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Abstract: - Presently, the problem of parameter estimation is addressed for a more general nonlinear model. In 
this respect, the proposed nonlinear system is composed of the parallel connection of linear and nonlinear 
blocks. The interconnected structure of linear and nonlinear blocks systems leads to a highly nonlinear problem 
involving several unknown parameters and inaccessible internal signals. In this parameter estimation method, 
the linear and nonlinear block parameters are estimated in one stage by using simple a sine signal or multi-
cosine wave.  
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1 Introduction 
The problem of nonlinear system parameter 
estimation has been given a great deal of interest, 
[1], [2], [3], [4], [5], [6]. Most available parameter 
estimation approaches are focused on the cascading 
link of linear and nonlinear subsystems (Wiener and 
Hammerstein systems), [7], [8], [9], [10], [11], [12]. 
The latter are obtained using the series connection 
of linear and nonlinear subsystems. The Wiener and 
Hammerstein nonlinear systems are very popular 
models and can model several practical systems, 
[13], [14], [15], [16], [17]. 
There exist many parameter estimation methods in 
the literature to deal with the problem of nonlinear 
systems composed by the series connections of 
linear and nonlinear blocks, [18], [19], [20], [21], 
[22], [23]. 

To increase the modelling capacity, the parallel 
connection of linear and nonlinear subsystems can 
be very efficient, [24], [25]. The parallel connection 
of linear and nonlinear subsystems is more general 
than the series connection [26], [27].  

Presently, the parameter estimation of a 
nonlinear system composed of the parallel 
connection of linear and nonlinear subsystems is 
presented. This nonlinear system is shown in Fig. 1. 

Note that several real systems can be captured 
using the parallel connection of linear and nonlinear 
subsystems, [14], [28]. We propose a solution to 
estimate the parameters of linear subsystem  

 and those of nonlinear subsystem 
. . This approach is based on sine signals. In this 

respect, note that when linear and nonlinear systems 

are excited by sine signal, their output is thus 
periodic of the same frequency as the input, [29], 
[30], [31].  
This means that the output is also periodic but not 
necessarily a sine signal. 
Then, it is quite interesting to note that very few 
works have treated this problem. The most of 
existing parameter estimation problems concern the 
classical Wiener and Hammerstein systems. 

At this stage, it is worth emphasizing that this 
nonlinear system can describe several nonlinear 
structures. 
 

 
 
 
 
 

 
 
 
 
Fig. 1:  Nonlinear system composed by the parallel 
connection of linear and nonlinear subsystems 

 
For convenience, the rest of this paper is 

organized as follows. Firstly, the problem statement 
in this study is introduced in Section 2. Then, the 
parameter estimation method is described in Section 
3. Finally, the performances of the parameter 
estimation method are presented in Section 4. 

 

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2023.22.44 Hafid Oubouaddi, Fatima Ezzahra El Mansouri, Adil Brouri

E-ISSN: 2224-2880 373 Volume 22, 2023



2 Problem Statement  
This paper aims to estimate the parameters of the 
considered nonlinear system. The latter is obtained 
by the parallel link of linear and nonlinear 
subsystems (Fig. 1).  

Firstly, the nonlinear part can be described as 
follows: 

∑             (1) 
 
where  and , . . . ,  are the degree and 
coefficient vector of the nonlinearity . .  

 
Then, the linear part is analytically described as 
follows: 

∗             (2) 
 

The Equation (2) can be rewritten in the Laplace 
domain as: 

            (3) 
where  and  are the Laplace transforms of 
the input  an output  of the linear 
subsystem, respectively.  

 
Then, one immediately gets using Fig. 1 that:  

           (4) 
 
Finally, it follows from (1)-(2) and (4) that the 
output of the nonlinear system can be expressed as:  

∗ ∑     (5) 
 

For convenience, let us consider the signal  
defined as:  

     (6) 
 
Then, the signal  can be rewritten as follows:  

∗ ∑      (7) 
 
In this study, we propose an input of the form:   

     (8) 
 
where ∈ ,  . . ,    is any arbitrarily chosen 
set. It follows (8) that the signal  is of period 

2 / . Then, it is shown that the output of a 
linear subsystem is of period 2 /  (e.g., see, 
[1]).  
In this respect, it is also shown that the output of a 
nonlinear subsystem is not necessarily a sine signal, 
but of period 2 /  (e.g., see, [1], [24]). 
Specifically, using (8) the signal  in Fig. 1 can 
be expressed as follows:  

∑         
 (9) 

 
 

3 Determination of Linear and 
Nonlinear Parameters 
This section aims to present an estimation solution 

to give  | |,  and , . . . , .  

Firstly, it is readily seen that the signal  for 
 can be expressed as follows: 

 

| |         

 (10) 
 

where the set | |,  are the 

parameters of the linear subsystem to be estimated.  
Then, using (9) one immediately gets that the signal 

 can be expressed as (for more details see, [1], 
[24]):  

∑ , , . . . ,         
 (11) 

 
where , for 0. . . , is known real constant, 
and the expression .  according to the variables 
. . .  is already determined, but .  is not 

known. Finally, the output  can be expressed as 
follows:  

| |

∑ , , . . . ,           
 (12) 

 
Accordingly, it is seen that the signal  

defined by (6) is related to the output by the 
expression:  

     (13) 
 
Furthermore, knowing that the signals  and 

 are of period 2 / , using (6) we 
conclude that the signal  is of period 
2 / . This result is very interesting, it allows to 
filter the output . Specifically, the filtered 
output noted , can be given, for any large 
integer N, by:    

∑   for  0   

(14a) 
   otherwise     (14b)          

 
It is readily seen that the filtered output  
converges to the signal , which is given by:  

| |

∑ , , . . . ,    (15) 
 
It is readily seen that the signal  is also of the 

period 2 / . Furthermore, using the filtered 
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signal , the parameters of linear subsystem 

| |,  and those of nonlinear 

subsystem , . . . ,  can be obtained. 
 
 

4 Simulation   
This section aims to present some examples of 
simulation to show the effectiveness of the obtained 
results. The studied system (Fig. 1) is described by 
the following linear subsystem: 

. .
        (16) 

and by the following nonlinear subsystem: 
 

0.1 0.5 0.3     (17) 
 
The nonlinearity  is plotted in Fig. 2. 

 

 
Fig. 2:  The nonlinearity .  

 
Then, using the proposed method established in 

section 3, all variables can be estimated. Firstly, the 
system of Fig. 1 is excited by the signal (8) by 
choosing 0.02	 / , where ∈

,  . . ,    is the chosen set of applied 
frequencies. It is shown that the signal  is of 
period 2 / 314.16 . Then, the output of 
this system is given in Fig. 3. This result shows that 
the signal  is of period 2 / 314.16 , 
but affected by disturbances. Using the filtered 
signal , given by (14a-b), one gets the signal 
plotted in Fig. 4. This figure confirms that the signal 

 (or the estimate of ) is also of period 
2 / 314.16 .  

 
Fig. 3:  The output  of the system 
 

 
Fig. 4:  The filtered signal  
 

This test is repeated for other periods	 2 /
, where 0.1	 / . Then, use the signal (8) 

in the input of the system. Then, the output  of 
this system is given in Fig. 5. This result shows that 
the signal  (but affected by disturbances) is of 
period 2 / 62.83 . Then, the filtered 
signal , obtained using (14a-b), is given in Fig. 
6. 

 
Fig. 5:  The output  of the system 
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Fig. 6:  The filtered signal  

 
Finally, using the filtered signals , obtained 

using (14a-b) and represented by Fig. 4 and Fig. 6, 
the parameters of linear subsystem 

| |,  and those of nonlinear 

subsystem , . . . ,  can be estimated (using 
(15)). 

 
 

5 Conclusion  
The problem of system parameter estimation is 
addressed for a more general nonlinear model. In 
this respect, the proposed nonlinear system is 
composed of the parallel connection of linear and 
nonlinear blocks. This solution is easy and more 
general.  

 
 

References: 
[1]  A. Brouri, " Wiener-Hammerstein nonlinear 

system identification using spectral analysis ",  Int 
Journal Robust Nonlinear Control,  Wiley Online, 
Vol. 32, no. 10, pp. 6184-6204, 2022.  

 Doi:  10.1002/rnc.6135 
[2]  M. Benyassi, A. Brouri, "Identification of 

Nonlinear Systems with discontinuous 
nonlinearity", European Conference on Electrical 
Engineering and Computer Science (EECS), IEEE, 
Bern, Switzerland, Nov 17-19, pp. 311-313, 2017. 

 http://doi.ieeecomputersociety.org/10.1109/EECS.
2017.64 

 [3]  A. Brouri, L. Kadi, S. Slassi, "Identification of 
Nonlinear Systems", European Conference on 
Electrical Engineering and Computer Science 
(EECS), IEEE, Bern, Switzerland, Nov 17-19, pp. 
286-288, 2017. 

 http://doi.ieeecomputersociety.org/10.1109/EECS.
2017.59 

[4]  Vörös, J., An iterative method for Hammerstein-
Wiener systems parameter identification, 
International Journal of Control, vol. 83(6), pp. 

1117-1124, 2010. 
[5]   F. Giri, A. Radouane, A. Brouri, and F.Z. Chaoui 

(2014). Combined frequency-prediction error 
identification approach for Wiener systems with 
backlash and backlash-inverse operators. 
Automatica, Vol. 50, pp. 768-783. 

[6]  F. Giri, EW. Bai. Block-oriented nonlinear system 
identification. Springer, UK, 2010. 

[7]  M. Benyassi, A. Brouri, T. Rabyi and A. Ouannou 
"Identification of nonparametric linear systems", 
International Journal of Mechanics, Vol: 13, pp. 
60-63, 2019. 

[8]   F. Giri, Y. Rochdi, A. Brouri, A. Radouane, F.Z. 
Chaoui (2013). Frequency identification of 
nonparametric Wiener systems containing 
backlash nonlinearities. Automatica, Vol. 49, pp. 
124-137. 

[9]    Mzyk, G., Biegański, M., Mielcarek, P., Multi-
Level Identification of Hammerstein-
Wiener Systems, IFAC-PapersOnLine, Vol. 52, 
no. 29, pp. 174-179, 2019. 

[10]  Castro, G.R., Agudelo, O.M., Suykens, A.K., 
Impulse response constrained LS-SVM modelling 
for MIMO Hammerstein system identification, 
International J. of Control, Vol. 92, no. 4, pp. 908-
925, 2019. 

[11] I. W. Hunter and M. J. Korenberg, The identification 
of nonlinear biological systems: Wiener and 
Hammerstein cascade models, Biological 
Cybernetics, Vol. 55 (2-3), pp. 135-144, 1986. 

[12]  S. Cheng, Y. Wei, D. Sheng, and Y. Wang, 
Identification for Hammerstein nonlinear systems 
based on universal spline fractional order LMS 
algorithm, Communications in Nonlinear Science 
and Numerical Simulation. Vol. 79, pp. 1-13, 
2019. 

[13]  A. Ouannou, F. Giri, A. Brouri, H. Oubouaddi, C. 
Abdelaali, " Parameter Identification of Switched 
Reluctance Motor Using Exponential Swept-Sine 
Signal ", 14th IFAC – ALCOS, Vol: 55, No: 12, 
June 29 - July 1, Casablanca, Morocco, pp. 132-
137, 2022. 

[14]  L. Kadi, A. Brouri, A. Ouannou, K. Lahdachi, 
"Modeling and Determination of Switched 
Reluctance Machine Nonlinearity", 4th IEEE 
Conference on Control Technology and 
Applications, pp. 898-902, Montréal, Canada, 
2020. 

[15]   L. Kadi, A. Brouri, A. Ouannou, "Frequency-
Geometric Identification of Magnetization 
Characteristics of Switched Reluctance Machine", 
Advances in Systems Science and 
Applications, Vol: 20, No: 4, pp. 11-26, 2020. 

[16]   A. Brouri, L. Kadi, A. Tounzi, A. Ouannou & J. 
Bouchnaif, "Modelling and identification of 
switched reluctance machine inductance", AJEEE 
Taylor & Francis, Vol: 18, No: 1, pp. 8-20, 2021. 

 https://doi.org/10.1080/1448837X.2020.1866269 
[17]  Biagiola S.I. and Figueroa J.L., Wiener and 

Hammerstein uncertain models identification, 

0 20 40 60 80 100 120 140
Time (s)

-15

-10

-5

0

5

10

15

20

25

Filtered signal

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2023.22.44 Hafid Oubouaddi, Fatima Ezzahra El Mansouri, Adil Brouri

E-ISSN: 2224-2880 376 Volume 22, 2023



Mathematics and Computers in Simulation, Vol. 
79, pp. 3296-3313, 2009. 

[18] A. Brouri, T. Rabyi, A. Ouannou, "Identification 
of nonlinear systems having hard 
function", Advances in Systems Science and 
Applications, Vol: 19, No: 1, pp. 61-74, 2019. 

 https://doi.org/10.25728/assa.2019.19.1.632 
[19]  A. Brouri, L. Kadi, M. Benyassi, "Identification of 

Nonlinear Systems Having Discontinuous 
Nonlinearity", International Journal of Modelling, 
Identification and Control, Vol: 33, No: 2, pp. 130-
137, 2019. 

[20]  A. Brouri, M. Benyassi, "Spectral Identification of 
Nonlinear System", International Journal of 
Circuits, Systems and Signal Processing, Vol: 13, 
pp. 438-442, 2019. 

[21]  A. Brouri, L. Kadi, "Identification of Nonlinear 
Systems", SIAM CT'19, Chengdu, China, Jun 19-
21, pp. 22-24, 2019. 

 https://doi.org/10.1137/1.9781611975758.4 
[22] A. Brouri, L. Kadi, and S. Slassi (2017). Frequency 

Identification of Hammerstein-Wiener Systems 
with Backlash Input Nonlinearity. Inter. J. of 
Contr., Autom. and Syst., Springer, Vol. 15, No. 5, 
pp. 2222-2232. 

[23] Q. Jin, Z. Wang, W. Cai, Y. Zhang, 
Parameter identification for Wiener-finite impulse 
response system with output data of missing 
completely at random mechanism and time delay,  
International Journal of Adaptive Control and 
Signal Processing, Vol. 35 (5), pp. 811-827, 2021. 

[24]  A. Brouri, L. Kadi, K. Lahdachi, " Identification of 
nonlinear system composed of parallel coupling of 
Wiener and Hammerstein models ", Asian Journal 
of Control, Vol. 24, no. 3, pp. 1152-1164, 2022. 
DOI: 10.1002/asjc.2533 

[25]  A. Brouri, A. Ouannou, F. Giri, H. Oubouaddi, 
F.Z. Chaoui, " Identification of Parallel Wiener-
Hammerstein Systems ", 14th IFAC – ALCOS, 
Vol: 55, No: 12, June 29 - July 1, Casablanca, 
Morocco, pp. 25-30, 2022. 

[26]  M. Pawlak and Z. Hasiewicz, Nonlinear system 
identification by the Haar multiresolution analysis, 
IEEE Transactions on Circuits and Systems I: 
Fundamental Theory and Applications, Vol. 45 
(9), pp. 945-961, 1998. 

[27]  D. Westwick, M. Ishteva, P. Dreesen, and J. 
Schoukens. Tensor Factorization based Estimates 
of Parallel Wiener Hammerstein Models. IFAC 
Papers Online, Vol. 50 (1), pp. 9468-9473, 2017. 

[28]  F. Z. El Mansouri, L. Kadi, A. Brouri, F. Giri, F.Z. 
Chaoui, "Identification of Magnetization 
Characteristics of Switched Reluctance Machine", 
14th IFAC – ALCOS, Vol: 55, No: 12, June 29 - 
July 1, Casablanca, Morocco, pp. 126-131, 2022. 

[29]  A. Brouri, F. Giri, F. Ikhouane, F.Z. Chaoui, and 
O. Amdouri (2014). Identification of 
Hammerstein-Wiener systems with Backlash input 
nonlinearity bordered by straight lines. In 19th 
IFAC, Cape Town, pp. 475-480. 

[30]  A. Brouri, F.Z. Chaoui, O. Amdouri, F. Giri 
(2014). Frequency Identification of Hammerstein-
Wiener Systems with Piecewise Affine Input 
Nonlinearity. In 19th IFAC World Congress, Cape 
Town, South Africa, August 24-29, pp. 10030-
10035. 

[31]   A. Brouri, F.Z. Chaoui, F. Giri, "Identification of 
Hammerstein-Wiener Models with Hysteresis 
Front Nonlinearities", International Journal of 
Control,  Taylor Francis, pp. 1-15, 2021. DOI: 
10.1080/00207179.2021.1972160. 

 
 
Contribution of Individual Authors to the 
Creation of a Scientific Article (Ghostwriting 
Policy) 
-Adil Brouri: Conceptualization, formal analysis, 
investigation, project administration, supervision.  
-Hafid Oubouaddi: Methodology, software, 
validation.  
-Fatima Ezzahra El Mansouri: Methodology, 
software, validation 
 
Sources of Funding for Research Presented in a 
Scientific Article or Scientific Article Itself 
No funding was received for conducting this study. 
 
Conflict of Interest 
The authors have no conflict of interest to declare.  
 
Creative Commons Attribution License 4.0 
(Attribution 4.0 International, CC BY 4.0) 
This article is published under the terms of the 
Creative Commons Attribution License 4.0 
https://creativecommons.org/licenses/by/4.0/deed.en
_US 
 
 
 
 

WSEAS TRANSACTIONS on MATHEMATICS 
DOI: 10.37394/23206.2023.22.44 Hafid Oubouaddi, Fatima Ezzahra El Mansouri, Adil Brouri

E-ISSN: 2224-2880 377 Volume 22, 2023




