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1 Introduction Some limitations and obstacles in conveying
In 1965, Fuzzy sets, [1], were introduced as a human in_formation and inhel_rited expejrience to
generalization of an ordinary set. The concepts of mathematical tools led to the incorporation of the
similarity relations and fuzzy orderings were perception of FS. For instance, [11], establl_shed Fhe
fundamental in many branches of pure and notion of BVFS as an enlarg_ement of FSsin which
practical research, [2]. The most modern electronic the codomain of membership degree is expanded
machines help people save energy, time, water, and from unit interval “[0, 1]” to the “[-1, 1]”. In
effort by using the notion of fuzzy sets. Regarding BVES, the “0” value of the membership degree
people's needs the notions of fuzzy sets, [1], and represents elements that are irrelevant to the
fuzzy logic control systems were established and identical property, the value of the membership
applied in the deepness of industry. Several degree lies in (0, 1] represents elements that
applications are used and applied fuzzy logic partially satisfy the property, While the value of
control in the industry such as washing machines, membership degree lies in [-1, 0) represents
subway trains, cars, coffee machines, etc, [3], [4], elements thgt partlall_y satisfy to essentially
[51, [6], [7], [8], [9], [10]. connected with opposite-property. In terms of

BVFS applications, numerous researchers proposed
applications for decision-making problems, In [12]
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applied bipolar-valued rough fuzzy sets to decision
information systems. In 2022, [13], introduced the
assessment for choosing the best alternative fuel by
using bipolar-valued fuzzy sets. Also, In 2019,
[14], incorporated Hesitant fuzzy sets and bipolar-
valued fuzzy sets to solve the problem of multi-
attribute group decision-making. In 2020, [15],
defined bipolar Fuzzy Graphs with Applications.

In 2023, [16], defined the bipolar interval-
valued fuzzy hypergraph. Their notion can
represent fuzzy data structure. Their research
discovered the inner relationship of fuzzy data and
gave some characterizations of it. In 2018, [17],
introduced the notion of bipolar fuzzy matroids and
applied it to graph theory and linear algebra. Also,
they applied several applications in decision
support systems and network analysis by using
bipolar fuzzy matroids. The first generalization of
bipolar fuzzy sets to the realm of complex numbers
is highlighted by introducing the notion of bipolar
complex fuzzy sets, [18].

Functions are unique types of relations in
standard set theory, while relations are subsets of
Cartesian products. Therefore, the standard theory
of relations and functions heavily relies on the
concept of the Cartesian product. Several
researchers, [19], [20], have dealt with bipolar-
valued fuzzy relations without referring to what
could be termed bipolar-valued fuzzy Cartesian
products; this concept has not yet been properly
explained.

In this stage, the priority of finding the basic
notions of mathematics such as Cartesian products,
relations, and equivalence relations based on BVFS
becomes essential. Several researchers, [21],
introduced fuzzy Cartesian products, fuzzy
relations, fuzzy equivalence relations, and fuzzy
functions. Also [22], [23], started their works by
introducing  Cartesian  products,  relations,
equivalence relations, and functions under
intuitionistic fuzzy sets following the, [21],
approach. Later, [24], incorporated the complex
fuzzy sets and group theory by defining the
complex fuzzy Cartesian products, relations, and
functions according to [21]. All the mentioned
researchers extended their studies to the field of
algebra and used the [25], approach in fuzzy sets,
intuitionistic fuzzy sets, and complex fuzzy sets,
respectively, to build the fuzzy space, intuitionistic
fuzzy space, and complex fuzzy space. Therefore,
our contribution to defining the bipolar fuzzy
Cartesian products, relations, and functions can be
straightforward by following the [21], approach
under a new set of bipolar-valued fuzzy sets. The
problem appears in building a reasonable and
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rational structure of BVFCP, BVFRs, and
BVFERs. Therefore, we start from ordinary set
principles. Ordinary functions are considered a
kind of ordinary relations as well as ordinary
relations are a collection of elements contained in
ordinary Cartesian products in ordinary set theory,
[26]. Thus, the Cartesian products highlighted a
magnificent need to build the basic theories of
functions and relations. The notion of fuzzy
relations was applied in several types of research,
[27], [28], [29], without referring to the notion of
fuzzy Cartesian products (FCPs). Later, the
generalized notions of FCPs, fuzzy relations (FR),
and fuzzy equivalent relations (FERs) were
reasonably achieved by [21]. In the same manner,
the notion of BVFCPs, BVFRs, and BVFER are
not yet correctly accomplished.

In 1991, [21], have avoided the inconvenience
of retrieving the fuzzy subsets A and B from the
AxB defined by [30], and reduced fuzzy Cartesian
products to the ordinary Cartesian product. In,
Reference, [21], They proposed FRs and FERs
based on his new finding of fuzzy Cartesian
products. [31], got several findings by employing
the concept of fuzzy relations. Consequently, [25],
introduced a new method to fuzzy group theory
based on fuzzy space and fuzzy binary operations.
His method was judged to reformulate and
generalize the fuzzy subgroups, [32]. The other
authors used and applied, [33], approach to
introducing Fuzzy ideals and bi-ideal in fuzzy
semigroups, fuzzy normal subgroups, [34],
intuitionistic fuzzy spaces, and intuitionistic fuzzy
groups, [22], [23], complex fuzzy groups, [24] and
others.

In this research, a reasonable development of
bipolar-valued fuzzy Cartesian products is
proposed. This notion avoids the inconvenience
that appeared in [30] and can reduce BVFCP to
fuzzy Cartesian products and consequently to an
ordinary Cartesian product. After that, some
reasonable notions such as BVFR and BVFER are
introduced. Some results corresponding to those on
crisp relations, fuzzy relations, and fuzzy
equivalence relations are studied and proved for
BVFRs, BVFERs and BVFFs.

2 Preliminaries

In this section, we recall some main theorems and
notions related to the present results.

Definition 2.1 [1], A fuzzy set A can be written as
a membership function n,(u) maps a universe of
discourse U to a unit interval [0,1] = I.
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Definition 2.2 [12]Let U be a nonempty set.
Then, a set H=(H,H*) is called a bipolar-
valued fuzzy set in U, where H*: U - [0,1] and
H™:U - [-1,0].

Definition 2.3 [12] Let U be a nonempty set, and
let H,T € BPF(U).

(i) HiscontainedinT, denoted by H c T, if

H*(uw) <T*(w)and H~(w) = T~ (w),Vu € U.

(i) The form H® = ((H)~,(H)Y) represents
the complement of H, and it is a BFS in U
defined as: H°(w)=(-1-H'(w),1-
H*(w)),Vu € U, where

(H)* (W) =1-H (w),(H)™ (W)
=—-1—-H (u).

(iii) The form H N T represents the intersection
of Hand T, and it is a BFS in U defined as:
HNT)(w) =
(H-(w)VT~(u), H* (WAT*(u)),Vu € U.

(iv) The form H UT represents the union of H
and T, and it is a BFS in U defined as:
HUT)(w) =
(H AT (w),H () vT*(u)),vu € U.

Definition 2.4 [21] The FCP of two ordinary sets
U and V, UXYV, is the collection of all M-fuzzy
subsets of U x V, where, U X V = MU*V
An element of U X V is then a function C: U XV —
M, or
€ ={((wv),(61,8,)): (wv) €U XV,(8,8,)
=Cu,v)eEM=1XxI}.
The FCP of a fuzzy subset H = {(u, §)} of U and a
fuzzy subset T = {(v,y)} of V is the M-fuzzy
subset H x T of U x V defined by:
HXT={((wv),(59)):uel,veV}
It is clear that H X T is an element of U XV for
everyHeJVand T €Y.
Definition 2.5 [21] An FR p maps U to V is a
subset of the FCP U X V. Then p is a collection of
M-fuzzy subsets C : U xV - M. An FR maps U
toViscalled an FRin U.
Definition 2.6 [21] Let p be an FR in U, that is
p € U XU.Then pis called:
-Reflexive in U if and only if vu e U and 6 €I,
3AH € p such that ((u, ), (6,6)) € H € p.

-Symmetric if and only if whenever
((w,v),(6,9)) €eHEpIAT Ep such that
((v,u),(®,8)) €T € p.

-Transitive if and only if whenever

((w,v),(6,9)€eHEp and ((v,2),W,)) ET €
p, AC € p such that ((u, z), (6,a)) € C € p.

An FR in U is called a FER in U if and only if it is
satisfies all axioms above.

E-ISSN: 2224-2880

504

Fadi M. A. Al-Zu’bi, Abdul Ghafur Ahmad,
Abd Ulazeez Alkouri, Maslina Darus

Definition 2.7 A fuzzy function from M to N is a
fuzzy relation G from M to N that meets the
conditions given below:

(i) For every element m € M and membership
grade e € L , there exist unique elements n € N
and membership grade te€L such that
(m,n, e, t) belongs to some A € G.

(i) If (m, n,es, t1)EA€Gand (m,n', ez, t2) EBE
G,thenn=n".

(iii)y If (m, n, ez, t1) € A€ Gand (m, n, ez, t2) EB
€ G, then e1 > ezindicates t1=> t2.

(iv) If (m,n,e,t) € A € G, then e = 0 indicates t
=0ande=1indicatest=1.

Conditions (i) and (ii) lead to the conclusion that
there exists a unique ordinary function G:M— N
and for each element m € M, there exists a unique
ordinary function gm: L—L. Conditions (iii) and
(iv) are equivalent to the following conditions:

(a) gm shows nondecreasing behaviour on the set L.
(b) gm(0) =0 and gm (1) = 1.

3 New Cartesian Product between
BVFSs

In this section, the form of BVFCP is discussed,
and the structure of a suitable lattice is presented
below. The main definition is formulated in
Definition 3.1. the difference between our approach
and the previous approach is illustrated by Example
3.1. A justification after the example is discussed in
detail. Lastly, some relations of BVFCP union and
intersection are described in Proposition 3.1.

The totally ordered set W = [—1,0] x [0,1] isa
lattice concerning infimum A and supremum Vv
operations. Then W is distributive but not
complemented lattice. Here a partial order "<" on
W, is defined on W x W = K as follows:

() [(6:7,6:7),(627,8,7)] <

[(191_!191-‘-)' (192_'192+)] Iff 51_ = 191_1 62_ =
9,7, and &7 <9,%,8," <9,%, whenever
9,,9, 7 #0and9,,9," # 0.

(”) [(010)1 (010)] = [(191_1191-'-); (192_1 192+)]
whenever 9; 7,9, =0o0r9,7,9," = 0.

forevery [(6,7,6,7),(8,7,6,™)], and

[(9:7,9,F), (9,7,9,7)] € K.

The Cartesian product K = W X W is then a
distributive but not complemented vector lattice.
The infimum and supremum operations in K are
characterized as follows:
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1. The operation of infimum in K is characterized
by

[(6:7,6:7), (827, 87| A [(917,9:7), (927,92 7)]

=[(6:17,6;7) v (¥1,927)],
[(6:7,8.7) A (9:7,9,7)]

= [((51_ V)06,V 192_)),
(IS

= [((51_ V9,7, (8.7 A 191+)).

(@7 V9,7, (82" A 8,%))1.
2. The operation of supremum in K is
characterized by

[(6:7,617), (87,8, )] v [(¥9:7,9:7), (927,9.7)]
=[(6:17,8, ) A (¥, 927)],
[(6:7.8.7) v (9:7,9.7)]
< (87 A 917),(827 A927)),
(CRTRICRZT))
= [((51_ A9, (8,7 v 191+)),
CEEBICRZT )
v[(6:7,6,%),(8,7.8,)]
[(9:7,9,F), (9,7,9,7)] € K.
Note that the equality holds in the part *“2”
when §;"and §;*,# 0 = 9;,” and 9, ™.
A K-bipolar valued fuzzy subset associate
values of membership function from U to the
lattice K = W x W e, is thus a function from U to

K.
In this research, the form

{(u, (H‘(u),H*(u))) ‘U E U} or,  simply,
{(u,(67,6™))}, where H=(u) = 6~, H*(w) = 6,
are used to represent a BVF subset H of U. Also, a

K-BVF subset of U, a BVF subset of U x V and a
K-BVF subset of U xV are represented by

{(w[(6:7.6:7). (627,67} {((w,v), (67, 6M)}
and {(wv),[(6,7,6:7), (627, 8.7)D}
respectively. To each BVF subset {(u, (6,7, 6,7))}
of U and BVF subset {(v,(8,7,8,%))} of V there
maps an K-BVF subset
{((wv),[(8,7,6,7),(8,7,8, 7)) of Ux V. Also,
the representation (u,(67,6%)) € H; where H €
WU, where, H=(u) = 6" and H*(u) = 6.

Definition 3.1 The BVFCP of two ordinary sets U
and V, denoted by U X V, is the collection of all K-
BVF subsets of U x V thatisU X V = KUXV,

An element of U X V is then a function M: U X
V->K,or

M = {((w,v),[(6,6%), (¥, 91)]):
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(w,v) EU XV,
[(67,6%),W,9Y)] = M(u,v) > K}.
The BVFCP of a BVF subset H =

{(w,(67,6%))} of U and a BVF subset T =
(v, ®~,97))} of V is the K-BVF subset H x T of
U x V defined by:

HXT

= {((wv), ((H~ @), H* W), (T~ @), T*®)) ):
uelU,veV}={((wv),((67,67), 0,9}

Therefore, H X T is an element of U XYV,

vHe WY andvT e W".
Example 3.1 In this example we are going to

compare the ordinary approach with the present
approach, suppose a BVF subset H =

{(ulf (—.2, 6)); (u2r (_-4'; 3)); (u3, (—.8, 9))} of
U and a BVF subset T =
((vll (_SI 8))! (7.72, (_3, 1))} Of V. Then the K-
BVF subset H X T of U XV defined by:H XT =

(v, ((-2.6),(-5,8))),
(@), ((-2.6),(-3,1))),
((uz, v1),((—4,.3), (=5, .8))),
(Qu2v2), ((=4,3), (=3, 1)),
(s, v, ((-8,9),(-5,.8))) }
((u3, v,),((—.8,.9), (3, 1)))

But the ordinary (classical) cartesian product of
two subsets BVFS H x T of U x V defined by:
HxXT = {((uy,vy), (¢ (-2,-.5),t%(6,.8))),
((ug, vy), (7 (—.2,—.3),t%(.6,1))),
((ug, v1), (t~(—4,—.5),t7(3,.8))),
((uz,v,), (t™(—4,—3),t%(3,1))),
((usz, v1), (t~(—.8,—.5),t*(.9,.8))),
((us,v2), (67 (—.8,—.3),t7(9,1))) }
= {((up v1), (=2, -6)): ((u1: v,), (=2, -6)),
((uz, v1), (—4, -3)): ((uz: v,), (=3, -3));
((u3, V1), (.5, .8})), ((u3, v5), (—.3, .9)) }
where t = (t~,t") is any BVF t-norm, here we
apply t = (max, min).

In Example 3.1, the difference clearly appeared
by providing the ability to recall the values of
positive and negative membership functions for
both objects u; € U and v; € V, after computing
the K-BVF subset H X T of U X V. In contrast to
the ordinary case of BVFS, the details were omitted
and new values appeared. The presented approach
identifies and recalls the original information
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before computations and simplification of the
information in any application.

Remarks: (1) When the ordinary sets U and V are
considered as bipolar-valued fuzzy subsets of
themselves, ie. U={(w,(0,1):uelU}, V=
{(v,(0,1): v € V}, the notions of bipolar-valued
fuzzy Cartesian product and both fuzzy Cartesian
products and ordinary Cartesian products of U and
V equal,ie. UX V=UXV.

(2) It is easy to generalize the previous definition
and statements by substituting a random completely
distributive lattice for the W. The following
proposition can be easily verified if one considers
the properties of the lattice K.

Proposition 3.1 For all nonempty BVF subsets
H,T of U and nonempty fuzzy subsets C, D of V,
we have:

Hx(CNnD)=(HxC)n(HxD), 1)
Hx(CuD)=(HxC)U(HXxD), )
(HNT)x({CNnD)=HXxCONTxD), ()
(HUT)xX(CuD)> (HXxC)u(T xD), (4)
HXxCcTXD=HcTandC cD, (5)

Proof. Trivial.

4 Bipolar Valued Fuzzy- Relations

and Equivalence Relations
In this section, the main definitions of BVFR and
BVER are proposed and discussed. The most
fundamental theorems and results on ordinary
relations, [26] and fuzzy relations, [21], are
investigated and developed to be reasonable under
the notion of BVFR and BVFER.

Definition 4.1 A BVFR B maps U to V is a subset
of the BVFCP U X V. In other words, B is a
member of K-BVF subsets M : UXV - K. A
BVFR from U to U is said to be aBVFR in U.

Note 4.1 From Definition 3.1, we may see that the
BVFCP U X V isitselfa BVFR from U to V.

Note 4.2 The BVFCP U X U is called the complete
BVFRin U.

Note 4.3 The BVFR @ x @ = @ is called the null
BVFR.

Note 4.4 The identity BVFR lies between complete
and null BVFR, denoted by Ay;. that is Ay=
{((w,w), ((67,6%),(67,67))): u € U} contains in
K-BVF subset.

E-ISSN: 2224-2880

506

Fadi M. A. Al-Zu’bi, Abdul Ghafur Ahmad,
Abd Ulazeez Alkouri, Maslina Darus

Definition 4.2 Let B, and B,: U —» V to V be two
BVFRs. We call that g, is containing $;, denoted

by pBycp, if and only if when
(w,v),((67,6%),®7,97))) EH € By, there
exists B € f, such that

(W), ((67,6), 7, 9"))ETEP,. If py c B,
and B, c B;, then B; and B, are equal, that is
B =B

Note. 4.5 We may associate each K-BVF subset
M={((w,v),((67,67),®",9%))}of UxV toa
K-BVF subset M~ of V x U defined by

M~ = {((v,w),(®,9%), (67,6}

Definition 4.3 Let B:U -V be a BVFR. The
inverse of B = f~1:V — U is the BVFR defined by
Bl ={M': MeB).

Definition 4.4 Let B:U -V andy:V — Z be two
BVFRs. The composition of 8 and y, denoted y o
B:U — Z,is a BVFR defined by

voB = {(w2),((67,6%),(a  a*)) EM: M€
UXxZ}. Where a K-BVF subsets M e U XZ
defined by:

((w, 2),((67,6%),(a",at))) € M if and only
if 3w, ,9Y) eV xW such that ((u,v),
((67,6M),@7,9M) €A and ((v, 2),
(@W~,9%),(a",a™))) € B for some B and B € y.
Example 4.1 Suppose I, N, A, Z, M and Q
represent names of cities and there are three sets
labelled as W ={M,Q}, V={N,Z}, and U =
{I, A}. Then the ordinary Cartesian product of W x

U and UXV are defined as WxU-=
{M,D,(M,4),Q,D,(QA), and UxXV=
{(,N),(1,Z),(A,N),(A,Z)}. For example, let

B1(W,U) be a relation called “the first city is
warmer than the second city” and let 8, (U, V) be a
relation called “the first city is more modern than
the second city”. The relations B, (W,U) and
B>(U,V) can be presented by the opinion of
tourists who have visited and/or had enough
knowledge about these cities. The following
relational matrices may evaluate the relations
B1, B> by using a bipolar fuzzy mathematical
method as:

ﬁl(W' U):

[ I A

IM ((-4,.6),(-7,4) ((-4,.6),(-1,.5))
[Q ((-6,9),(=7,4))  ((~6,9),(~1,.5))

S |

For illustration, the relation between cities M
and | (the element (M,I) e W xU) may be
represented  with  membership  value  of
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((—.4,.6),(—.7,.4)) € K, where the values “0.6”,
and “0.4” have pointed the opinion of tourists that
the cities M, and I, respectively, are warm (satisfied
the property) and the values “— 0.4”, and “— 0.7”
have pointed the opinion of tourists that the cities
M, and I, respectively, are not warm (not satisfied
the property).

:82 (U, V):

[ N Z

II ((—.6,.3),(—=5,.8)) ((—6,.3),(=3,.7))

.|

[A ((-1,9),(=5.8) ((-1,9), (—.3,.7))J

For illustration, the relation between cities |
and K (the element (I,N) € W xV) may be
represented  with  membership  value  of
((—.6,.3), (—.5,.8)) € K, where the values “0.3”,
and “0.8” have pointed the opinion of tourists that
the cities I, and N, respectively, are considered as
modern city and the values “—0.6”, and “—0.5”
have pointed the opinion of tourists that the cities I,
and N, respectively, are not considered as a modern
city.

Then, the composition B, o B, presented the
current approach may be running as follows:

Bl ° ﬁZ (W, V):

[ N z ]
M ((—.4,.6),(-5,.8))

((—4,.6),(—3,.7))

lQ ((—6,.9),(—5,.8)) ((—6,.9),(=3,.7)) |

Clearly, Definition 4.4 has the same algebraic
structure with ordinary composition relation and
composition fuzzy relation. Therefore, no need to
do an additional process to evaluate the
membership values of the composition of two
fuzzy relations as in, [1], [26].

Theorem 4.1 For any fuzzy relations
B, B1, B2, B3, v1, V- defined on the appropriate sets,
we have:

(B1°B2) o Pz =P1°(Bz°P3) (6)
PrcPrandy; Cy; = Preyi € frove,  (7)
Bie B2V B3) =P1oPaVUpPyepa, (8)
Bie(B2NPB3) € ProPanpPyepa, 9)
Br<c By =Bt B3, (10)

(B~H™ ' =pBand (ByoB)"" = Byt e prt, (11)
BrUB) =Bt uByt, (12)
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BiNB) =Pt Byt (13)

Proof. Straightforward from Definition 2.3, 4.2,
4.3, and 4.4.

Definition 4.5 Let p be a BVFR in U, ie. B C
UXU.Then

1. B is called reflexive in U if and only if vu e U
and Vv(6,6Y)ew, 3JHep such that
((w,u), ((67,6%),(67,6%))) e H e B, that is if
and only if A, C 6.

2. B is called symmetric if and only if whenever
(W), ((67,6%),(n",n*))) EHEP,IHEp
such that ((v,u), (n~,n*),(67,6"))) € T € B,
that is if and only if 31 = B.

3. B is called transitive if and only if whenever
((w,v),((67,6%),¥~,9%))) e H € B and

(.2, (9%, (a",a*)))eT€p, ICEP
such that

(W, 2),((67,6%),(a",a™))) e C € p, that is
ifandonlyif B o g c .

A BVFR in U is called a BVFER in U if and
only if it is satisfied all three axioms above.
Example 4.1 For any set U, U X U and A, are
BVFER inU.

Theorem 4.2 Let B and y be BVFRs of a
nonempty set U. As a result,

@) If B is reflexive, then it follows that $~* and
p°B are also reflexive. (This applies to both
symmetric and transitive cases).

(iii) If B is reflexive, then S is a subset of 5 o £5.
(iv) If B is symmetric, then both the union and
intersection between 8 and S~ are symmetric and
their composition is commutative.

(v) If B and y are reflexive, then their intersection
is reflexive. (Holds for both symmetric and
transitive)

(vi) If g and y are symmetric, then their union is
symmetric.

Regarding properties 5.1 part (i) and (v), we
may deduce that =1, g°p and § Ny are BVFER
inU, if g and y are BVFR in U.

Theorem 4.3 Let 8 be a BVFER in U. Then,
(i) Yug € U, B induces a FER, By (ugy), in W
defined by:

Bw (o) = {((1671,6%),(1671,6%)) € [0,1] x
[01]:167| = 6%, |a”| = at, and
((ug, ug), ((67,6%), (a™,a*))) € H for some H €
B}.

(ii) ¥(807,8,") € W, B induces an equivalence
relation, By ((60', 60+)), in the ordinary case, in U
defined by
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Bu ((50_,50+)) ={(u,v) €U X U:
((u, v), ((50‘, 8o%), (857, 60+))> €H

for some H € 3.

Proof. (i) We want to prove that By, (u,) is,

+ Reflexive: V(6~,8%) € W, since B is reflexive,
we get ((uo,up), ((67,6%),(67,6%))) € H for
some H € (3, therefore the elements on the form
I(A(/IS‘I.S*), (1671,8%)) € Bw(uo) V(67,8%) €

Symmetric: if ((67,6%),([97],97)) € Buw (up),
then  ((uo,up), ((67,6%),®~,9%))) e H for
some Hef. But B is symmetric, then
((ug,up), ((97,97),(67,6%))) € T for some
T € . Therefore the elements in the form
((lﬁ_ |;19+)' (6_1 5+)) € ﬁW(uO)-

 Transitive: if ((67,6%),([197],9%)) € B (up).
and  ((197],9%),(la"|,a™)) € Bw(up), then
((uo,uo), (67,6%), (19‘,19+))) EH and
((ug,up), ((9~,97), (a”,a*))) € H for some
H,T € (. However, since g is transitive, then
((ug,up), ((67,6%),(a,a™))) € C for some
C € B. Therefore, the elements in the form
((6_1 5+)' (la_li (Z+)) € ﬂW(uO)-

(i) the proof of (ii) is like (i).

5 Bipolar Valued Fuzzy Function

To extend an ordinary theory of fuzzy relation, we
mean to introduce the notion of BVF function,
since functions are considered as a kind of relation
in the ordinary set theory. In this section, we
identify BVF functions similarly to a kind of
BVFRs.

Definition 5.1 Let U and V be nonempty sets. A
BVF function from U to V can be described as a
function F from WY to WV characterized by the
ordered pair (F,{(f,(67), fu(6™N}eu), where
F:U—-V is a function from U to V and
{(fu,(67), fu(6)}eu is a family of functions
(fu(67), fu(6™):W > W  that satisfy the
following conditions:

1. f,(67), f,(6%)are nondecreasing on W,

and
2. f,(6-=0)=0=f,(6*=0),
fu(5_ =-1)=-1,and fu(6+ =1)=1

In such a way that the image of any bipolar
valued fuzzy subset M of U under F results in the
bipolar valued fuzzy subset F(M) of V, defined as:
F(M)v=
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([ N\ re>

e if F~1(v) = @,
- \/ aeH
ueF~1(v)
[0,0] =0 if F~1(v) = 0.
(14)

for every vev, We write F =
(F,{fu(67), fu(6 }uev); U - V or, simply, F=
(F, f,(87), fu(6™)):U -V to represent a BVF
function from U to V, and we refer to the
individual functions as follows:
fu(67), (6D, ueU, the comembership
functions associated to F.

Two BVF functions F = (F,(f,(67), f,(6™)))
and G = (G, (g,(87), gu(6))) from U to V are
considered equal, denoted as F = G, iff F(M) =
G(M) for every M € WY, we have:

Theorem 5.1 Two BVF functions F=

(F, (fu(87), £u(5*)) and G=
(G, (gu(67), gu(6™))) from U to V are equal iff
F=aG and fu=(fu(67), fu(6¥)) =
(9u(67), gu(6)) = gu, where fu(67) =
gy(67)and f,,(67) = g,(6) foreveryu € U.
Proof: It is evident that if F = G and f;, = gy, for
everyu € U, then F = G.

Alternatively, assuming F = G. If F # G, then
there exists an element uy € U such that F(uy) #
G(ugy). Now, let us consider the bipolar-valued
fuzzy subset M of U defined by:

_{[=11] ifu = uy,
M) = {[0,0] 0 ifuu (15)
Then we have
F(M)v = {[—1,1] ifv=F(up),
[0,0] =0 ifv =+ F(up),
(16)
and
(M) = v{[—l,l] ifv=G(up)
[0,0] =0 ifv =+ G(up)
(17)

Now, if F(uq) # G(uyp), then F(M) # G(M), This
Refutes the assertion that F = G.

Alternatively, if f, # g, then there exist uy € U
and (67,6%), € W such that f,, ((6f‘,6f+)0) +
guo((69‘,89+)0). In such a case, let us consider
the bipolar- valued fuzzy subset of U.

p— + . _
N(u) _ {(5 ,5 )0 ifu= Up,

18
0 ifu # uy, (18)
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then F=G and fu, ((Sf‘,8f+)0) +
Gu,((897,89%),) This implies that F(N) # G(N).
Hence, the theorem is proven.

Let F=(F,(f,(67), fu(6%))):U >V be a BVF
function. The inverse image under F of a bipolar
valued fuzzy subset N of V, denoted by F~1(N), is
a bipolar valued fuzzy subset of U defined by:
FY(N)=U {C e W*“:F(C) € N} (19)
If the comembership functions (f,(67), fu(6™)),
u € U, are surjective, then, taking the properties of
(fu(67), f.(6T)) into account, we get

rC\/ @e = fu( Ao \/ 6+>
(6-,6T)eA 6~ €A oteA

- ( JAVZCRAY,) fu(5+)) and
5 €A SteA

fu< A\ (6,5+>> f<\/ 6 [\ s )
(67,6%)eA ste

= (\/ 6, [\ fu<6+>,>
6-€eA SteA

where A is any W subset. In this instance, the
preceding definition is equal to:

Proposition 51 Assume that F=
(F,(f,(67), fu(6™)):U—>V be any BVF
function whose comembership

functions(f,,(67), f,,(67)) are onto. For every
bipolar valued fuzzy subset N of V we have

P 0w = \/ (87, (8D [N(F)]
AVCRCRIIGON

AVRCRILIED)

(20)

where the supremum is taken over the set of values
(fu(B7), fu(E*NTHNF )] < W.

Proof. Let S = U{C e WY;F(C) c N}, and T be
the bipolar valued fuzzy subset of U denoted by
T(w) =V f, ' [N(F(u))]. We showthat T = .
For simplicity, let H= N(F(u)). For each v € V, we
have:

Frw=\/ )

ueF~1(v)

= <uep\/1<,,> r\/ 5 (N(F(u)))])
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fu (6~ )

i ( €EF-1(v )fu[ fu( 6+) (H)]>
[ [ N e,
| 5-€eA
\ueF‘l(v)f

\__/

fut(6H)[H]
6+eA

[ /\ 5]
8- Efu L)
(%)
1(H) J
fu((67)),
uEF‘i(v)s ef -1(H)
fu((61)
UEF~ 1(V)5+efu 1)
N(F(w)) = N().

u€eF- 1(17)

| S

UEF~ 1(1;)

N

{v+
-

6+ef

Hence, F(T) = N, Which impliesthat T c S.
Alternatively, assume there exists an element C €

WU such that F(C) c N.

F(C) c N = F(Q)v

< N(v) implies fu(C(u))
ueF~1(v)

< N()

= /@), £ [N(FwW)]

(/\fu-lw-)[H],\/fu-1<5+)[H]>
< JANCRPAY; (6+)>szv(v>

5—€efy, " (H) stef, 1(H)
= fu(C(w) < N(F(w))
= C(u) < (67,6%), forevery (67,6%)
€ fui '[IN(F(w)

=>Cuw) <VAYNF@)]=Tw) =CcT.
We have thus showed that each ¢ € WY such that
F(C) c N is asubset of T. This proves that S c T.

Theorem 5.2

Let F = (F, (f,(67), f.(6%))): U - V be a bipolar
valued fuzzy (BVF) function. For every bipolar
valued fuzzy subsets M, N, M,, of U and for every |
bipolar valued fuzzy subsets C,D,C, of V, the
following holds:

a. F@)=0 (21)
b. F(U) =V if F is onto, (22)
c. if M c N then F(M) c F(N), (23)
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d. F(M UN) =F(M) UF(N), (24)
e. F(M nN)c F(M)nF(N)
(equality holds if Fis 1 — 1), (25)
f. Fl(V)=U (26)
g. if C € Dthen F71(C) c F~1(D), (27)
FY(F(M))o M (28)

(equality holds if F is bijective).
i If (f,(67), fu(61)) isonto forall u € U, then:
Jo F(UgexgMy) = Upex F(My) (K is an index

set), (29)
K. F(NgexMi) € Nigex F(M,) (equality holds if
Fis1l—-1), (30)
I F7'(Ukex Cx) = Urex F~(Ch), (31)
m. F7 ' (Ngek Ci) = Niex FH(C), (32)
n. F(F1(C)) c C (equality holds if F is onto).
(33)

o If f(1-67)=21-f,(67), fu(1—-6%)=
1—f,(5%) foreveryu e U,(67,6%) e W,
then:

F(MC) o (F(M))© if F is onto. (34)

p. {Equality is achieved when F is a bijective
functionand if f,(1—-67")=1-—
fu(67), @1 —=6%)=1-f,(67)}

If (£,(67), f,,(61)) is bijective and if
ful=67)=1-£,(67), fu1-6%)=1—
f.(67), then:

F~1(D) = (F71(D))* (35)

Proof. To exemplify the employed technique, we
shall solely demonstrate the proofs for parts (e), (1),

and (p).
@) fu(V (5-5+ea(67,6M)) =
fu(/\(S—eA 67,V SteA 8+) =
(As-ea fu(67),V s+en fu(6))
F(M N N)y =
\/ (fu(67), fu(6™NIM N N)(w)]

UEF~1(v)
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(fu(a—),) [(M‘(u) AN~(W)),]
uEF-l(v) fu@D LM @) v N* ) ]

/ £.(67) (M=) AN-(w)),
=|

5~ eAueF 1(v)

\ fu(BHMT () VN (w)
6+€A uerF~1(v)

£ (87 (M~@W) A

5—EAUEF~1(v)

fu (87 (N~ (W),

S"EAUEF~1(V)

fu@H(M* W) v

SteAuUEF~1(v)

IA

fu(@HINT (W)

6teAueF~1(v)
£u.(67) (M~ (W),
S~ EMNUEF~1(v)
fu(B)MT ()
6teAuer~1(v)

fu(67) (N_ (u));

STEANUEF (V)

A
fu(BHNF (W)
SteAueFr~1(v)
=[Vuer-1)(£u(87), fuEH)M )] A
[Vuer-1) (£fu(87), ful6H))N(W))]
[VuEF‘i(v) fu (M(u))] A [VuEF‘l(v) fu (N(u))]
F(M)v AF(N)v = [F(M) N F(N)](v).

If F is a one-to-one function, the operation V is
not used in the above steps, and the equality holds.
(D) It is evident, based on property (g), that

U F~1(C) c F1 (U Ck>.

Now keEK keEK
-1 (U ck)u =\/# KU ck> (F(u))]
kEK kEK

V(G [(U Ck) (F@)
/ AV G [\/ c(Fw)|,\

kEK

k\/fu—l(m [\/ Ce(F ()

k€EK
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(67),
[Vka(F )] \

(e

k (6%) )
6+Efu_1[Vka(F(u))]
( (6~ ).\
fu(67)= Vka(F(u))

\ (6%)
2w (81)= [Vka(F(u))]

<

(67,6%)
k€K | £,,(6~,6)=Ckg (F(w))

=V IV it Ew)

k€EK

- colu

keEK
(p) F~1(DYu = £ 1[DC(F(w)]

= fi '[1 = D(F(w))]

=1 £ DF@)],
since f,(1—67)=1—f,(67), fu(1—6") =
1—f,(6)and (f,(67), f,(61)) is bijective
=1-F1D)u = [FD)]u

The composition of two bipolar valued fuzzy
functions F = (F, (f,(67), £,(67))):U >V and
G = (G, (gy(867), 9,(8%))): V - Z is the bipolar
valued fuzzy function G o F: U — Z defined by (G o
F)(M) = G(F(M)), forallM € WY,

Let g, be onto, for all v € V. Then,
(GoF)(M)z = G(F(M))

= \/ arany)

VEGT1(2)

fu(67),
v (6%

:uEF—l(v)
£u(8HM@W)] ]

') ()

vEGT1(2)

UueF~1(v)

9v

vEGT1(2)

fu(H)[M(w)]

L ueF~1(v)

[N\ N\ stedmab,

— | veG~1(z) ueF~1(v) \l
gv(fu 5+) M(u) )/
[ (fu(67), ]
vEGT1(2) uep—l( fu 6 )) M(u)]
since the (gv(8 ) gv(8+)) are onto

\vEG—l(z) UEF~1(v)
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=V (Grwe M),

UE(GoF)™1(2)

This means that
GoF = (G °Fng(u) °fu)'

where gp ) © fu, u € U, evidently satisfy the
conditions (1) and (2) of comembership functions.

Let F=(F, (f,(67), fu(6*)):U->V be a
bipolar valued fuzzy (BVF) function. F is
considered injective or one-to-one if, for any
bipolar valued fuzzy (BVF) subsets M; and M, of
U, F(M;) = F(M;) implies M; =M,. The
definitions of surjective and bijective bipolar
valued fuzzy functions can be established in a
comparable manner.

Establishing that F is one-to-one (respectively,
onto) is not a challenging task, as it can be
demonstrated that F and (£,(67), £,(61));u € U,
are one-to-one (resp. onto).

A bipolar valued fuzzy function F =
(F, (fu(67), fu(6™)):U->V is said to be
invertible if there exists a bipolar valued fuzzy
function G = (G, (9,(67), 9,(6%))):V —» U such
that Go F —id; and Fo G =id,, where idy =
(idy,idy,). The bipolar valued fuzzy function G is
called the inverse of F and is denoted by F~1.

Theorem 5.3
Let F=(F, (f,(67), fu(6*)):U—>V and G=
(G,(9,(67), 9,(6%))):V —> Z be bipolar valued
fuzzy functions. Let (g,(67), g,(61)) be onto, for
allv e V. Then
(i) The composition Go F: U — Z of F and G is
given by:
GoF =

(G o F, gray ° (ful87), fu(8*)).
(i) F = (F, (f,(87), fu(87))) is one-to-one (resp.
onto) iff Fand (f,,(67), f,(67)),u € U, are one-
to-one (respectively, onto).
(iii) F = (F, (£,(67), f,(6™))) is invertible iff F
and (f,,(67), f.(61)) are invertible. The inverse
F~1of Fisgivenby F~! =
F~ (£u(87), fu(B™N™H.

6 Conclusion

A novel structure of bipolar-valued fuzzy Cartesian
products was introduced, indicating all parts of its
structure. So, analogously to the basic use of crisp
Cartesian products, BVF-relation, BVF-
equivalence relations and BVFFs were proposed.
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Some Results and numerical examples of BVFR,
BVFER and BVFF related to ordinary and fuzzy
relations were studied, distinguished and proved.
What distinguishes our research is the logical
structure that coincides with the basic structure of
algebra. (i.e. the BVFCP “AxB” can reclaim the
subset A and B without losing or omitting some
values as in ordinary algebraic structure), The
limitation of this study appears in the disability of
representing two-dimensional phenomena using the
form of BVFCP, BVFR, and BVF function.
Therefore, complex bipolar-valued fuzzy Cartesian
products, relations, and functions can handle this
limitation by extending the range of BVFCP from
[-1, 1] to the complex form [-1,1] + i [-1, 1]. As
future research, our results will be a cornerstone to
build the BVF-equivalence class, BVF partial
order. Also, the concept of bipolar valued fuzzy
function can be utilized to start an attractive
journey to introduce the BVF group and ring.
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