 
https://doi.org/10.2307/2044151. 

[3] Hamadneh, T., Al-Zoubi, H., Alomari, S. 
(2020). Fast Computation of Polynomial Data 
Points Over Simplicial Face Values, Journal 

of Information and Knowledge Management, 
19(1), 2040001. 
https://doi.org/10.1142/S0219649220400018. 

[4] Chupradit, S., Tashtoush, M., Ali, M., AL-
Muttar, M., Sutarto, D., Chaudhary, P., 
Mahmudiono, T., Dwijendra, N., Alkhayyat, 
A. (2022). A Multi-Objective Mathematical 
Model for the Population-Based 
Transportation Network Planning. Industrial 

Engineering & Management Systems, 21(2), 
322-331. 
https://doi.org/10.7232/iems.2022.21.2.322. 

[5] Chupradit, S., Tashtoush, M., Ali, M., AL-
Muttar, M., Widjaja, G., Mahendra, S., 
Aravindhan, S., Kadhim, M., Fardeeva, I., 
Firman, F. (2023). Modeling and Optimizing 
the Charge of Electric Vehicles with Genetic 

Algorithm in the Presence of Renewable 
Energy Sources. Journal of Operation and 

Automation in Power Engineering, 11(1), 33-
38. 
https://doi.org/10.22098/joape.2023.9970.170
7. 

[6] Ibrahim, I., Taha, W., Dawi, M., Jameel, A., 
Tashtoush, M., Az-Zo’bi. E. (2024). Various 
Closed–Form Solitonic Wave Solutions of 
Conformable Higher-Dimensional Fokas 
Model in Fluids and Plasma Physics, Iraqi 

Journal for Computer Science and 

Mathematics, 5(3), 401-417. 
https://doi.org/10.52866/ijcsm.2024.05.03.027 

[7] Zureigat, H., Tashtoush, M., Al Jassar, A., 
Az-Zo’bi, E., Alomare, M. (2023). A solution 
of the complex fuzzy heat equation in terms of 
complex Dirichlet conditions using a modified 
Crank-Nicolson method. Advances in 

Mathematical Physics, Vol. 2023, Article ID 
6505227, 1-8, 
USA.  https://doi.org/10.1155/2023/6505227. 

[8] Ali, R., Ravichandran, V., Lee, S. (2009). 
Subclasses of multivalent starlike and convex 
functions, Bulletin of the Belgian 

Mathematical Society-Simon Stevin, 16(3), 
385–394. 
https://doi.org/10.36045/bbms/1251832366.  

[9] Yassen, M., Attiya, A., Agarwal. P. (2020). 
Subordination and Superordination Properties 
for Certain Family of Analytic Functions 
Associated with Mittag–Leffler Function. 
Symmetry, 12(10), 
1724. https://doi.org/10.3390/sym12101724.  

[10]  Alobaidi, M., Taha, W., Hazza, A., 
Oguntunde, P. (2021). Stability analysis and 
assortment of exact traveling wave solutions 
for the (2+ 1)-dimensional Boiti-Leon-
Pempinelli system, Iraqi Journal of Science, 
2393-2400. 
https://doi.org/10.24996/ijs.2021.62.7.29. 

[11] Miller, S., Mocanu, P. (1978). Second-order 
differential inequalities in the complex plane, 
J. Math. Anal. Appl., 65(2), 298–305. 
https://doi.org/10.1016/0022-247x(78)90181-
6. 

[12] Elhaddad, S., Maslina, D. (2019). On 
meromorphic functions defined by a new 
operator containing the Mittag–Leffler 
function, Symmetry, 11(2), 210. 
https://doi.org/10.3390/sym11020210. 

[13] Hameed, M., Shihab, B. (2022). On 
differential subordination and Superordination 
for univalent function involving new operator, 
Iraqi Journal for Computer Science and 

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2024.23.76

Mustafa I. Hameed, Issa Alkharusi, 
Israa A. Ibrahim, Wafaa M. Taha, Ali F. Jameel, 

Sundas Nawaz, Mohammad A. Tashtoush

E-ISSN: 2224-2880 743 Volume 23, 2024

https://www.emis.de/journals/AUA/pdf/28_887_paper21-acta29-2012.pdf
https://www.emis.de/journals/AUA/pdf/28_887_paper21-acta29-2012.pdf
https://doi.org/10.2307/2044151
https://doi.org/10.1142/S0219649220400018
https://doi.org/10.22098/joape.2023.9970.1707
https://doi.org/10.22098/joape.2023.9970.1707
https://doi.org/10.52866/ijcsm.2024.05.03.027
https://doi.org/10.1155/2023/6505227
https://doi.org/10.36045/bbms/1251832366
https://doi.org/10.3390/sym12101724
https://doi.org/10.24996/ijs.2021.62.7.29
https://doi.org/10.1016/0022-247x(78)90181-6
https://doi.org/10.1016/0022-247x(78)90181-6
https://doi.org/10.3390/sym11020210


 

Mathematics, 3(1), 22-31. 
https://doi.org/10.52866/ijcsm.2022.01.01.003 

[14] Darus, M., Al-Shaqsi, K. (2008). Differential 
sandwich theorems with generalized 
derivative operator,  Int. J. Comput. Math. 

Sci., 2(2), 75–78. https://doi.org/10.5772/8210 
[15] Challab, K.,  Darus, M., Ghanim, F. (2017). 

On a certain subclass of meromorphic 
functions defined by a new linear differential 
operator, J. Math. Fund. Sci., 49, 269–282. 
https://doi.org/10.5614/j.math.fund.sci.2017.4
9.3.5. 

[16] Miller, S., Mocanu, P. (2003). Subordination 
of differential Superordination, Complex 

Variables Theory Appl., 48, 815-826. 
https://doi.org/10.1080/027810703100015993
22. 

[17] Al-Shaqsi, K., Darus, M. (2008). On harmonic 
univalent functions with respect to k-
symmetric points, Int. J. Contemp. Math. 

Sciences, 3(3), 111-118, [Online]. 
https://www.m-hikari.com/ijcms-
password2008/1-4-2008/darusIJCMS1-4-
2008-1.pdf (Accessed Date: October 20, 
2024). 

[18] Ali, E., El-Ashwah, R., Sidaoui, R. (2023). 
Application of subordination and 
Superordination for multivalent analytic 
functions associated with differintegral 
operator. AIMS Mathematics, 8(5), 11440-
11459. https://doi.org/10.3934/math.2023579.  

[19] Eljamal, E., Darus, M. (2012). A subclass of 
harmonic univalent functions with varying 
arguments defined by generalized derivative 
operator, Advances in Decision Sciences, 
Article ID 610406, 1-8.  

[20] Al-Abbadi, M., Darus, M. (2010). Differential 
subordination defined by new generalised 
derivative operator for analytic functions, Int. 

J. Math. Math. Sci., 2010(1). 
https://doi.org/10.1155/2010/369078. 

[21] Oros, G. (2003). On a class of holomorphic 
functions defined by the Ruscheweyh 
derivative, Int. J. Math. Math. Sci., 2003(65), 
4139–4144. 
https://doi.org/10.1155/s0161171203209248. 

[22] Srivastava, H., Attiya, A. (2007). An integral 
operator associated with the Hurwitz–Lerch 
Zeta function and differential subordination, 
Integral Transforms and Special Functions, 
18(3), 207-216, 
https://doi.org/10.1080/10652460701208577. 

[23] Hameed, M., Shihab, B., Jassim, K. (2022). 
An application of subclasses of Goodman-
Salagean-type harmonic univalent functions 

involving hypergeometric function, AIP 

Conference Proceedings, 2398(1), 060012. 
https://doi.org/10.1063/5.0093392. 

[24] Atshan, W., Abd, E., Yalcin, S. (2020). An 
Application of Subclasses of Harmonic 
Univalent Functions Involving 
Hypergeometric Function, Adiyaman 

University Journal of Science (ADYU J SCI), 
10(2), 595-607. 
https://doi.org/10.37094/adyujsci.680530.   

[25] Salagean, G.S. (1983). Subclasses of 
univalent functions. In: Cazacu, C.A., Boboc, 
N., Jurchescu, M., Suciu, I. (eds) Complex 
Analysis — Fifth Romanian-Finnish Seminar. 
Lecture Notes in Mathematics, vol 1013. 
Springer, Berlin, Heidelberg. 
https://doi.org/10.1007/BFb0066543.  

[26] AL-Oboudi, F. (2004). On univalent functions 
defined by a generalized Salagean operator, 
Ind. J. Math. Math. Sci., 25(28), 1429-1436. 
https://doi.org/10.1155/S0161171204108090. 

 

 

Contribution of Individual Authors to the 

Creation of a Scientific Article (Ghostwriting 

Policy) 
The authors equally contributed in the present 
research, at all stages from the formulation of the 
problem to the final findings and solution. 
 

Source of funding  
No funding was received for conducting this study. 
 

Conflict of Interest  
The authors have no conflicts of interest to declare 
that are relevant to the content of this article. 
 

Creative Commons Attribution License 4.0 

(Attribution 4.0 International, CC BY 4.0)  
This article is published under the terms of the 
Creative Commons Attribution License 4.0 
https://creativecommons.org/licenses/by/4.0/deed.en
_US 

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2024.23.76

Mustafa I. Hameed, Issa Alkharusi, 
Israa A. Ibrahim, Wafaa M. Taha, Ali F. Jameel, 

Sundas Nawaz, Mohammad A. Tashtoush

E-ISSN: 2224-2880 744 Volume 23, 2024

https://doi.org/10.52866/ijcsm.2022.01.01.003
https://doi.org/10.5614/j.math.fund.sci.2017.49.3.5
https://doi.org/10.5614/j.math.fund.sci.2017.49.3.5
https://doi.org/10.1080/02781070310001599322
https://doi.org/10.1080/02781070310001599322
https://www.m-hikari.com/ijcms-password2008/1-4-2008/darusIJCMS1-4-2008-1.pdf
https://www.m-hikari.com/ijcms-password2008/1-4-2008/darusIJCMS1-4-2008-1.pdf
https://www.m-hikari.com/ijcms-password2008/1-4-2008/darusIJCMS1-4-2008-1.pdf
https://doi.org/10.3934/math.2023579
https://doi.org/10.37094/adyujsci.680530
https://doi.org/10.1007/BFb0066543
http://dx.doi.org/10.1155/S0161171204108090



