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Abstract: We study a degenerate parabolic-hyperbolic equation with zero-flux boundary condition. The aim of
this paper is to prove convergence of numerical approximate solutions towards the unique entropy solution. We
propose an implicit finite volume scheme on admissible mesh. We establish fundamental estimates and prove
that the approximate solution converge towards an entropy-process solution. Contrarily to the case of Dirichlet
condition, in zero-flux problem unnatural boundary regularity of the flux is required to establish that entropy-
process solution is the unique entropy solution. In the study of well-posedness of the problem, tools of nonlinear
semigroup theory (stationary, mild and integral solutions) were used in order to overcome this difficulty. Indeed,
in some situations including the one-dimensional setting, solutions of the stationary problem enjoy additional
boundary regularity. Here, similar arguments are developed based on the new notion of integral-process solution
that we introduce for this purpose.
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1 Introduction

¢
€ RY & # 0, the functions 1 +—> [ (A
Let Q be a bounded open set of R, £ > 1, with a ¢ ¢ © tunctions Zflfl( )

i=1

Lipschitz boundary dQ and n the unit normal to 4Q are not affine on the non-degenerate sub intervals of
outward to Q. Let @ = (0,7)xQand X = (0,T)x04, [0,uc]. It is well know that uniqueness of weak so-
T is a fixed positive time. We consider the zero-flux lution of degenerate hyperbolic-parabolic problem is

boundary problem

u; +div f(u) — Ap(u) =0 in Q
(P){

not ensured, and we have to define a notion of en-
tropy solution in the sense of [2], in the strictly hy-
B . perbolic case the fundamental paper of [3] to recover
(F(u) = Vo ( )L‘)(O’(x; B SO(X) mn % uniqueness. Inspired by [4], we defined in [[If], a suit-

fu ¢u))nix) = on . able notion of entropy solution for (P). A measurable

The function f is continuous and satisfies: function u taking values on [0, umay] is called an en-
tropy solution of the initial-boundary value problem

£(0) = (tmax) = O for some umax > 0. (1) (P) if ¢(u) € L*(0,T; H'(Q)) and Vk € [0, umax],

Ve € C([0,T) x RY)*, the following inequality

We suppose that the initial data u( takes values in holds

[0, umax]. In this case [0, umax] Will be an invariant -

domain for the solution of (P) in [[l]. The function B _

¢ is non decreasing Lipschitz continuous in [0, t#pax]- 0 Q|u k| dxdt + o luo = k10, x)dx

Formally A(¢(u)) = div(¢’(u)Vu). Then, if ¢’ (u) = T,
0 for some (¢,x) € Q, the diffusion term vanishes +//sign(u - k)[f(u)—f(k)—qu(u) Védxdt
so that (P) is a degenerate parabolic-hyperbolic prob- 0/Q

lem. In our context, we suppose as in [[l], that there T -1

exists a real value u, with 0 < u, < upax such that for + ./0./69 |f (k) ()| €1, x)dH™ ™ (x)dt 2 0. (2)
u < u., the problem (P) is hyperbolic. This means

that ¢ = 0 on [0, u.] and ¢ is strictly increasing in In [5], the authors proved convergence of monotone
[ue, umax]. Also as in [[l], we assume that the cou- scheme for a scalar conservation laws with zero-flux
ple (f, ¢) is non-degenerate, this means that for all boundary condition which can be seen has a particular
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case of our problem. Let us recall the main theoreti-
cal results on problem (P) obtained in [[1]. We proved
existence of solution satisfying (), for any space di-
mension in the case 0 < u, < upmax. Uniqueness is ob-
tained for one space dimension. Remark that unique-
ness is also true in multi-dimensional situation in two
extreme cases: u. = 0 for non-degenerate parabolic
case [6], and u. = umax for pure hyperbolic case [4].
We refer to Appendix 2 for some explanations.

In this paper, we choose an implicit finite vol-
ume scheme for the discretization of the degenerate
parabolic equation (P). Under suitable assumptions
on the numerical fluxes, it is shown that the consid-
ered schemes are L™ stable and the discrete solutions
satisfy some weak BV inequality and H' estimates.
We prove also space and time translation estimates on
the diffusion fluxes, which are the keys for the proof
of convergence of the scheme. We prove existence of
discrete solution by using Leray-Schauder topological
degree. The approximate solutions are shown to sat-
isfy an appropriate discrete entropy inequalities. Us-
ing the weak BV and H' estimates, the approximate
solutions are also shown to satisfy continuous entropy
inequalities. It remains to prove that the sequence
of approximate solutions satisfying this continuous
entropy inequalities converge towards an unique en-
tropy solution. In [[7], the authors use the concept of
“entropy-process solution” introduced by [[7], [8], [9],
for Dirichlet boundary problem which is similar to
the notion of measure valued solutions of [[10]. They
proved that approximate solutions converge towards
an entropy-process solution as the mesh size tends
to zero. Using doubling of variables method, they
showed that the entropy-process solution is unique
and is also a entropy solution of Dirichlet problem. In
the case of zero-flux boundary condition, some dif-
ficulty due to lack of regularity of the boundary flux
appears in [|[I]. We are not able to obtain uniqueness
by the doubling of variables method. Thus, the only
notion of entropy-process solution is not enough to
prove convergence towards the entropy solution. To
solve this difficulty, we found it useful to consider the
general evolution problem of the form:

=0
= ug.

on

v/ (2) + A(v(1))
v(0)

(E) { .0

We propose a new notion of solution called integral-
process solution for the abstract evolution problem
(E). This notion is presented in detail in the appendix
1. We prove that this new notion of integral-process
solution coincides with the unique integral solution.
Then, we apply this notion to the problem (P) and
prove that the approximate solutions converge to an
integral-process solution. We conclude that it is an
entropy solution.
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The rest of this paper is organized as follows. In Sec-
tion 2, we present our implicit scheme. In Section 3,
we prove a priori estimates, the discrete entropy in-
equalities and existence of discrete solution in Sec-
tion 4. We propose in Section 5 a continuous entropy
inequality, and the convergence result follows in Sec-
tion 6. Finally, in Appendices we study the abstract
evolution equation (E) and prove uniqueness of en-
tropy solution in one space dimension for the degen-
erate parabolic problem (P).

2 Presentation of a finite volume
scheme for degenerate parabolic
problem with zero-flux boundary
condition

Figure 1: Control volumes, centre, diamonds

In this section, we consider the problem (P) and
construct a monotone finite volume scheme to approx-
imate the solution. Let 6 > 0 be the time step. Let
O be a family of disjoint connected polygonal sub-
sets called control volumes of Q such that Q is the
union of the closures of the elements of this family
and such that the common interface of two control
volumes is included in the hyperplane of R’. Let &
be the upper bound for maximum size of the mesh:
h = sup{Diam(K), K € O}. We suppose that there
exists & > 0 such that:

1
ah® <m(K),m(0K) < —h‘"!, VK €0, (3)
o
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then the estimate on the number |O| of control vol-
umes is

a b

“)
where m(K) is the {— dimensional Lebesgue measure
of K and m(0K) is the (£—1)— dimensional Lebesgue
measure of K. If K and L are two control volumes
having an edge o in common, we said that L is a
neighbour of K and we write L € N(K). We some-
times denote by K|L the common edge o between K
and L and by ng  the unit normal to o, oriented from
K to L. Moreover, £k denotes the set of all edges for
any control volumes K. If K has at least one com-
mon edge with boundary 0Q, we denote by £%*' the
set of these boundaries edges, that can be regarded as
e = {0 € éx,m(c N AQ) > 0}. Eventually, if the
control volume K has no common edges with a part
of boundary dQ then £¢** = 0. In all case, for all con-
trol volume K € O, we have Ex = sK\se’“ Because
we consider a zero-flux boundary condltlon we don’t
need to distinguish between interior and exterior con-
trol volumes, only inner interfaces between volumes
are needed in order to formulate the scheme. We con-
sider here an admissible mesh of Q for e.g., [[7], [[1 1],
we mean that there exists a family of points (xx)xeco
such that the straight line xgxr is orthogonal to the
interface K|L. We denote by dx 1 = |xx — x| the
distance between xgx and xp and by dg o the dis-
tance between xg and the interface o Figure . The
point xg is referred as the center of K. To simplify
the analysis, we consider that xx € K (in general,
this assumption can be relaxed, e.g., one can consider
so called Delaunay simplicial meshes). We denote
by Tk,.o the “transmissibility” through o defined by
— m(o)

Ko = Geo if o € s;’;‘t , in addition we denote
TK|IL = mdLLL). The diamond denoted by K|L is a

convex hull constructed from neighbour centers xg,
xz and K|L. The diamonds are disjoint and cover
Q up to an h-neighbourhood of 9Q2. Notice that the
{— dimensional measure m(K|L) of K|L equals to
d’j;L m(K|L) Figure .

A discrete function w on the mesh O is a set
(wk)keo. If wg, vk are discrete functions, the corre-
sponding L?(Q) scalar product and norm can be com-
puted as

(wo,vo)rr ) = Z m(K)wgvk;
KeO
Iwoll2aq) = D m(K)lwk .
KeO

In addition, we can define the positive (but not def-
inite) product and the corresponding “discrete Hé
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semi-norm” by

fz Z m(KIL) (wp —wr)ve — vk)

KeOLeN(K)

= (WOVO)HO

and
2
wolt, = (Wowo)H,-

We define the discrete gradient Vow of a constant
per control volume function wo as the constant per

diamond I?lZ, R¢-valued function with values

wp — WK

(Vowolgir = Vepwo = ¢ nk.L- )

dk,L

For the approximation of the convective term, we
consider the numerical convection fluxes Fk,
[0, umax]> — R, (a,b) — Fg ,(a,b) for K €
0, O € Ek

The numerical convection fluxes are monotone:

O Fk,o(a,b) <0< 9.Fk,o(a,b). (6)

The numerical convection fluxes are conservative:

Forall o = K|L, forall a,b € [0, umax];

F[(’L(a,b) = —FL,K(b,a). (7)

The numerical convection fluxes are regular:

Fk .o is Lipschitz continuous and admits
m(o)M as Lipschitz constant on

[0, tmax]. (8)

The numerical convection fluxes are consistent:

Vs € [O’ Mmax]aFK,O'(Sa S) = m(o—)f(s)-nK,O'- 9

The Godunov, the splitting flux of Osher and Ru-
sanov schemes may be the most common examples
of schemes with fluxes satisfying ( )- ( ).
Notice that the hypothesis (8) and (E) entail that for
Vs € [0, umax]:

|Fr,o (s, 9)| < ([ fll=+umax)m (o). (10)
The discrete unknowns u?l for all control volume
K € O, and n € NN are defined thanks to the following
relations: first we initialize the scheme by

1
Ul = m/Kuo(x)dx VKeO, (11)

then, we use the implicit scheme for the discretization
of problem (P):
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Vn>0, VK € O,

un+1 _

u”
m(K)% + Z FK’O-(MYI?-], MYI?:IIT

TEEK

-> TK,(,(qs(ugf}T —¢(u"K+‘):0. (12)

T EEK

If the scheme has a solution, we will say that the piece-
wise constant function u ¢ s;(t,x) defined for (z,x) €
|nét, (n + 1)6t] X K, a.e. by:

uo,s0(t,x) = ui". (13)
is an approximate solution to (P).

Remark 2.1 1. Notice that using relation (E) and
the fact that for all s € R divy f(s) = 0, we have
Vs € [0, umax], VK € O:

D Fio(s,5) =0. (14)

This is equivalent to:Vs € [0, umax]|, VK € O
D Frols,90+ ), Frols,9)=0. (15)

oEEK oee!

2. Notice that the prescribed zero-flux boundary
condition is in fact included in (12). One can ex-
tend the summation over o € €k, and by conven-
tion regard the fluxes as:

FIMXK,L

Fluxg o = { 0 iy o eKIL.

; ext
if oeed.

3 Discrete entropy inequalities

This part is devoted to discrete entropy inequalities.
We recall some notations in [8]:

Denote by aLb = min(a, b) and aTh = max(a, b).
We define 77 (s) = (s—k)* = (sTk—k), (respectively
ne(s) = (s — k)~ = (sLk — k)) and the associated
fluxes-functions @3 called entropy fluxes

Dy (s) = sign™ (s = k) (f(s) = f(k))
= f(sTk) = f(k);

sign” (s = k)(f(s) = f(k))

f(sLk) = f(k);

i (s) = sign(s — k) (f(s) = f(k)).

Therefore, the numerical sub and super entropy fluxes
functions are defined by the formulas

<D;’<,G’k(a, b) = FK,O-(aTk, ka) - FK,O-(k, k),
@y, «(a.b) = Fx (k. k) = Fx o (aLk,bLk);
Ok ok(a,b) = Fx o (aTk,bTk) — Fx s(alk,bLk).

D, (s)
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From now, we have the following the discrete entropy
inequalities.

Lemma 3.1 Assume that (@]), (B)- (E) hold. Let up s;
be an approximate solution of the problem (P) de-

fined by (L1, (12). Then for all k € [0, umax], for
all K € O, n = 0 the following discrete sub-entropy
inequalities hold.:

ni () - n,t(u’,i)m
o1

+ n+l  n+l
+ Z O o k(U UK. )
TEEK

_ZTKIL(n;(k) (gb(uzﬂ)) - 77;5(]{) (¢(u}11<+1))

KIL
< Z sign* (Wt — kym(o) f(K)nk . (16)

ext
O'ESK

(K)

Also the discrete super-entropy inequalities are satis-
fied (i.e., ni, ®% ., sign™ can be replaced by n,,
and ®. ., sign” in (16)).

Notice that, if forall K € O, u"K“ satisfy both discrete
sub-entropy inequality and discrete super-entropy in-
equality, then u’1’<+1 can be seen as a discrete entropy
solution in |ndt, (n + 1)6t] X K.

Proof. Thanks to the Remark , the constant k €
[0, umax] is solution of:

k—k

m(K)

+ D Fro(k, k)

T EEK

- Z TK|L(¢(/€) - ¢(k))

KL

ot

= Z Fk.o(k, k). (17)

ext
O'GSK

Substracting from the equality () the equality (),
we obtain:

! ( wtt — k) — (ul - k))m(K)

5

+ Z (FK,(T(M%-H’uanL-)_FK,(T(k9k))

- % e ot -o00) - o) o)
LeN(K)

= Z Fx.o(k, k). (18)

Multiply () by (nZ)’(u"K“) = signJ“(u%+l — k). We
recall that for all convex function J, we have for all
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71,22 € R, the convexity inequality (z; — z2)J’(z1) =
J(z1) — J(z2). (Here, we may consider J’ as be-
ing multivalued, in the sense of sub-differential of J).
First, we use this convexity inequality to obtain

sign*(ulp! - k)((u"“ k)—(u"K—k))

((u"“ k)t = (ulf - k)+). (19)

Second, due to the monotony of the numerical fluxes,
we see that

sign® (ut! - )( (u7<+1,MK o) — Fk o (k, k))

n+1

> @, i 0)

Finally, using the convexity inequality and the mono-
tonicity of ¢, we have:

_ (le) (un+1 (¢(un+1 ¢( n+1 )

2 —(n;(k)(qﬁ(uf ) — 77¢(k)(¢(un+l ) (21)

Then, we get from (), (@), ()

l( n+l k)+ (unK —k)+)m(K)

ot

+ Z cI)K(J'k %H’ nK+ir
TEEK

_ZTKlL(77¢(k)(¢(Mn+1)) U¢(k)(¢(un+])))
KIL

< Z sign* (Wp! — kKym (o) f(k)n -
a.esexr

This prove (). In the same way, we prove the dis-
crete super—entropy inequalities. Finally, we deduce
that u’;(* satisfies the discrete entropy inequality in
this sense:

e (Ut = mic(u)
ot

m(K)+ ) Ok o i (i ),

TEEK

- Z TK|L(TI¢(k)(¢(ML ) — 77¢(k)(¢(un+l )

KL

< Z sign(uig™ = kym(o) f(k)nk, o

ext
O'ESK

(22)

4 KEstimates of discrete solution and

existence
We wish to prove that the approximate solution u¢_s;
satisfies the continuous entropy inequalities in section
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5. To this purpose, we give fundamental estimates
useful for proving convergence of the scheme. First,
we prove the L stability of the scheme, this comes
from discrete entropy inequalities and the L™ norm
on the flux f with the relation ().

4.1 L* bound on discrete solutions

Proposition 4.1 Suppose that K € O, the assump-
tions (E]) (B) ) hold. Assume that ug € [0, Umax]-
Then the approxlmate solution ug_ s;(t,x) of problem

(P) defined by (|1 (.) (.) satisfies:
0<uf(t,x) <umx VK eO.

Proof. Summing () over K € O, we get

(23)

+ un+1 — T (u"
Zm(K)nk( K )6t 77k( K)
KeO
D0 Pkl g

KeOoeék

-y ZTK|L(n¢(k)<¢<uL+1>> n¢(k)(¢(u"“)))

KeOLeN(K)

<> D, m@Nf(R)ng ol

Keoo.eé\ext

(24)

In inequality (@), take k = umax and use () to obtain:

m(K) (. T m(K) '
ZT(MKl_”max) _KZ: ot (K ”max)

KeO €0
n+l n+l
+ Z Z (DKO'LLmaX(uK ’uKO'
KeO oeek

TK|L(7¢(,4maX) (¢(”n+l)) 77¢(,4qu) (¢(un+l 3

K L
<0.

From now, remark that due to the conservativity of the
scheme we have

n+l n+l
Z Z Pk o i (UK UK o

KeO oeek
n+1 n+ly _
Z ¢KLumdx Kk 4 ) =0
KeO LeEN(K)

ZZ(n¢(k)(¢(u”+l)) n¢(k)(¢(u"+l)))=

KeOK|L
Therefore

Z m(K) eun+1
ot (K

KeO

- ”max)+ - (unK - umax)‘) <0.

Since 0 < u? k < Umax, by induction we prove (u”+1

Umax)” < 0. In the same way, in the super-entropy
inequality, taking k = 0, using (I) we also prove that
(un+1) <0.
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4.2 Weak BV and L?(0,7, H' (Q)) estimates

Now, we give the weak BV and L?(0,7, H'(Q)) es-
timates. The L?(0,7,H'(Q)) as the L™ estimate
are necessary for justifying compactness properties
of discrete solutions. The weak BV-stability does not
give directly any compactness result, however, it plays
a crucial role in the proof of continuous entropy in-
equality in section 5. To start with, we recall a Lemma
which is one ingredient of the proof of Lemma @.3 be-
low.

Lemma4.2 Let G : [a,b] — IR be a monotone

Lipschitz continuous function with Lipschitz constant
L >0anda,b € R. Then forall c,d € [a,b], one

has
d
/ (G(x) - G(c))dx

Proof. In order to prove this result, we assume, for
instance, that G is nondecreasing and ¢ < d (the other
cases are similar). Then, we have G(s) > H(s), for
all s € [c,d], where H(s) = G(c) for s € [c,d —[]
and H(s) = G(¢c)+ (s—d+ 1)L fors € [d - 1,d],
with I[L = G(d) — G(c), and therefore:

1 2
> Z(G(d) - G(c)) .

d d
/ (G(s) —G(c))ds 2/ (H(s) — G(c))ds
= (G - G(©)
_ 1 _ 2
= - (G(d) - G(o)*.

Now, we establish the weak BV-stability of the
scheme.

Lemma 4.3 (Weak BV-Estimate) Suppose that
( ),(B)-( ) hold. Let ugp s: be an_approximate solu-
tion of problem (P) defined by (), (). Let T > 0,
and set N = max{n € N,n < 5} and L € N(K)

(with convention u’l‘{“ > uﬁ“). Then there exists
C= C(||f||L°°’ Umax, T, |Q|) > 0 such that

iétz ,, max

. 1
=0 K|LML Sc<dsuf*

N
+ Zétz max
n+l

<c<d<ynt!
n=0 Ko scsdsug

C
<—.
Vh

Proof. Multiplying () by 6tut*! and summing over
KeOandn=0,...,Nyields Ag, + Ac, +Ap;y =0

Q:K,a'(d’ C)_FK,O'(d’ da

G:K,O'(d’ C) - FK,(T(C’ 63

(25)
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with

N
Agy = Z Z m(K)(u — wibyurt,

n=0KeO

N
+1 +1 +1.
Acy =)0t ) > Fro i uih ui;

n=0 KeO o€ex
N
1 1 1
Ay ==y 1Y) S i pl) ot e
n=0 KeOK|L

Let us first estimate Ag,. We use the fact that:

_1 2 Lo 1,
VYa,b € R, (a b)a—z(a b) +2a 2b,
we get:
N
Apy =) > mK) i — !
n=0 KeO
1 N-1
=5 Zl KZOm(K)(u"K+1 —uf)’
n= €
1
= m(m[(ugw G e

KeO

The two first terms are non negative and due to (@)
there exists C > 0 (that only depends on |Q| and tax)
such that —C is a lower bound for the last term, then

Ag, > -C. 27

Secondly, using summation by parts then Ap; ¢ gives

N
ZétZZTIQL%(uZ”) _¢(urlz<+l%z+1 —u’;(”)

n=0 K K|L

and Ap;r > 0. Now, we study the term Ac,. Due to
(), it can be rewritten as the sum between A’C’,‘é and
AZ:

A4

N
n+l  n+l n+l  n+l1y\ n+l
ZzétG:K,(r(uK ,uyp )_FK,O'(MK s UK 3"1(

n=0K|L
N
n+l _ n+l n+l  n+ly\ n+l
_2251‘6:1{,0'(”1( s Uuyp )_FK,O'(ML S Uuyp 3’411
n=0K|L

_ Alnt
- ACV

N
ext _ n+l n+l  n+l
Ag, ——Z&ZMK Z Fr. o (uy ' uy

n=0 KeO oeeg!

N
=0t DRt D m(@) fuR) ko

n=0 KeO oest

(28)
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We can estimate the boundary term Af:” by
%

|Aeﬂ| < C(||f||L°" Umax> T s |aQ|) (29)

Let us assign:

W1 (a) = /0 ’ (aF KL )+ V’L<s,s>)ds

= / siFK,L(s, s)ds.
0

ds
Then

b a a d
/ s—FK,L(s,s)ds—/ s—Fk. (s, s)ds,
0 dS 0 dS

= b(FK,L(l% b) - Fx 1(a, b))
- a(FK,L(a’ a) - Fg 1(a, b))

b
- / (FK’L(S, s) — FK,L(a,b))ds
=Yk (b)) — ¥k L(a). (30)

Take a = u?l and b = ul} Uin (@) and multiply by
0t. Summing over n = 0 N and L € N(K), we
obtain A% = AL +AZ where:

14 v v

n+l
Ale _ZZ&“/ é:K L(”nKH,MzH) FK,L(S, S)ds

n=0K|L
n+l

ZZét(‘I’K L(u"”) - \PK L(u"” )

n=0K|L

We have Z Wk r(s) =0, forall s € [0, umax]; then
TEEK

it appears that AZCV reduces to the sum of o € &
and it satisfies |A2 | <
Aext

Now consider a, b,c,d € Rsuchthata <c <d < b.
Take io = ulf?t +f < ¢ < d < ™" Using the mono-
tonicity of Fg ; and Lemma @#.2, we deduce

ext
K 9’
C similar to the estimate of

b
/(FK,L(b,a)—FK,L(s,s))ds
Z/d (FK,L(d,C)_FK,L(daS))

2
1
> —_(FK’L(d, C) - FK,L(C, C)) .
2M

with M = m(K|L)M. Take

n+l

K n+l  n+l
K L(MK S Uy

— Fg (s, s)ds.

E-ISSN: 2224-2880

Mohamed Karimou Gazibo

Therefore, we get:

la

2
1
1> — IIl_aX(FK,L(d, C)—FK,L(d, d))
2M

1 2
1> —_Hl_aX(FK,L(d,C)—FK,L(C, C)) .
2M

la

Then, we have

2
Z&Z —max(FK o(d,c) - Fx.o(d, d))

n=0 K|L

2
+ Zét Z —max(FK o(d,c) - Fx o (c, c))

1
< ACV

Recgllcilng the equality Ac, = A + AL 4+ A2,
we fin

2
ZétZ—max(FK o(d,c) - Fx o (d, d))

n=0 K|L

2
+ Zaz Z — max(FK +(d, ) - Fx o (c, c))

n=0 K|L
—-2C < Acy. 3D

Set

2
Z&Z —max(FK o(d,c) - Fx.o(d, d))

n=0 KL fa
2
+nzo(5t Z n+l4—_m_ax(FK,(T(d c) — Fk o (c, c))
(K,L)eel,
=Acy.

Now, as the equality Ag, + Acy, + Ap;r = 0 holds and

as (@) and (B2) are satisfied, we have A¢c, < C.
Moreover, using the Cauchy-Schwarz inequality, we
deduce

N
Z St Z max(FK,a(d, ¢) - Fx.o(d, d))

n=0 K|L ©

+ i ot Z maX(FK,O'(d’ c) - Fk o (c, C))

L
n=0 K|L “

N
LMJZ&Z m(K|L)VAcy. (32)

n=0 K|L
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At the end, take into account the regularity on the
mesh (E]) to deduce that:

i St Z m(K|L) < Tcl—yhf“ Z 1

n=0 K|L K|L

1 1 C
<T—h"""mQ=hn"t<=.
@ @ h

Lemma 4.4 (1.>(0,T,H' (Q)) Estimate) Suppose
that (E]),(B)-( ) hold. Let ugp, s, be the approximate
solution of problem (P) defined by (), (). Let

T >0, and set N = max{n € N,n < 5 }. Then there
exists C = C(||f]|Lw, Umax, T) = O such that

N 2
%Z‘”Z > TK|LP(”£”K+1)_¢(”ZH>{ <C. (33)

n=0 KeOLeN(K)

Proof. Multiplying () by 6t¢(u';<+1) and summing
overKeOandn=0,...,N:

N
DD mE) ! - i) e (!

n=0KeO

N
_Z(SIZ ZTK|L€(MZ+1 _ ¢(unK+1 )¢(unK+l

n=0 KeOK|L
N
+1 +1 +1\ _
+0N Fro (W ui et = 0.
n=0 KeQo€ek

i.e Bg, + Bcy + BD,'f =0.
Let9(r) = for ¢(s)ds. From the convexity inequality,
we have:

N
Bg, 2 ) > m(K) (ﬂ(u?l) - ﬁ(u”K))

n=0KeO
=> m(K)(ﬂ(ug”)—ﬁ(u(,’()). (34)
KeO

Further, in the term Bp;s, for every edge K|L the
terms involving K and L appear twice. Thanks to the
conservativity of the scheme, we find

N
BDif I—Z 61‘2 ZTKILP(”nKH

n=0 KeOLeN(K)

_ ¢(l/t2+l

(35)

The term B¢, can be rewritten as

N
Dy S Fetar o) - o)
n=0 K L

= Bcy.
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Using the weighted Young inequality and (), we can
major | B¢, | as follows

N
200, D,
n=0 KeO LeN(K)

ASay ¥

n=0 KeO LeN(K)

<C > m(K|L)

LIK

N
DX DI IR S

n=0 KeO LeN(K)

dk.L

2
n+1 n+1
2m(K|L) Ko (U up 3

2
m;KlL) ’¢(unK+l) _ ¢(uz+l)'
K,L

2
+1
— ¢ (uf

Collecting the previous inequalities we readily deduce
(B3). This concludes the proof of the Lemma @#.4.

4.3 Estimates of space and time translates
Recall the following result.

Theorem 4.5 (Riesz-Frechet-Kolmogorov) Let an
open Q C R and let o cc Q. Consider K a
bounded set of L”, with 1 < p < oco. we suppose
that: Ve > 0, there exists 6 > 0, § < dist(w, R‘*1\Q)
such that || f (x+h) = f (x)||Lr () < € Yh € RI*! with
|h| < 6 and V[ € K. Then K is relatively compact in
L? (w).

Now, we derive estimates of space and time trans-
lates of the function ¢(up, s5,) which imply that the
sequence is relatively compact in L2(Q).

Notice that because (¢ (10, 5:)0,s5: Obey a uniform L™
bound, the local compactness in Q is enough to de-
duce the L? compactness.

Lemma 4.6 Let, up s; be the approximate solution
of problem (P) defined by (), (12). There exists a
constant Cy depending on Q, T, |¢|g,, that

I L

<Ciln|

2
$(uo,5:(t,x + 1) = ¢(uo,6:(1,x))| dxdr

(36)

foralln € RY, where Q, = {x €Q, [x+n,x] C Q}
and there exists Co depending on Q, T, ¢, f such that

T-7 2
/ / ’¢(uo,5z(I+T,x)) ~ (o0 (1.1))| drdt
0 Q

< C2T

(37)
forall T € (0,T).

Proof. e First, we prove (@)
Letn € R withp # 0 and set Q,, = {x € Q [x+
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n,x] C Q} Forall K € O and o € gk, define y :

Q, xQ, — {0,1} by yo(x,y) = lif [x,y]no # 0
else yo(x,y) = 0. We have

'c’(uo,az(t,x +1)) = ¢(uo,s5: (1, x))

< ZXKIL(an +n)Dk|¢; forae.x €Q, (38)
LeN(K)

where D 1 ¢ is defined as

D¢ = |¢Gui™) = ¢(up™).
We integrate (@) over ,, and get:

.,

<Z /XK|L(x x+n)|Dkp¢|dx.

LeN(K)

$(uo,6:(t,x + 1)) = ¢(uo,s5:(1,x))|dx

(39)

Remark that, for all o = K|L € &g, /Q XK |L(X,x +
7

n)dx is the measure of the set of points of Q which
are located inside the cylinder whose basis is K|L and
generator vector is —7. Thus

/Q YxiLCnx 4 dr <m(K|D . (@0)

n

The relation (@) gives

=/
£277

<hl >, m(KIL)Dk 9|

$(uo,s:(t,x + 1)) = ¢p(uo,5: (1, x))|dx

LeN(K)
<hl > m(KIL)|DkLgl. @1
LeN(K)
From now, integrate () over [0,T]
D
/Jdt<|77|26t > m(K|L)dk 1 KL 42
n=0 LeN(K)
Take A7¢20 = ¢(uo,s:(1,x+1m)) = ¢(10,5 (1, x)) and
remark that:
2
Apy < |||l |[Ad (43)
L%(Qy) LY(Qy)

Then (42) and {#3) give (B6).

o Finally, we prove (37).
Let7 € (0,T)andt € (0, — 7). Set ng = [t/6t] and
ny = [(t+71)/6t], let

T={neN,t<n+1)ét<r+71}
T={neN,|(n+ 1)t —-7<t<(n+1)ot}
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Take AT¢2 = ¢(uo,6:(t + 7.%)) = ¢(u0,5¢(1.%))
Since ¢ is Locally continuous with constant ¢7;, =

sup M, we have:
0<a<b<umax a->b
T-1 2 T—1
/ / Ar¢gt dxdt < ¢Lip/ S(r)dt
0 Q 0

where, for almost every r € (0,7 — 1)

‘ééqugt) (u(),ét(t +7, .X) - ”O,éz(t,x))
= Z m(K)%(u%‘ - ¢(u?3 (u%‘ —u?)

KeO
- Z@(u%) - ¢<u'}§3 me%’,@” - K)
KeO 1.7
=S(1).
We get S(1) < 1S0(2) + £S1(2) + S2(1) + S3(t) + S4
with:
2
sult) =Y 03 D ) - o)
Jt.T ’

K|L

2
S1(1) = Zatzm(K'L)(¢( >—¢(uzl>)
ItT KlL >
2
Sy (1) = Zétzm( ( n+1 ¢( n+l )
S3(1) :ZatZ(p(u?g>—¢(uz‘ 3FK,L<u'z+‘, !

1T KI|L
It KI[L

S4(t) = Zétz @(uzo) —¢(u2°3FK’L(u2+1, u?l )

I"T K|L

We introduce the function y’ such that y’(1) = 1 and
x'(0) = 0. We have forall t € R* and n € NN,
x'(I"7) = "' (J"7). Therefore

T-7
/So(t)dt
0
[T/65¢]
m(K|L)( =,
< ) 0
= tZ dx.L (¢(MK

n=0

2
— ¢y ) Py,

[T/6¢] noy _ noyi2
<> ory m(K|L)dK,LI¢(”K;K f(”L )IP,‘f

n=0 K|L

[T/ 6t]

<>ty tm (KlL)’¢( K) =4

n=0 K|L

9
PO.
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where

(ng+n) 6t+t
L D WU
npo

nelN
Notice the following property:

(ng+1) 6t
~/n06t Z

nelN

(ng—n) 6t+7
-y / .
nelN Y (no—n—1)6t+7
Using (@), we find:

Xt (Jt,‘r)dt

O<t<t)dt=r1.

T-71
/ So(r)dr < Ct. (44)
0
We get in the same way
T-1
/ Si1()dr < Cr. (45)
0
We now turn to the study of the third term:
T-1
/ S>()dt
0
[T/61] 2
m(K L)
< Z Z ( n+1) ¢( n+l )
=0  KIL
[T/61] n+l n+l
P(uf ) PP
<> ay im <K|L>’ on,
n=0 K|L
Because

T-7
/ )(z(]t’T)dt
0
=min(7T — 7, (n + 1)8t) — max(0, (n + 1)6t — 1)

=Qf <,

we get

T-t
/ S»(t)dt < Cr. (46)
0

Recall that due to ()

FK,L(aa b)
m(K|L)

We have in the same way

T-71
/ S3(t)dt
0

[T/61]

< Z 6tZ@(u - ¢>(ML 3FK L(M'Lm’ unKH)Q(()T

n=0 K|L

< ((||f||L°° + M)VTm(Q)|¢(u)|H0)T-

< (Ifllze + M).

(47)
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In the same way we prove:
T-71
/ S4(t)dt
0
< (sl + 30V 00l
From (44), #13), (46), @7 and (@g), we get:

T-1
/0 10000011+ 7.5) =110, (13)) P

< (Chr.

(48)

4.4 Existence of a discrete solution

The proof of existence of solution for the scheme (),
() is obtained by applying the Leray-Schauder topo-
logical degree theorem. The idea is to modify contin-
uously the scheme to obtain a system which admits a
solution and if the modification preserves in the same
time the estimates (in our case this can get easily by
the L® norm on ug s;), then the scheme also has a
solution.

Definition 4.7 Let E be a real Banach space. We de-
note by A the set of (Id — g, B, y) where g : B— E
is a compact with B ¢ E and y € E such that
y ¢ {g(x),x € dB}.

Lemma 4.8 Suppose (I (I) is satisfied. Then forall K €
O, there exist u"Jrl satisfying (]19).

Proof. For the proof, we consider for every a € [0, 1]
and VK € O the following problem:

vk —a|uf - (K) U;K Fk.o (Vi VK, o)
m(K) 2 TKa(mK o) - ¢(vK>)]

OEEK

with notation analogous to that of ().
We consider the continuous function ¥ with respect
to each of its variables defined by:

F(a,v) = vg—a|ub - (K)O';KFK o (VK VK, o)
(K) Z K, o'@(VK o)~ ¢(VK3

The function ¥ (@, .) is a continuous homotopy be-
tween ¥ (0,.) and F(1,.). First, remark that u’1‘<+1 =
0 is solution of F(0,u*!) = 0 for all (n,K) €
[0, N]xO. If B is a ball with a sufficiently large radius
in the space of solution of the system, the equation
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% (.,.) = 0 has no solution on the boundary dB. In-
deed replacing ug, f, ¢ by aug. @ f, a¢ we can apply
the argument of Proposition to solutions of equa-
tion ¥ (a,v) = 0. Then it is enough to supply the
finite dimensional set R? of discrete functions by the
norm || - ||z~ and take B of radius larger than up,x.
Therefore

degree(¥(0,.), B) = degree(F(1,.),B) # 0.

Thus there exists at least a solution to equation
F(1,.) = 0. This solution is a solution to our scheme.

S Continuous entropy inequality
We prove in this section that the approximate so-
lutions fulfil a continuous entropy inequality in the
sense of Theorem 5.2 below. Before, we recall a result
that will serve us in the proof of this Theorem.

Lemma 5.1 e.g., [lI2] Let K be a non empty open
convex polygonal set in RY. For o € &k, we denote
by xo the center of gravity of o; we also denote by
nk.o the unit normal vector to o outward to K. Then,
for all vector V€ R’ and for all point xx € K, we
have:

mK)W = m(o)W.ngolxo—xx). (49

OEEK

Proof. We denote by a superscript i, the i— th coordi-
nate of vectors and points in R’. By Stokes formula,
we have:

m(K)V' = /K div((x' - xi)V)dx

/ (xf —x%)v.any(x)
oK

Z ‘/(xi—x%)v.nK,gdy(x). (50)

OEEK

Hence, by the definition of the center of gravity, we
have:

/ (! — xl)dy (x) = / Xdy(x) - m(c)xly
= m(O')x‘;T - m((r)x%. (51)

Replace () in (@); we find (@).

From now, as the approximate_solutions satisfy
the discrete entropy inequalities (@), we prove that
they satisfy a continuous form of these inequalities.

Theorem 5.2 Assume that (), (B)-®) hold. Let
uo,s: be the approximate solution of the problem (P)
defined by (,(). Then the following continuous
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approximate entropy inequalities hold: for all k €

[0, ttmax ], for all € € C*([0,T) x RY), £ > 0,

T
/0 /g ni (0, 00)Erdxdt + /Q i (10)€(0, x)dx

T
+'/0 /Q(d)k(uo,az) - Von‘f’(k)(‘p(”O,ét))-Vfdxdt

T
-1
. /O /mlf(k)-n(x)lf(t,X)dW (x)dt
> —vg . (£); (52)

where: Yé € C™([0,T) x RY), v ,(£) — 0 when
h — 0. Here

N
Z Z Ve tintna) YEIL0(0) (P10, 61))

n=0 K|L
= Vong ) (¢(uo,s:)).

Remark 5.3 In the same case, if we replace in ()
nk by i (resp ;) and | f (k).np(x)| by (f(k).n(x))*
(resp (f(k).n(x))” ) we obtain sub entropy inequali-
ties (resp super entropy inequalities). Obviously, the
approximate solution ug_s; is an approximate entropy
solution if and only if up, s¢ is approximate entropy
sub-solution and entropy super-solution simultane-
ously.

Proof of Theorem 5.2 Let £ € C*([0,7) x RY)* and
k € [0, umax], we ix T > Oand set N = L + 1. Itis
enough to suppose that £(¢,x) = 6(t){(x), this mean
that £t = 0"k, By density in C*([0, T[XR?)
of linear combinations of such functions, the general
case will follow. Depending on the circumstances,
{k = fK { or {g = {(xg) with xg the center of con-
trol volume K. Take {x = |f, {(x)dx — (k|

n+l

Multiplying inequality (@) by 6t£%"" and summing
over K € O and n € {0, ..., N}, yields the inequality

N
D 3% ml) ) = ) e
n=0 KeO

N

1 1 1
00t 3 Y Ok o (W ug L ER
0

n= KeO oeek

- i (5tZ Z sign(u"KJrl - k)Fk, ok (k, k)f;?]

n=0 KeO oee&!

N
- Zét§ § i A gER! < 0. (53)

n=0 KK|L

with Agrd = ngu) @) = nen @),

Hence (53) can be seen as Igv + Igv + Igl.f < 0.
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To prove inequality (@) we have to prove that I, +
Ig, + IBlf < vo,n(€) where Iy, I7. and Ilc)if are
deﬁned by:

T
15, = - /O /Q (10,60 ()6, (1) dxdi
- /Q i (0)8(0)¢ (x) .

T
:_/ 9/q>k(u0,&).vgdxdr
0 Q

T
- / 0 / () (O] £C)dH ™ (),
0 o0Q

Ipif = / /V0U¢<k)(¢(uo 5t)).V{dxds.

Id with 7€, ;

Then, we have to compare Iz d Wlth I< pas

’ Ev’
1 Cc
and IDl.f with IDl.f.
Firstly, we have to estimate |11d5v — I |. Using the
definition of ug_s;, the quantity / gv reads:

N-1
IfElv - _ Z Z m(K)nk(un+l ( n+1 §1<)

n=0 KeO

- m(K)(nk(u‘}<>f}< —nkw,:‘)fN“)

KeO

=- Z ot Z m(K)ny (u"+1 ”“ §K

n=0 KeO

= > m(K)me(uf)é

KeO

- - Z 6t 3 mEmeuh L

n=0 KeO

= > m(K)mi(ul)0' ¢k

KeO

=_ Z ot Z m(K)nk(u"“)(@")t]{( £(x)dx

n=0 KeO

- Y @m0 f o, (54

KeO

In+l
with (8"), = / 0,dt. We deduce that
tn

g, 15| <vh (&) +15 ,(6).  (55)
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where:

N-1
D26t > m(K) ko, s M kx (1001 (0" 1k |

n=1 KeO
= vg (£ (56)
vh (€)= > mK)mul)0'\ k| (5T)

KeO

As & € C*™, then we have:

1lx| = l][ {(x)dx - Lk
K

< ll¢llcrh.

Then, the quantities vlo’ () UZO’ (&), tend to zero
when 7 — 0.

Secondly, we study the difference between Igv and
I¢.,. We take care separately of what happens inside
and what happens on the boundary of Q. Therefore

we write IS, has the sum of 75" and 15,
Cv C Cv

1 = / / O (10.51) V¢ dxdi
15 = / / £ () (0] L) dH (x)dr,

Further, introduce auxiliary values ({x|r)ren(k) by
(k|1 = {(xk|L), Where xg/r is the barycenter of K|L.
Denote by Agé&™! = g-“"“ &1 The term Igv,

K|L
which can be rewritten as the sum between Ig’v”" and
d,ext,
ICV

Z&Z (I)K K|L k(ul’lK+1’ uz+1 [ §n+1 _ AL§n+l]

n=0 oceK|L

N
22(”2: Z (DK’KlL’k(urIL(H’u2+1)AK€;n+l

n=0 KeOLeN(K)

Zgnn&z Z D XL, k(ur;;l’ uz+l)AK§
KeOLeN(K)

d,int
- ICv

- Zét Z Z sign(uly”

n=0 KeOoesgy

— k) Fi o (k, k)&

ZG"”&Z Zszgn(u"“ kFk. o (k, k) k

Keoo_egext

— Id,ext.
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Now, we compare 75" and I¢ d.int " Aq the numerical
fluxes, the numerlcal entropy ﬂuxes are consistent:

/ O (W) o dy ()i

o

= m(K|L)(Dk(M"+1) nK|L

= B (W 1), (58)

Simultaneously, for each K € O, we approach { by
the affine function {k in a neighbourhood of K, with

{k = {(xk), we set [k | = {(xk|L). Then
L)1k = Ik + o(|x — xk|?);
ki = xiL = o(h);
Vik = cston K
IV¢ = V||~ (k) = o(h) and
Vik.(xk —xkiL) = {k — Lk|L- (59)

We denote the resulting expression by fg"f " we have

N
- Z 61‘2 Z O kL (W ut ) (~Ak €™
n=0 K L

— id,mt

From now, using (@) and Lemma , which states
that

Z m(K|L)VEk .nkL(xkiL — xx) = m(K)Vik,
KIL

we find:

fdint = Z&m”“ Z D (W Ym(K)V ik .

KeO

It is easy to see that
~d - T ~ _d .
et = - /0 0 /Q O (uo,s50).Vikdxdr = I

|Id,int _Ic,intl <|Id,int _id,im‘ I‘d,im‘ _Ic,intl

|+| Cv
=v},  (€) + Vg (§)
0,k 0,k
with:

N
vy (€)= 610" Y
n=0

K|L

A P LkAkl[;  (60)

T
v (&)= [ 6] @uluo.sn) Ve = Vixlasar
(61)
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where
n+l  n+l n+l n+l
O rx(uy s ug ) —Pr rx(uy ,uj
_ Ak m
= AK,L(DK,L,k-

Let us show that v (¢) and v* 0.k (¢) tend to zero as

h — 0. Thanks to( ), Uo (&) as h — 0. Now, we
write:

(n+1) 6t
(5tm(K|L)/ (f(t’x) —&(s,y))dy(y)ds

= £(1,%) = €] - (62)
For all (x,y) € K|L X K|L,
1£(x) = W] < AV~ (63)

We exploit the BV-weak estimates on space deriva-
tives to prove that U?) (&) tend to zero when h goes

to zero. Indeed, we have

Ak Pk Ll < max(Fg,o (d. ) = (Fi.o(d. )

and thanks to (@), we get an estimate on the differ-
ence between the average value of { and a control vol-
ume and on one of its edges: there exists C; depend-
ing only upon £, such that

VKIL, |k = {0l < Ceh.

Therefore, the following estimate on v?)’ . (£) holds:

N
Ce(h) Y oty [n}ax(FK,o_(d, ¢) - Fx,o(d, d))]

n=0 KLY

N
+Cr(h) Yot ) [maxia(FK,g(d, ¢) - Fi.o(c, c))}

n=0 K|L

h
= U?’O,k({) < Cgﬁ

where the constant C¢ is given by (). Now, it re-
mains to notice that

ZQ”“&Z Z sign(ui = k) Fi, o (k, k) {x

KGOO_ESCXY

— _Id,ext
< Za"“azz D Pt k)lgk = ~IE0.
Keoo_egext

Then, we have:

c,ext d,ext
ICV IConv <0.
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The last step is to compare 15 to I4¢*" . We rewrite

Dif Dif
d
the term / Dif a8
N
S 3 sl ok e
n=0 o€K|L
N m(K|L)
== o0 Y — An§g§)¢(&< - 44
n=0 oeK|L K.L
N —
=), 010™" ) m(KIL) Vigznow @ (g ) Vel
n=0 oeK|L
_gqd
- IDif

where: vmg = ]€C );L V. Notice that

V¢ -V = o(h).

E|\L§| |Loo (m)
Therefore we have
=I5l SUY (8, (64)

with:
T
[ 6[1¥omans (60,5117 = Freldsar
= v (). (65)

To conclude, we prove that vg (&) = 0ash — 0.
Using Cauchy-Schwartz inequality, we find

Vo (&) < 1161111V ong) (¢ (uo,s))lI20(h).

Then, using the fact that ;7 is 1-Lipschitz, and the es-
timate (B3) we prove that vi) (&) = 0ash— 0.

6 Convergence of the scheme
The main result of this paper is the following theorem.
Theorem 6.1 (Convergence of the approximate solu-

tion towards the entropy solution). Assume that one
of the following hypotheses is satisfied

{ =1and Q = (a, b) an interval of R; (66)
£>1 u.=0, and fop~' € C¥% a >0, (67)
€21 ue = umax. (68)

Let, (uo,.st)0.5: be a family of approximate solutions
of problem_( P) defined by (), ({12). Then, under hy-
potheses (A)-(D), we have max(dt, h) — 0:

Vp e [l,4+) ug, sy — uin L (Q) (69)

Vod(uon) = Vo(u) in L*(Q)

where u i the unique entropy solution of (P), i.e u
satisfies ().
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Remark 6.2 It is possible to_replace in the Theorem
all the three hypotheses (@), (@), (@) by the fol-
lowing one, which is much more general:

€ > 1 and uy is such that there exist an
entropy solution of (P) such that
(f (u) = Vo(u)).n(x)

possess a strong trace in L' sense.

(H)

Such kind of functions u which verify (H), will be
called trace regular entropy solutions in reference
[I3], [lI4]. The idea to prove uniqueness of en-
tropy solution is to compare any entropy solution of
(P) with trace regular entropy solution and break
the symmetry in the application of doubling of vari-
ables method by taking test function that is zero on
the boundary Q X ((0,T) x Q) of Q X Q but non zero
on the boundary ((0,T) X 0Q) X Q e.g. the method of
[1], [6]. If (H) is satisfied for all ug that belong to a

certain subset X such thatYH'”L1 = LY(Q; [0, umax]),
then uniqueness is true for all uy.

Presently to our knowledge the only results which es-
tablish that (H) holds for a dense subset X is proved
for the case (b68), [H], [I15].

In this pure hyperbolic case existence of the strong
trace of the flux is established in [4], [I5]. Then
uniqueness of entropy solution follows by standard
doubling of variables method and it is enough to take
a symmetric test function.

In the case where hypotheses (@) or (@) are satis-
fied, it is more easy to prove existence of trace regu-
lar entropy solution for the stationary problem with
L source term. In this case, we even have sense
that the total flux is continuous up to the boundary,
i.e (f(u) —Vo(u)).n € C(Q) for example [16], [I17].
Then we can adopt the same strategy as in the case
where (H) holds, but in the doubling of variables
method we compare entropy solution of (P) with trace
regular entropy solution of (S). Then using nonlinear
semigroup approach, we proved that entropy solution
of (P) is the unique mild solution, the reader can ref-
ere to [\l]], [6], [I8]. The same strategy is adopted
here_to prove that entropy-process solution ( Defini-
tion p.3) is the unique entropy solution ( see Appendix
1and?2).

Proof of Theorem @ The proof of Theorem p.1is in
two steps. First in Proposition , we prove that the
approximate solutions converge towards an entropy-
process solution._Then in Appendix 2 (Theorem B.4,
and Proposition 8.3, B.6, B.7) we prove that entropy-
process solution is in fact the unique entropy solution
using the intermediate notion of integral-process so-
lution developed for this purpose in the Appendix 1.
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6.1 Entropy process solution

Definition 6.3 Let u € L*(Q x (0,1)). The func-
tion u = u(t, x, @) taking values in [0, umax | is called
an entropy-process solution to problem (P) if Vk €
[0, umax], Y€ € C®([0,T) x RY), with & > 0, the
following inequality holds :

1
/T/ |\u(@)u — k|é dxdtda+ [ |ug — k[E(0,x)dx
0 0 o
T 1
T
—//V|¢(u) — ¢(k)|.Védxdt
0JQ

T
-1
+/O/m|f(k).n(x)|§(t,x)d7{ (x)dt >0, (70)

1
where u(t,x) = / u(t,x,@)da.
0

Remark 6.4 Ifu € L*(Qx(0, 1)) is entropy process
solution then, it satisfies for all ¢ € L*(0,T; H'(Q))
such that & € L'Y(Q) and £(T,.) =0

/01 J T /Q{ﬂfz + Qw - wwjvg} drdida

+/u0§(0,x)dx =0. (71)
Q

We recall the nonlinear weak star convergence for
(u0,st)0, s+ Which is equivalent to the notion of con-
vergence towards a Young measure as developed in
[[10].

Theorem 6.5 ([[19]) (Nonlinear weak star Conver-
gence) Let (#,,),,en be abounded sequence in L*(Q).
Then, there exists u € L*(Q X (0, 1)), such that up
to a subsequence, u,, tends to u in the nonlinear weak
star sense as n — o0, i.e: Yh € C(IR,R)

1
h(un)—\/ h(u(.,@))da weakly — *in L= (Q)
' (72)

Moreover, if y is independent on « (i.e u(t,x,a) =
u(t,x) for a.e. (t,x), and for all @), then u,, converge
strongly in L'(Q) towards some u(¢, x). In particular,
observe that the following holds:

NN

Lemma 6.6 Suppose that the sequence uy(.)
u(., @) in the nonlinear weak star sense, assume that
g is a continuous non decreasing function such that
g(u, () — 0 strongly in L'(Q). Then, 6 =

g (1) = g(u) where u(r,x) = /0

1
u(t, x,a)da.
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Proof. Let v, = g(u,), since g is continuous,
then the sequence v,, is bounded in L*(Q), so that

nl—x nl—x
va(t,x) — v(t,x,a) (where — mean the conver-
gence for weak star topology in L*(Q)) and v,, — 6
in L'(Q) and v(t,x, @) := g(u(t,x,a)) is an associ-
ated Young measure, since for all 2 € C(IR, R)

1
h(n(£,0)) = (0 ) (tn) — /0 hog(u(.a))da

1
= / h(v(t,x,a))da.
0

Since v,, tend to 6 strongly, we deduce that v (¢, x, @) =
6(t,x) and v does not depend on a. Moreover, if g is
continuous and nondecreasing the level sets g~! ({c})
are closed intervals of R. Then for all (¢,x) € Q,

p(a) € 87 ({00)}) = u() = / u(..a)da
/ u(a)da € g~ (6()) = gul) = 6(.).

From now we give a "discrete L>(0,7: H'(Q))” com-
pactness result e.g., [19], [20], [21], [22], [23].

6.2 Convergence towards an

entropy-process solution
Lemma 6.7 Consider a family of corresponding dis-
crete functions w o s satisfying the uniform bounds.

N
St Z m(K)(wN*)? < C;
0

n= KeO

N
Z5t Z TK|L(VE-|ZWO)2 <C,

n=0 K|L

where the discrete gradient Vm are defined by (E).

Then there exists w € L*(0,T; H'(Q)) such that, up
to extraction of a subsequence, wo. s; — w in L*(Q)
weakly and Vow — Vw in (L*(Q))¢ weakly.

We wish to prove the convergence of the approximate
solution (#¢,s;) to an entropy solution u of (P), i.e.
we want to prove that there exists a limit # and that
it satisfies (R). For this purpose, we prove first that
(uo,s:) tends in the nonlinear weak star sense to an
entropy-process solution.

Proposition 6.8 (Convergence towards an entropy-
process solution) Under hypotheses (E])-(E), letup, st
be the approximate solution of problem ( P) defined by
(), (lﬁﬁ There exists an entropy-process solution u
of (P) in the sense of Definition p.3 and a subsequence
of (uo.st)o.st » such that:
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1. The sequence (up, s¢)0.s5: converges to (i in the
nonlinear weak star sense.

2. Moreover (¢(up. s51))o.s5¢ converges strongly in
L*(Q) to ¢(u) as h, 6t tend to zero and

3. (Vod(uo,s0))o.60 Vé(u) in (L*(Q))
weakly,

—_

where u(t,x) = /01 u(t, x,a)da.

From this result, we deduce Theorem , using ad-
ditional regularity properties coming from (@), (@)
or (68) also Remark p.2 for variants of the concluding
argument.
Proof of Proposition @ Passage to the limit in the
continuous entropy inequality:
Recall that we have proved that v ,(¢) — 0 when
(h,6t) — 0 for & € C®([0, T[xRY). We follow step
by step the passage to the limit for each term of the
left hand side of (5.2).
Because up s; is bounded in L*(Q), by Theorem
, there exist g € L*(Q X (0,1)) such that up
to a subsequence, (up s;) tends to y in the nonlin-
ear weak star sense as max(dt,h) — 0. We set

u(t,x) = fol u(t,x,a)da. Using the continuity of
@ (.) and ¢ (.) = |. — k|, we prove that:

T 1 T
/ /nk(u0,5t)§l - / / //l(t,x,a/)fzdxdtda/,
0 JQ 0 0 JQ

T T 1
/ /d?k(uo’(;t).Vfdxdt—) / /Q/ O, (u)dxdtda.
0 JQ 0 0

Due to (@) and by the Fréchet-Kolmogorov’s the-
orem (due to the time and space translation on
¢(up,5:)) we can apply lemma for wo 51 =
#(up.s¢). Notice that in view of Lemma ,
it appears that ¢(u) = ¢(u) where u(t,x) =
/01 u(t,x,@)da. The Lipschtiz continuity of 4 per-
mits to have

[ vonetwwomse~ [[ natouwve

We conclude that up s; converge to an entropy-
process solution p.
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Appendix 1

We consider here a Banach space X (in application
to the problem (P), we will take X = L!(Q)) and
the multivalued operator A : X X X — X defined
by its graph. We study the general evolution problem
u’ + Au 3 h, u(0) = ug. In our application, A is for-
mally defined by Au = div f(u) — A¢(u) with zero-
flux boundary condition. In the sequel, we suppose
that the operator A is m-accretive and ug € _D(A).
We refer to [24], for definition and to [|l], [6], and
Appendix 2 for proof of these properties in our con-
crete setting which is our final purpose. In relation
with the classical notion of integral solution to_the
abstract evolution problem introduced in [24], [25],
we consider a new notion of solution called integral-
process solution which depend on an additional vari-
able a € (0, 1). The purpose here is to prove that the
integral-process solution of (E) coincides with mild
and integral solutions. Therefore the interest of the
notion of integral-process solution resides only in the
fact that it may appear from some weak convergence
arguments, [26], or Appendix 2 for the example we
have in mind. Let us recall the notion of mild solu-
tion. In the sequel, ||.|| = ||.||x being the norm in
X.

Definition 7.1 A mild solution of the abstract prob-
lem v + Au > h on [0,T] is a function u €
C([0,T]; X) such that for o > 0 there is an o— dis-
cretization Dg(to, v IN B, . hN) Of U + Au D h
on [0, T which has an o— approximate solution v sat-
isfying

[lu(t) —v()|| < o fortg <t <tpn. (73)

Recall that a o— approximate solution v of u’ + Au >
h on [0,T] is the solution of an o— discretization
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DX([(), v INL B, hN):

Vi = Vi-1 .
;+Avi9hi, l:1,2,...,N

(74)
L —ti—

N

where h ~ Z hily;,_, .+ and |t; —t;_1| < o. Further,
i=1

v is an o — approximate solution of the abstract initial

value problem (E) if also typ = 0 and ||vy — uo|| < o.

Theorem 7.2 Let A be m-accretive in L'(Q) and
u(0) € D(A). Then the abstract initial-value prob-
lemu’ + Au 3> hon (0,T], u(0) = ug has a unique
mild solution u on [0,T]. Moreover u is the unique
Sfunction on C([0,T], X) such that for all (ii,z) € A

[u(2) = all = Nu(s) — al|

< /t [u(r) —a,g(T)— z]d‘r

Jor0<s<t<T.
+ Ab|| -
Here, [a, b] :=lim lla = flall
110 A
X, [24]. In particular if X = L' then la,D]p1q) =

/sign(a)bdx+/ |b|dx.
Q {a=0}

For the proof, we refer to [24].

A function u satisfying ([79) is called integral solution.
Here, we consider a more general notion of solution
which is the object of this Appendix.

(75)

is the bracket on

Definition 7.3 Let A be an accretive operatorand g €
LY(0,T; X). A function v(t, @) is an integral-process
solution of abstract problem v’ + Av > g on [0,T],
v(0, @) = vy, if v satisfy for all (¥,z) € A

1
/0(||v<r,a>—v||—||v<s,a>—v||)da

<JJ

for 0 < s <t <T and the initial condition is satisfied
in the sense

vit,a)—7,g(1) — Z] drda (76)

1
ess- lim/ [lv(t, @) — vollda = 0. a7)
t10 Jo

Such generalization of the notion of integral solu-
tion is a purely technical hint, indeed, we show that
integral-process solutions coincide with the unique
integral solution in the following sense.

Theorem 7.4 Assume that A be m-accretive in X and
ug € D(A), u is an integral-process solution if and
only if u is independent on « and for all a, u(.,®)
coincide with the unique integral and mild solution.
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The result will follow directly from the proposition
given bellow.

Proposition 7.5 Let A be an accretive operator. If v
is an integral-process solution of v'+Av > g on [0, T],
v(0, @) = vo and u is a mild solution of u’ + Au > h
on [0,T], u(0) = ug then

1
/O u(t) - v(t, @) ||der
t 1
S/O-/O [M(T)—V(T,a’),h(T)—g(T) dtda
1
+ /0 o — vol da (78)

fora.e t €[0,T],

Proof. Let ”Z’ k = 1,...,N, be a solution of the o,

discretization D (0 = AR ....,tﬁ,n) ofu’ + Aush
on [0,T]. Setoy =1 —t}_,andlet0 <a <b <T.

Since v is an integral-process solution of v/(z,a) +
Av 3 g we have:

1
/0(||v<b,a>—u',:||—||v<a,a)—uz||)da

S// [V(T,a/)—uz,g(r)—hz+k6—nk_l}
0 Ja k
1 pb
S// [V(T,a)—uﬁ,g(r)—hz
0 Ja
1 rlrh
v [ [ = oo -
kY0 Ja

(79)

dadTt

Where we have used the inequality

n_ ,n
Uy ”k-]}

k

v(t,@) —uy, g(t) — hy +

< [v(r, a) — u’,;,g(r) - h’;]
+ L(||V(T,a/) —up_ll=1v(r,a) - u2|)

o

which follows from the facts that [X,Y + Z| <

[X,Y + x,z]; [X,eY} _— X,Y] if e > 0and
X +eY| - ||X
[X,Y] < X+ VNZNX \ficiplying @) by ot
e
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and summing over k = j + 1, j + 2, ...,i we find that:

i 1
Z/O 5z(|v<b,a> —ugll = llv(a, @) —u’il)da

k=j+I
i 1 pb
< Z 6Z/ / Il v(T,a)—uZ,g(T)—hZ]dea
k=j+1 Y0 Ja
1 pb
+ / / (lv(‘r,a/) —ufll = v(r, @) - ul'~’|)dea/.
0 Ja

(80)

Next, we assume that o5, — 0 and the o,,— approx-
imate solution of u” + Au > h locally converge uni-
formly to the mild solution u on [0, T[. Set

on(t, @) =||v(, @) — uzw |[|[forO0 <¢<T;
where k(2) is defined by tzw_l <A< tzu)'

Then ¢, (¢, 4, @) — ||v(e, @) — u(2)|| uniformly on
[0, T[x[0, T[]0, 1]. Hence

[v(e, @) —u(D] - lv(e, @) - ”Zw”‘
< |lug, —u(Il — 0.

Therefore, if we choose i, j depending on n so that
t;? — ¢, ' — d as n — oo we have for ¢t € [0,T]

i d
> oplv( @) — upll - / v (1, @) — u()]|dA.

k=j+1

Moreover with ¢ = 7, we get

b b
/ lv(T, @) —ujlldT — / [lv(T,a@) —u(c)||dT and
a a (81)

b b
/ llv(t,@) —ul|ldt — / [lv(T,a) —u(d)||dr.
a a 82)

From now, let

Fa(d,a) = /ab

' rb
F(/l,a):/n / [v(‘r,oz)—uz,g(‘r)—h(/l)]d‘rd/l

n n
forzy_, <A<ty

dt and

v(t,a) —uy, g(t) — hy

Then
> (st,,u, @) - F(4, “9
k=j+
i 1 b
<> / / W = h()||dTdA < ou(b - a).
k=j+1/ 1 Ja
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and therefore

lim 3" 67Fy(4,) = lim > F(l,a). (83)

k=j+1 k=j+1
Since u} — u(A) and t} — Aasn — 0 and the

bracket |-, -| is the upper-semicontinuous, we deduce

from ( ) that

lim 6"/1v(r @) —uy,g(t) - h"]
n—>ook S

—ru
= Tim | F,(4,a)dl

n—-oo l}t

d pb
. / / [v(r,w—uu),g(r)—hu)

As previously, the convergence is uniform in @ €
[0,1 therefore we can integrate in « under the limit

in (81)), () (@) and obtain
‘/0‘/ (|v(b,a)—u(/l)||—||v(a,a)—u(/l)|)d/1da

1 d pb
S/ / / [v(r, @) —u(d),g(r) - h(/l)}drd/lda
0 Je Ja
1 pd
+./o/c (IV(T,a)—u(c)II—Hv(T, a)—u(d)|)d7da.

(85)

drdA. (84)

Now, we set:

1
w(s,t, @) :/0 [[v(s, @) —u(t)||da

1
(s, t,a) = / [v(s,a/) —u(t),g(s) — h(t)|da
0

Recall that u € C([0,T];X) and u( satisfies
ess-lim; o /01 [|v(¢, @) — ug||da = 0. Then, v is con-
tinuous a.e. for any Lebesgue point on [0,7]. The
function @ and II are continuous in 7 and integrable
ins

p(t,t) —p(s,s) < /OZH(T)dT—/OsH(T)dT.

Then for a.e. t,s € [0,T]
t
=) = (1,1) - / M(r)dr
0

< o(s,s) - '/0‘ I[(7)dr = E(s) forae. t,s € [0,T].

The function Z is continuous at 0%, therefore E(7) <
E(0). This is equivalent to (@).
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Appendix 2

In this appendix, we apply the notion of integral-
process solution to the problem (P) and present a way
to prove uniqueness of entropy solution. In [7], the
authors introduced a notion of entropy-process solu-
tion and using the doubling of variables method of
[3], they proved that entropy solution is the unique
entropy-process solution. In our case, we were not
able to use the same argument because we need that
the entropy solution possess a strong boundary trace
on the boundary in order that the doubling of vari-
ables apply for example refere to [(]. Fortunately,
under additional assumptions, we can ensure the de-
sired boundary regularity for the associated stationary
problem:

(s) { v+div(f(v) - Vo(v)) =g inQ,
(f(v) - V¢(V)).r] =0 ondQ.

Therefore, firstly we compare an entropy-process so-
Iution y of (P) with the entropy solution of (§). This
suggests the use of nonlinear semigroup theory; more
precisely we find that y is also an integral-process so-
lution to u’ + Au = 0, u(0, @) = uy with appropriately
defined operator A. Then, proving the m-accretivity
of A and using the Appendix 1 we are able to conclude
that y is the unique mild and integral solution of the
abstract evolution problem. At the last step, we use
the result of [|1], which says that such solution is the
unique entropy solution of (P).

Proposition 8.1 Ler ¢ € C®([0,T[xIRY), ¢ > 0.
Then for all k €luc, umax], for all D € R’ and for
all entropy-process solution u of (P), we have

T 1
f/ / |u — k|édxdtda + / lug — k|&(0, x)dx
0JaJo Q

T 1
+ / / / sign(u - ) (f () - F(K)).Védxdrda

// sign(u —k)(V¢(u) ).Vfdxdt

/ / (£ (k) = D).p(x)] £dH ()

(}_ILHO; / / mAqu(u) 6¢(u) afdxdt (86)

with Ay {—o < ¢(u) — (k) <o}

Proof. The proof follows the arguments of [|I]]. Let us
recall that if u(z, x, @) is entropy-process solution and
1

() holds, then u(z,x) = / u(t, x, a)da satisfies in
0

Volume 23, 2024



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2024.23.71

the weak sense for all k € [u,, umax] and all D € R¢:

(u—k); + div(?[ﬂ] - T[k]) =0inQ,

(Pr) | ess- tli%1+(u(t,x) —k) =up(x) —konQ,
(7:[#] - f[k])-n = —F[k].non X.
where

1
Flu] = / Flw)da - Vo (u)
0
FIk] = £(k) - D.

Take the test function signg(¢(u) — ¢(k))E =
Hy(¢(u) — ¢(k))€ in the weak formulation of this
problem with & € C®([0,T) x RY). Using the for-
malism of [27], we have

T
/O (= k)i, Ho (1) = $()E) i1 -
T
_//H(,(¢(u)—¢(k))(f[ﬂ] —T[k])-V§
0JQ
T
_ //g(?—‘[lu] — T[k]).VHg-(¢(M) - ¢(k))
0JQ

T
- / / Ho(¢(u) - (k) FIk]mE = 0. (87)
0 JOoQ

By the weak chain rule in the sense of [27]

T
fo (= ke Hor (0(0) — $DE 1t 11 )

= /0 ! /g I (u)& dtdx — /Q L5 (u0)€(0,x)dx

1 if r>o,
where: H,(r) = - if |[r]<o, and
-1 if r<-o,

Iy 2 / Ho (6(s) = ¢(k))ds — |z — k|
k
aso — 0.

Then, after passing to the limit as o — 0, we have

/ |l/l —k|§tdxdt
o

= —/ sign(u — k)(u — k)&, dxdt
Q

1
= —/ sign(u — k) (/ pda — k)g,dxdt
0 0
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Now, notice that because k €]u,, umax| and because
¢(u(a@)) = conston [0, 1] we find that sign(u(a)—k)
is constant on [0, 1] equal to sign(u — k) Then , we
see that

1
/ |u — k|&dxdt = —/ / | — k|é dadxdt
o 0 J0

Similarly, we see

T pl
///S"é’”(“—k)[f(u)—f(k)].vgdxdt
0 (; Ql
= [ [ [ signtu=10] 10 - 0] veaarda

For treatment of the others terms, we refer to [[1].

Let us firstly prove that the initial datum is satisfied in
the sense of ([/7) ( Appendix 1). This means that the
entropy-process solution satisfies the initial condition
of integral-process solution.

Lemma 8.2 Ler v be an entropy-process solution of
(P) with initial datum vy € L®. Then the initial da-
tum is taken in the following sense:

K 1
lim/ / / |v — voldtdxda = 0. (88)
s10Jo Ja Jo

Proof. The proof follows the idea of Panov in ([28],
Proposition 1). For ¢ € IR and s > 0, consider the
functions

1 K 1

Y(.,c) :er»—>;/ / |v(t,x,a) — c|dtda.
0o Jo

(89)

Because v is bounded, the set (¥ (., ¢))s>0 is bounded
in L*(Q). Therefore for any sequence s,, — 0,
there exists a subsequence such that for all ¢ € Q,
(W (., c))s>0 converges in L™ () weak star to some
limit denoted by (¥(.,c)). Fix £ € D(Q)*. From
Remark 6.3 with test function &(¢, x) := (1 — )*é(x)
we readily infer the inequalities V¢ € Q:

/‘{"(x, c)é(x)dx < / lug — c|&(x)dx. (90)
Q Q

By the density argument, we extend (@) toall ¢ €

L'(Q), ¢ > 0. Now for all € > 0, there exists a

number N(€) € N, a collection (cf)j.v:(f) cQanda

partition of Q into disjoint union of measurable sets

Qf,...,va(e) such that |[vo — v{|lp1 < €, where
N(€) N(€)

VG = Z cj-lg]e_. Because 1g = Z 1QJ€, apply-
j=1 j=1
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ing (@) with ¢ = cJE. and ¢ = 19; we deduce

Sm
// v — v ldtdxda

N(e€)

Z ¥, (x, c5 )lgedx

= lim

m—0oo

N (e)

:/ Z lP()C,Cj)lg;dx
/N(e)

Z vo = c§llasdx = |[vo = vl < €.
Using once more the bound [[vo — v |[1 < € (in the
first term of the previous calculation), we can send €
to zero and infer the analogue of (89), with a limit
taken along some subsequence of (s,,)n>1. Because

(sm)m=1 Was an arbitrary sequence convergent to
zero, (B9) is justified.

Now it remains to prove that the entropy-process
solution an is integral-process solution. Let us define

the (possibly multivalued) operator L;f by it resolvent

v such that v isan entropy solution
of (§), withg =v + z.
andstrong L' trace of

(f(u) = Vo(u)).nlsq exists
andequaltozero

(v,2)€ L=

Definition 8.3 The normal component of the flux
Flul = (f(u) — Vé(u)).n has a L' strong trace
yFli] € LILOC(BQ), at boundary 0Q if

E@)F [ul (s, %) —yF [u] (X)|dxdT

Xe0Q

hm
s—0S

After having defined the operator L?, we present the
following results.

Theorem 8.4 Assume that L? is

densely defined on L' (Q;[0, tmal). Then the entropy-
process solution is the unique entropy solution.

m-acccretive

Before turning to the proof of Theorem @, lets us
present three cases where it applies.

Proposition 8.5 Assume (@) holds. Then, Ljf. is m-
acccretive densely defined on L' (Q; [0, tmax])-

For the proof, we refer to [[I|], Proposition 4.10.
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Proposition 8.6 Assume that, (@), holds. Then Ljf

is m-acccretive densely defined on L' (Q; [0, umax]).

Proof.(sketch) The proof is essentially the same as in
[6], where the case ¢ = Id has been investigated. For
general ¢ satisfying f o ¢~! € C%? a > 0 we adapt
the result of [[16]. As ¢ is bijective, we set w = ¢(u)
and rewrite the stationary problem as:

=g(x) - ¢~ (w)
F(x,w),

div(f o ¢~ (w) - Vw)
= div(B(w, Vw)) =

where B and F satisfies the hypothesis of [[16], then
w = ¢(u) € C*(Q),a > 0and u € C*¥(Q).We
deduce that (f(u) — V(¢ (u)) € C(Q).

Proposition 8.7 Assume that (@) holds. Then L? is
m-acccretive densely defined on L' (Q; [0, ttmax]).

For the proof, we refer to [4], [29], [30], where the
existence of strong trace of f(u) has been proved for
pure conservation laws.
In the sequel, we concentrate on the proof of Theorem
in the case (@) holds. The other cases are similar,
using the hint of [{].
Proof of Theorem Now, we apply the dou-
bling of variables, [3], in the way of [0], [L]. We
consider u = u(t,x,a) an entropy-process solu-
tion of (P) and v = v(y) an entropy solution of
(S) using in the definition of L¢ Consider non-
negative function & = £(¢,x,y) havmg the property
that £(.,.,y) € C*([0,T) x Q) for each y € Q,
&(t,x,.) € C°°(Q) for each (¢,x) € [0,T) x Q. Let
us denote the sets on which the diffusion term for
the first, respectively for the second solutions degen-
erate by Q {x e Q;u(t,x,a) € [0, uc]} Q, =
{y € Q; v(y) € [O uc]}. We denote by Q respec—
tively QF their complementaries in Q. In @) take
& = &(t,x,y), k = u(y), D = ¢(u), and integrate
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over Qf x [0, 1]. We get

/%, /0 T/xeg /O 1 \u — v|é dadxdtdy
[ [ [stentu-n] - ro0)
/C /‘/x szgn(u—v)%(u)x ¢(V)9-§x

* /QC/O ./xeagz'(f(v) — ¢(v)y).n(x)| édoddy

. / o = vIE(0, x, y)dxdy
CJxeQ

> fim L / [ o PO = 9

€2y

In the same way, in (@) take & = £(t,x,y), k =v(y),
integrate over Q,, and use the fact that ¢(v), = 0 in
Q,. We get

/Qy /O T/xEQ /O 1|ﬂ—v|§zdadxdtdy
+/ /T/XEQ/OISign(#_V)[f(u)_f(v)]fx
/gy / / Signiu —%(u)x ¢<v>9.§x

+ ‘/Q‘/O ‘/xeag|(f(v) — ¢(v)y).n(x)| Edodtdy
+ /gv‘/xegmo —v|£(0,x,y)dxdy > 0. 92)

Since Q = Q, UQS, by adding (1) to (92) we obtain:

/yeQ/T/er/ll'“ - v|& dadxdtdy
'/yeg/‘/x sign(pu—v) f(,u) f(v)] £
/yQ/ / S’g”(”‘”@@t)x ¢<v>9.§x

+/ / /x (£ () = $(v)y) ()| édordrdy
/ |u0—v|§(0 x, y)dxdy

> fim L / C / /xemwezs(u)x(rb(u)x B(M)E.
(93)
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In the entropy formulation of (S), take & = £(t, x, y),
k = u(t,x,a), D = ¢(u)y and integrate over
(t,x,a) € (0,T) x Q$ x (0, 1)

////y sign(v — ) f(V) f(ﬂ)]-fy
////y Slé’n(v—ﬂ)(D(V)y ¢(u)x).§y
////y sign(v —p) (v —g(y)é

+/0///yeagl(f(u)—¢(u)x).n(y)|g

2T [ /y » 6,0, - 010
o)

Since v(y) is entropy solution, then take in the en-
tropy dissipative formulation of (S) & = &(t,x,y),
k = u(t,x,a) €luc,umax|[, integrate over (0,7) X
Q. % (0, 1) and use the fact that ¢(u)x = ¢(u)x =0
in (0,7) X Q.

/ / T/]/ym”gm—ﬂ)[f(v) Fl€y

/X// /y slgn(v—,u)@(v)y ¢(M).)-§y
f Lo sone

’ /0 T/Q /0 | /y I = 9 n()1€ 2 0

(95)

By adding (@) to (@), we obtain

////y Slgn(v—u)[f(\/) f(ﬂ)] £y
/ / / / szgn(v—m@(v» ¢<u>.)-§y
/ / / /y sign(v — i) (v - g()E

s /0 / / /y IR IRE T

s [ f /QA [ 90 001-s00.0¢.

(96)
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Now, sum (@) and (@) to obtain

1 pT
////|y—v|§,dadydxdt
0o Jo JalJa

. /Q /Q g = v[& (0, x, y)dxdy

o | A T/ [[sign(v =] - 1] &0,
- /OT/OI—/Q /Qsign(u - V)gﬁ(u)x - ¢(V)9-§x+y
[ o= s e

' /OI/OT/Q/yeagl(f(“) = ¢(w)x)n(y)| §dydodt
* /OI/OT/Q/Q sign(v — ) (v — g(y))édydxdtda

1 rT

> T[] 100, - oG, Pedvava
o200 Jo J JogxQ$nAg

> 0. o7

Next, following the idea of [6], in the simple one-
dimensional setting, we consider the test function
E(t,x,y) = 0(t)pn(x,y), where 6 € C°(0,T), 6 >0,

Pn(x,y) :6,,(A)_and_A: (1- m)x—y + %-
Then, p, € D(Q x Q) and Prig oo (x,y) = 0. Due to

this choice

/OT/XGQ fy o 1F () = 6 n(3)] o) = .

By the Proposition @ and the definition of L?, we

prove that for the stationary problem, (f(v)-¢(v)y) €
Co([a, b]). Therefore we have

|(f(v) —¢(v)y).n(x)| —> 0 when x — y, ie, as
n — oo. We conclude that

T
tm [ /y (70 = 6000 20 = 0.
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It remains to study the limit, as n — oo

I = /0 lfoT J QA sign(u — v)F (i, v).ﬁp,ax + <pn>9.

we proved in [[1]], that the limit of /,, equals zero. The
passage to the limit in other terms in (D7) is straight-
forward. Finally (@) gives forn — oo

| oT
/0/0 /Ql“([’x’ @) —v(y)|0' (r)dxdtda

1 pT
+ / / / sign(v — pu)(v — g)0dxdtda > 0.
0 Jo Ja

Hence
d 1
G [ o) =l @y da

1
S/O /Qszgn(,u—v)(v—g)dx in D'(0,7T).

Thus, p is an integral-process solution of (E) with
A= L}'). Now, the claim of Theorem @ is a direct
consequence of the fact that the integral-process so-

lution is a unique integral solution ( Appendix 1) and
then is an entropy solution of (P).
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