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Abstract: - The power Rayleigh distribution is considered via the power transformation technique. The
suggested model behaves better than the original distribution in dealing with complex data. The key focus of
this paper is to establish some simple recurrence relations for single and product moments of generalized order
statistics from the power Rayleigh distribution. Some numeric computations are carried out at the different
parameters of the power Rayleigh distribution. The moments of order statistics and record values are deduced
from the single and product moments. Further, characterization results are also derived for power Rayleigh
distribution via recurrence relations and conditional expectations.
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1 Introduction 9Iarsiun (@ p) = )

A mechanism of studying random variables (RVs) #’irﬂ[G(@]“g(@D?lG((P)
arranged in ascending order is called generalized X [c(G(p)) — ¢, (G(P))]T~
order statistics (G0S). [1], was pioneer of this N [G(p)]Vs‘lgu(p) oo <’;) <p<oo
theory. It contains like, order statistics, record, ' '

. ; ; 3
progressive censoring, etc., as a particular cases. 3
The GOS has vast applications in reliability, extreme The conditional PDF of
value, physical sciences, medical sciences, remote . . . .

. . " [) given = 1<r<s<
censoring, and its applicability over several field of ;‘Z(s’ bul)g oriwl) =, _t r (_pISqSi

- .I - ] . B B B Slr —_
studies are steadlly growing 1 weo1  [G@)*“ =GN ST G (p)]Ys !

Let 1>1,i€Nugup e, ug ERTLIS NS —y @) T 1[G (@)1 (),
r<i—-1U, = j-;}uj. Such that y.=101+i—- _ (4)
r+ U, =1 for all r based on #. Further, let G(¢) L=
and g(¢) be the continuous distribution function where,

(CDF) and probability density function (PDF) of a Wy_1 = [lhci Vi Ye=k+(@G—-k)(u+1),
random variable (RV) . Then ¢(r,i, 1) are _ (1-g)utt 41
named GOS and its joint PDF takes the following cu(p) = w8
form. —-n(l-—¢),u=-1
and
(T2 ) (TTALG ()] ™ g (i) [6 (@] 9 (00) Jul@) = cul9) — ul0).
1) _ _ .
Here we consider type | of GOS: If w=0, [=1 then ¢(r,iu ) reduces to
Let Th PDF ; order statistic and when [ — —1 then @(r,i,u,l)
€ _ U=u,= =U_,=U" € 0 reduces to " upper record values.
eriwbis. In recent years, recurrence relations based on GOS
Ieriwn (@) = (TZ‘S! [G()]"tg(p)hi?t have received considerable attention.  Several
x [G(@)], —o0 < ¢ < 0. @) authors have established the recurrence relations for

different distributions. For example, [2], [3], [4].

5], [6], [7]. [8] and there are significantly more.
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The organization of the paper is as follows. Section
2 discusses powered Rayleigh distribution and
statistical properties. Recurrence relations are
addressed in Section 3. Characterization results are
proved in Section 4. The concluding remarks ends
in Section 5.

1.1 Powered Rayleigh Distribution
[9], introduced the Rayleigh distribution (RD). It
has vast applications in reliability, clinical studies,
wireless signal, oceanography, wind energy and
lifetime equipment. Many generalizations of RD
have been noted in the existing literature.

[10], proposed the powered Rayleigh
distribution (PRD) via power transformation of RD.
The PDF is given by,

2 @?F
9(¢.a,p) =5 ¢* e 9> 0,0, >0 (5)

where «a is the scale parameter and S is the shape
parameter.

The CDF is given by.
2P

G(p,a,B) =e ﬁ @ >0apB>0. (6)

For extensive information on PRD see, [10].
From equation (5) and (6), we note that.

~ _a? 1-2p
Glp) =5 ¢"""9(p) (7)
which will be utilized for deriving the recurrence
relations.

1.2 Statistical Measures of PRD.

The ¢t moments of PRD is

=25 (L) (14 2)
Hr = a? 28/

The statistical properties are given in Table 1
and Table 2 in Appendix.

2 Recurrence Relations
This section addresses the recurrence relations for
single and product moments of GOS from the PRD.

2.1 Single Moments
Theorem 1. Let ¢ be a non-negative continuous
RV follows the PRD. Suppose that p > 0 and 1 <
r < i, then.

[(pp(r i,u, l)] - E[(pp(r - 1) i,u, l)] =

pa? P=2B(y {
e ULl CYAT)

(8)
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Proof: We have from (2),
55 e eP LG T [G(o)]g (@) dg.
©)
Integrating by parts [G(¢)]"r"1, we get.

ElP(r,i,u, D] =

oo fy PTG @R G () dy
ey @PIG(@] T T (G (e)]do,

which implies that,
E[pP(r,i,u, D] = E[P(r — 1,i,u,1)] =

s [ P G (@R G (9)]dg

On using (7), we have,
E[@P(r,i,u, )] — E[@P(r— 1,i,u, )] =
PRt (% P 1[G ()] hi 1 [G()]

(r—=Dlyr
X {0; 126} () de,

after simplification, Theorem 1 is proved.

Remark 2.1
(i) Setting B =1 in (8) result reduced for Rayleigh
distribution as follows,

[(pp(r l u, l)] - [(pp(r - 11 i,u, l)] =
P E P2 (r, i,u, )]
agreed by [11].

(ii) Setting u =0, [ =1 in (8) result reduced for
order statistic for PR distribution as follows.

p-2p
E[(pfl] - E[(p‘rz'J—l;l] (L T+1)B [(p ]
(iii) Setting u = —1, [ = 1in (8) result reduced for
It" record values for PR distribution as follows,

_ pa? -2
E[(Pf}m] - E[¢5(r—1)] = FE[‘PZ(r) ]
(iv) Setting S =1 in Remark (iii) result reduced

for record values for RD as follows,

E[q’g(r)] - E[(Pg(r_n] = %
agreed by [12].

Crsd}

2.2 Product Moments

Theorem 2 Let ¢ be a non-negative continuous
RV follows the PRD. Suppose that p,g >0 and
1<r<s<i,then,

E[oP4(r,s,i,u, )] — E[pP9(r,s — 1,i,u,l)] =

(10)

Proof: From (3), we have
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E[oP4(r,s,i,u, )] =

e [ P (G hy (G ()]g () (9)dg,
(11)
where

1) =[5 pUIG(@)]" " g(p).
X [y (G(P)) = cu(G(@)]* " tdp
Solving the integral 1(¢) by parts and substituting
the resulting expression in (11), we get:
E[oP9(r,s,i,u, )] — E[@P9(r,s — 1,i,u,1)]
_ qWs-1 f ’ f ’ 0PI G ()]
T DIG-r—Diply o P T
X [G(@)][eu(G(p) — cu (G

_ 2,1-2f
x [G(I"s [“2—]| 9(p)g (p)dp dop,
after simplification (10) yields.

3 Characterizations

Characterization of PRD via GOS are presented
below.

Theorem 3 The necessary and sufficient condition
for a RV ¢ to be distributed with PDF given in (5)
is that,

[(pp(r l u, l)] - [(pp(r - 1) ir u, l)] =

pa? Lo p-2B
S5 EleP ™ (i D]
(12)
if and only if
_ 9%
G(p)=e 2a%2, 9 >0,a,p >0.
(13)
Proof: From (8) necessary part proved. If the

relation given (12) is satisfied, then on organizing
the terms in (12) as given

Wr—1 p Vr B T—2 hy[G(9)] _
s oG @ R[G (0)]g (0) [Her

(r-vié (<P)]”] do

paZ WT 1 p-28 Yr—1pr-1
oo PTG (@) TG (9)g (9)de
(14)
Let,
~ rpr—1
h(p) = — G hr [G(p)] (15)
Differentiating of (15) both sides, we get:
W (p) = o ]
ol YrpT—2 hyl6(@)] _ r-DI[G]"
(G 26 (9)]g () [M0% |
Thus
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Wr—1

(1' l)yf (pph ((p)d(p -

D Wi [ G2 [G ()] 6 ()] g (@)
(16)

On integration left hand side in (16) by parts
and putting the value of h(¢),

(rv_vr—l)l.y f PP G ()] hi G (p)]de
'y, Jo

B {Z‘i o ffyf PP 2P [G(0)h G(@)]g (@) de
T =Jo

which reduces to,

Wr-1 p-1[ YrpT—1 Glp)
= 1>'£ PG RGO [5G
2 1-2

] do =0 17)

On using Miintz-Szasz theorem [13] to (17), we get
2
_ a
Glo)="% 9 g(p)

which proves that g(¢) has the form as in (5).

Theorem 4 Let ¢ be a non-negative RV having
CDF G(p) with G(0) =0and 0 < G(p) <1 for
all ¢ > 0, then,

E[E{§0(5, L,u, l)}|X (T, i,u, l) = (p] =

—@ s—1 Yi+j
e 2a Hi_l(yH +1)l—r r+1
(18)
if and only if
_ @%P
G(p) =e 27,

2P
where é(p) = e 2a%

©>0a/f>0. (19)

Proof: Necessary part:
From (4) for s > r + 1, we have

E[&{o(s, i, u, Do, i,ul) = ¢] =

p [ e~ (2

-r-1
_ @ u+1 S=r
X {1 (@(¢))
Ws—1
Wr_q1 (s—r=1D)!(u+1)s-7-1
v2B
e 2aZ

Glp)  _»?F
e zaz

Eltels, bw DYle(riw D) = o] =
De Zazf Ays(l Au+1)s r=14A.

9

G(o) (20)

where D =

G(p) _

Now setting A = in (20), we have

(21)
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Again, by setting B = A**1 in (21), we find that.
El&{o(s,iu, Do, iul) = o] =

_o*P 1 yet1
De 2a [ Buri '(1—B)*""1dB.

2B
2 1+1 e
- d (u+1+l S) Ws—1 e 2a’
= De 2? 1+1 = s-r '
F(u—+1+l T) Wr—1 Hj:l(YT+j+1)
where,
Ws—1 _ 1s-r .
Wy_q j=1 yT+] '

The necessary part is verified.

Sufficiency part:
From (4) and (18), we have:

® 2B
j 5@ [(G ()"
0

— (GEN* TG ()] g(p)dp
= tslr((P) [G(@)]r+e,
(22)

where,
(p
— Yr+]

Performing differentiation of (22) both sides with

respect to ¢, we acquire
ws—1 [F)]™f (x) f"’ id

W1 (s—r=2)(u+1)s7"2 ),

- (GG ()] g(p)dp

=t (@ [G ()] +
Vraatsir (@G (@] 17 g (@),

where
I} B Yr
tr(9) = =z @ e e I (yr+]+il)

2% Yraatl 14
t — e—ﬁ( T+1 ) Ss— T( r+j )
s|r+1(‘p) H} 1 Yrej+l

Yr+1

Therefore, by [14]

9@ _ _;[ tgr (@)
G(p) Yr+1 ts|r+1((P)_tS|r((P)
9@ _ B 2p-1

Glp) a2
which confirms that g(¢) has the form as in (5).

4 Conclusion

The results provided in this article will be useful for
researchers who are working in the domain of
mathematical statistics. It helps to obtain
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exploratory analysis based on ordered random
variables.
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APPENDIX
Statistical measures of PRD.
Table 1. « € [0.5 — 4.0] and g = 0.5.

alpha | st 2nd 3rd 4th mean | variance | skewness | Kurtosis
0.5 0.5 0.5 0.75 15 0.50 0.25 2.00 9.00
1.0 2 8 48 384 2.00 4.00 2.00 9.00
15 4.5 40.5 546.75 9841.5 4.50 20.25 2.00 9.00
2.0 8 128 3072 98304 8.00 64.00 2.00 9.00
25 | 125 | 3125 | 117188 585937.5 12.50 156.25 2.00 9.00
3.0 18 648 34992 2519424 18.00 324.00 2.00 9.00
35 | 24.5 | 1200.5 | 88236.8 86472015 | 2450 600.25 2.00 9.00
4.0 32 2048 196608 25165824 32.00 1024.00 2.00 9.00

Table 2. ¢ € [0.5—4.0] and f = 1.0

alpha 1st ond 3rd 4th mean | variance | skewness | Kurtosis
0.5 0.627 0.5 0.47 0.5 0.63 0.11 0.64 3.24
1.0 1.253 2 3.76 8 1.25 0.43 0.63 3.25
1.5 1.88 45 12.69 40.5 1.88 0.97 0.63 3.24
2.0 2.507 8 30.08 128 2.51 1.71 0.63 3.24
2.5 3.133 12.5 58.749 312.5 3.13 2.68 0.63 3.25
3.0 3.76 18 101.518 648 3.76 3.86 0.63 3.25
35 4.387 24.5 161.208 1200.5 4.39 5.25 0.63 3.24
4.0 5.013 32 240.636 2048 5.01 6.87 0.63 3.25

From Table 1 and Table 2, we conclude that
when alpha increases at fix value of beta, other
characteristics are also increases except skewness

and kurtosis.
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