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Abstract: This paper shows how to determine all those positive integers = such that ¢(x) = m holds,
where x is of the form 2%p°q¢ and p, ¢ are distinct odd primes and a, b, ¢ € N.

In this paper, we have shown how to determine all those positive integers n such that ¢ (z) = n will
hold where n is of the form 2%p°q®, where p, q are distinct odd primes and a,b,c € N. Such n are
called pre-totient values of 2?p’q¢. Several important theorems along with subsequent results have been
demonstrated through illustrative examples.

We propose a lower bound for computing quantity of the inverses of Euler’s function. We answer the
question about the multiplicity of m in the equation ¢(z) = m [1]]. An analytic expression for exact
multiplicity of m = 22" where a € N, a < 2", p(x) = 2¥'** was obtained. A lower bound of
inverses number for arbitrary m was found. We make an new approach to Sierpinski assertion.
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1 Introduction ler function. From the condition of choosing the key d
as mutually inverse to e we have: de(modp(n)) = 1,
or de = kp(n) + 1 for some natural k. Then using
Euclid algorithm one can find secret key d. Solving
the last equation with respect to d, we actually find the
secret key in algorithm RSA [24]. Therefore, in order
for this equation to be solved, it is extremely neces-
sary that the possible solutions, i.e. the pre-totients of
the function ¢ (n), be as large as possible. Therefore,
it is important for us to learn to choose such n = pq
that the set o ~!(n) is as large as possible for num-
bers n of this order. To find ¢(n) we can consider
. the Sylow p;-subgroup and Sylow g;-subgroup of Z

In number theory and abstract algebra, Euler’s phi and compute their orders, where pq is divisible on
function plays a major role in .several aspects. There p1 and Q. Orders of p;-subgroup and ¢;-subgroup
are several important properties and rules to deter- 16, [18,[17, [19] of Z depends from its structure and

mine the value of ¢ (n) for given n € N which can multiplicity p; and ¢; in p — 1 and g — 1 because of
be found in many standard text books related to num- ord(Z*) = (p—1)(qg — 1)
. .

ber theory. -

(1) If a,b are relatively prime integers, then .. . . .
Sp(ab) = SO(G)@(b) An immediate consequence of 2 Preliminaries and Notifications

The Euler totient function ¢(n) for n € N is the total
number of positive integers which are less than n and
coprime with n.

Let n be a positive integer. Then the set Z con-
taining the positive integers less than or equal to n
and relatively prime to n forms a group under multi-
plication modulo n and the order of this group is de-
noted by ¢(n), known as Euler’s phi function or the
totient function. For example, Z§ = {1,3,5,7}and
So ¢(8) = 4. Similarly, p(11) = 10 because Z;; =
{1,2,...,10}.

this property is, p(2°m) = ¢(2°)p(m) provided In order to make the presentation simpler, we shall

m € Nisoddand e € N. make use of the following symbols. For a,b,n € N,
This is an application of our theorem on the num- N, ={1,2,....,n—1,n},

ber of solutions to an equation with the Euler function Ny ={a,a+1,a+2,...,b—1,b},

i.e. search for the preimage of the Euler function in Ny, ={zeN:z>a},

cryptography. Since p and ¢ are prime numbers, then W, ={1,2,....,n—1,n},

¢(pq) = p(n) = (p—1)(¢—1), where (z) is the Eu- W={0}UN,
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P={peN|p is a prime number }.

We shall use the symbol |S| to denote the number
of elements of the set S. When a positive integer |z| is
given, one can compute ¢(z) easily. But when ¢(z)
is given, determination of x becomes comparatively
a difficult task. Here the values (z) is called a to-
tient number whereas its preimage x under ¢ is called
a pre-totient. Corresponding to a given n € N, the
collection of all pre-totients of n under ¢ is denoted
by o~ (n)ie o i(n) ={r e N:o(r) =nl.

For example, o~1(2) = {3,4,6}. The number

14 has no pre-totients and so ¢~ !(14) is empty set.
Moreover, if n > 2 is odd, then ¢ ~!(n) is an empty
set because of the set property 4 given above.
In [2], a general process to determinate the set ¢! (n)
is discussed along with an example for n = 576.
However the process demands the assumption that
all o=1(z) where z < 576 must be known before-
hand. Once this table is prepared, the actual determi-
nation starts. Another set of works can be found in [2]]
and [[11]]. In [[L1] the determination is done through
algorithm, which way become tedious job when n
will become severely bigger. In [2]] works of deter-
mination of pre-totients of some particular cases like
n = 2p,2*p where p is odd prime have been made.
Carmichael showed his process for determination of
pre-totients of the number of the form 2™ in [4]. We
also did his work on the same set 0~ !(22" +a) in our
work in arxiv [[12]].

In this paper we are considering those n that have
the form n = 2%p}'p5?, where a, a1, a2 € N and
p1 < pg are distinct odd primes in an alternative man-
ner. To proceed further, we assume that z € ¢~ 1(n).
Then z is either even or odd positive integer. For
n € N, we take into account the following partition
into two sets introduced in [2].

E(n)=x € ¢ '(n): z = 0(mod2) (1)
O(n) =z € ¢ *(n) : z = 1(mod2) (2)

Clearly, ¢ ~!(n) is disjoint union of F(n) and
O(n). Moreover, the set of O(n) is empty provided
n is odd. In this case, ¢~ 1(n) = E(n). In [2] it is
derived that cardinalities of the set O(2s) and E/(2s),
where s is odd positive integer are equal. We now
start with the first case x € E(2%p]" p3?).

3 Problem Formulation
The aim of this work is to study theoretical numeri-
cal properties of the multivalued inversed to Euler’s
function [[13}/14]], demonstrate the relevance of the ex-
amples.

Subject of study: explore the composition of the
function ¢ (n) with itself and the tasks associated with
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it, it’s properties, the number of preimages of the
function ¢ (n), behavior of the straight O(A,,), where
A, (n; 0 (n)) and O (0;0) where n — oo [23]].

Using Lenstra’s factorization method we have deal
with group of curve point isomorphic to multiplica-
tive group of ring Z,, which has order ¢(n). Hence, it
is important to know size set of pre-totients for ¢(n)
to choose suitable curve [22], 23]

We going to find a lower estimation for computing
quantity of the inverses of Euler’s function. Our ap-
proach can be further adapted for computing certain
functions of the inverses, such as their quantity, the
larger.

Of fundamental importance in the theory of num-
bers is Euler’s totient function ¢(n). Two famous
unsolved problems concern the possible values of the
function A(m), the number of solutions of p(x) = m,
also called the multiplicity of m. Of big importance
in the cryptography has number of pre-totients of Eu-
ler’s totient function ¢(n), n = pq. Because it deter-
mines cardinal of secret key space in RS A [24].

4 Main result about solution of

_ ompa, b
p(n) =2"pip;.
Firstly, we consider the case z € F(2p{'p5?).
Theorem 4.1. Let z € E(2%p$'p3?). Then x can
never be divisible by 2 for all p € 41 N.
Proof. Let’s make the opposite assumption. Since
x € E(2°p} py?), we write z = 2%T"mg where mg =
2k —1and k,7 € N. Then p(x) = 2°p}'p5* lead us
to the contradiction:

207715 (myg) = 29pJ %, 3)
2" Yo(mo) = pi'p32. 4)

In , if r — 1 € N, then left hand side is even
number but right hand side is not, a contradiction. If
r—1 = 0ie. r = 1 then @) reduces to p(mgy) =
p‘f1p§2. Since mg is odd, mg = 1 or mg > 3 will
create contradiction in either way. This completes the
proof.

Theorem 4.2. For e € Ny the set E(2%p{'p5?)
contains elements of the form 2°mg, where

mo = 1(mod2) iff mg € O(20T1=¢p2 ps?).

Proof. Let x = 2°mg, where e € N, and my is
odd. Then x € E(2%{'p3?) gives us the following

chain of transformations: 2¢~1p(mg) = 29p{*py>
which implies that ¢(mg) = 2@+)=¢plip2 Con-
sequently we obtain mg € O (200D =¢pf1ps2).

On the other hand, if

O (2D =epirps2)
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be non-empty fore € N, (we won’ttakee = a+1
since O (p1 p5?) is empty set), then x = 2°mg €
E(2%p]'p5?). Hence the proof is completed.

Corollary 2.3. Let ¢® be a divisor of = €
@1 (2pYp5?), ¢ € P\{2,p1,p2}. Then § = 1.

Proof. The proof follows from the opposite as-
sumption that n = 2°¢°m € ¢~ 1(29p{" p3?), where
e € Wy, m = 1(mod2) and GCD (g, 2m) = 1.
Then, the initial number n = 24p 1t ps?
can be presented in form of the product
20piipy: = 20717 (g — 1) (m) . IfB—1€N
then desired contradiction is already reached.

Statement. If m € O(2°p}*p5’°) then m contains
no greater than ¢ number of odd prlme divisors.

Proof. Let m € O(2%p]'p5?). Then m is odd
and evidently m > 3. Hence any prime divisor of m
will be odd. Let the total number of such odd prime
divisors of m be r. In other words, r € N,,.

Let the total number of such odd prime divisors of
m be r. Then 2"|¢ (m) or equivalently 2"|2%p]" p5
In other words, r € N, or putting it simply number of
odd prime divisors of m is at most a.

Remark 4.1. Till October 2019 only
Fermat’s prime that have been discovered are
Fo, Fy1, Fo, 5, Fy. From Fj till F3o all composite.
Primality of F33, F3y4, F35 is still an open problem.
From F3g, some of the Fermat’s numbers have been
established as composite. See [, 8] 9], for latest up-
dates.

22 Letm = p1 q2, then p(m) =
produce

29p{* pg? will
1+1-51, as

29 e = (o - D@ —-1). ©)

Let e1, eo are natural numbers. Evidently, 51 €

20p a1+1 Blp 2
Ng,+1 and g2 = <72 + 1) € P. More-
over, if we assume

pP1 — 1= 261,
g — 1= 261 ’Y21 ')’22
where
e1,€9 € N
and
V21,722 € W
then
a=e;+ ey,
=+ 61— 1,
= 7Y22.
Once again, p; is a Fermat’s prime F,/, for some
2¢1 € N,_; and so ey = a — 2°'. Consequently

we can state.
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Theorem 43. m = pflq2 e 0(29p™p%)
provided

(1) A1 € Nay+1,

Q)p1 = Fe’l for 2?’ € N,_1 and this p; € P,

(3) g = 20727 Fz,lﬁl p p5* + 1 and such g2 €

2

P

(4) p1,qo satisfy equation 2° ‘flﬂfﬁ 'p3?

(p1 — 1)(g2 — 1) and p(m) = 2°p{" py*.

The set of such numbers m has size at most aj + 1.

If we consider the case ¢! (n) € E (n) and clas-
sify such values of ¢ (n) by a quantity of prime mul-
tipliers, grater then 3 in ¢ (n).

Now we consider the statement about number of
solutions of equation ¢ (n) = 2mp%ph.

Theorem 4.4, If

¢ (n) = 2™pSph, (6)

then maximal number of solutions n = 2 - 3pq sat-
isfying equation ¢ (pq) = 2mp‘fp’g equals to m(« +
1)(B + 1). The solutions have the following form:

p= 2m7m1p?1_51pgz—52 + 1 c P,

q= 2m1—1p51 B2 +1eP.

Proof. Since we search solutions for numbers of
the form n = 2% - 3pq. The process of Eulers function
computation is determined by the formula:

p (2"3pq) =2¢1 2 (p—1) (¢ - 1).
Implies that new non-zero power of 2 can contains
mp—1andqg— 1. Butinourcasek = 1. If we fix

that ¢ (n) = 2™p§ p2 , then structure of dividers of n
is the following:

m = mi + mg,
a=a;+az, =701+
this follows from equations below

2™ . p?qgv

p(n) =
m = mj + ma,
a=a1+a B=p1+ P,
— gmomipm—hipee=h g ¢ p
g=2""1plp +1e P,
n=2-3pq.

The number of solutions of ¢ (n) = Qmp‘f‘pg is de-
termined by number of partitions of m in 2 into terms
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from 0 to m, and there are such C}, . ; = m + 1, but
the present factor 3 takes 1 term in the power, since
©(3) = 2 of these two parts, so there are exactly m
possibilities for the number of partitions. The number
of partitions of the exponent abetween powers [25]] of
the factors p and ¢ into parts including the possibility
of an empty part is total, including a degenerate parti-
tion with an empty part. Entirely similarly, we obtain
the number of possible distributions of powers of the
number ps is equal to Cg +1- The exact number of so-
lutions is determined by the number of cases when the
following two following conditions pertaining to set
of prime of the numbers p and ¢ are satisfied.

p= Qm—m1p?1*51pngﬁ2 + 1 c P,
q= 2m1_1p?1p§2 +1eP.

Verifying of the condition ¢ (3pq) = 2mpf{‘p§ is pro-
viding with using of multiplicity of Euler’s function
¢ (pq) = ¢ (p) ¢ (¢). The proof is completed. Corol-
lary. In case of

n = 2pq,
if o(n) = 2mp?p§ , (1) then maximal number of
equation solutions ¢ (pg) = 2mp‘1"p§ equals to m(a+
1)(8 4 1). The solutions have the following form:

p(n) = 2™ pql,

a=a1+az, B=P1+ B,
p — 2m—m1p?1*61pg{2*62 + 1 c P,

m=mjy + my,

q= 2m1pflp§2 +1eP.

The proof follows from proof of previous Theorem.

Remark 4.2. Minimal number of primes grater
then 3 in solution of (1) is possible if one of multipli-
ers factorized on powers of 2 and second multiplier
that is pp — 1 = 2™2pf.

Proof. The special case arise, when po — 1 =
2™2p7. This condition give us the next solution:

p(n) =2"-p*,  m=mi+ma,

p=2"""pd g + 1€ P

q = p2,
po—1=2"p7; p1,pa€P.

Thenn = pgand ¢ (n) = 2mp?p§.

Secondly, it remains to consider the case m &
O (2°p1'p5*)-

We consider the case ¢! (n) € O (n)- odd num-
bers and classify such values of ¢ (n) by a quantity of
prime multipliers. grater then 3 in ¢ (n).
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Theorem 4.4. (About number of solutions of
equation ¢ (n) = Qmp%pg). If

¢ (n) = 2™pSpl

then maximal number of solutions n = pq satisfying
equation ¢ (pq) = 2mp§f‘p§ equals to (m + 1)(« +
1)(8+1). The solutions have in general case the fol-
lowing form:

p — 2m—m1p(111—51p862—62 + 1 c ]_-)7

q= 2m1pf1p§2 +1leP
But in this case m = m; = 0.

Proof. Since we search first of all solutions for the
numbers n used in RSA algorithm then it are numbers
of the form n = pq. The process of Eulers function
computation is determined by the general formula for
n=3pg: ¢(3pq) =2-(p—1)(¢—1). Implies that
new non-zero power of 2 can contains in p — 1 and
q — 1. If we fix that ¢ (n) = 2mpff‘p§, then structure
of dividers of n is the following: m = m1 +mo, o =
a1+as, B = B1+ P> this follows from the equations
below

o(n) = 2™ - piqd, m=my+ma,

a=a+ay B=p1+ 0,
p= 2m*m1p(111—51p¢212_,32 + 1 c P,
q= 2m1p’flp’§2 +1eP.
where n =pq, p, ¢ € P.

The number of solutions of ¢ (n) = Qmp‘fpg is de-
termined by number of partitions of m in 2 into terms
from 0 to m, and there are such C;L 41 =m+1,but
the present factor 3 takes 1 term in the power, since
©(3) = 2 of these two parts, so there are exactly m
possibilities for the number of partitions. The num-
ber of partitions of the exponent abetween powers of
the factors p and q into parts including the possibility
of an empty part is total, including a degenerate parti-
tion with an empty part. Entirely similarly, we obtain
the number of possible distributions of powers of the
number po is equal to C’é i1 The exact number of so-
lutions is determined by the number of cases when the

following two following conditions pertaining to set
of prime of the numbers p and q are satisfied.

p= 2m*m1*1p(13¢1—/31p32—/32 +1e P,

q= 2m1+1p’flp§2 +1leP
Let’s check the condition ¢ (pq) = Qmp?pg is carried
out taking into account the multiplicative property
of the Euler function ¢ (3pq) = ¢ (p)p(q¢) =

Volume 21, 2022



WSEAS TRANSACTIONS on MATHEMATICS
DOI: 10.37394/23206.2022.21.7

(2 . 2mfm1712p(111 _61p32—52)(2m1p§?1p§2) —
2mpff‘1+a2p§ 1182 Y eps notice, that p, g € P as well
as their exponents as 3 adds another factor of 2.

Proposition 4.1 If o (n) = 2mp§f‘pg , then maxi-
mal number of solutions of the form n = pq satisfy-
ing equation ¢ (pq) = 2mp‘1"p’§ equalsto (m+1)(a+
1)(8 + 1). Minimal number of primes grater then 2
in factorization of p — 1 and ¢ — 1 is possible if one
of multipliers is

p — 2m—m1p?1*51p32*52 + 1 c P

and second multiplier presents as po — 1 = 2™2p7.
Proof. The special case arise when py — 1 = 2"2p7
gives us the result.

o(n) =2"-pl", m=mq+ mo,

p= Zm_mlp?l_xpS‘Z_l +1¢eP,

p2 —1=2"p7; pi,p2 €P,
q = Dp2.

Then n = pg and ¢ (n) = 2mp?p§.

We now start to classify odd preimages.

Theorem 4.5. Let ¢° be a divisor of z €
¢~ (2°p1'p$?), ¢ € P\ {2,p1,p2}. Then 5 = 1.

Proof. Let a = 2e¢®m € ¢~'(2ap®p5*), where
e € W,,q is relatively prime to 2m and m is odd.
Then, 29p{'p3> = 2¢71¢° (g — 1)gp(m). If =1 €
N, then desired contradiction already arrived.

Theorem 4.6. If m € O(2%p$'p4?) then m con-
tains at most ¢ number of odd prime divisors.

Proof. Let m € O(2%p$1p5?). Then m is odd and
evidently > 3. Hence any prime divisor of m will be
odd. Let the total number of such odd prime divisors
of m be r. Then 2r|¢(m) i.e. 2r|2°p}'p5?. In other
words, 7 € N,.

We denote the total number of distinct prime fac-
tors of z € N by w(x).

Theorem 4.7. If m € O (2°p]*p5?) and w(m) =
1 then m is one of the form

1. ngH provided py =
2¢p* + 1 € P holds,

2. g¢3, where g3 = 2%"
29p1'p32 + 1 € P.

We are going to find out the explicit forms of z
when it is an odd element of the set ¢ ~12%p]' p5?. By
Theorem4.5. r € {1,2,...,a}, where r is a total num-
ber of odd prime divisor of z = m € O(2%7'p5?).
We discuss each case of 7 one by one.

47.1 If r = 1. In this case, m will be one of the
forms
(1 py", B1 €N,

P, B2 €N,

(2%p]* + 1) for case

p5? + 1 for case
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(3)¢5*, B3 € N, where g3 € P\{2, p1, p2}

4.7.1.2 Futhermore if m = p’f)l. Then
29p7'p3? = (p)") = pi*(p1 — 1) yields

a1+1—p1

2¢p] Py = (p1—1)

The number in left side is divisible by p3* but

the number in right side is not. Hence, this case is
rejected and so m # p;".

4713 1f m = p3', then

1 2 1_ 2

2% ppy T = (py — 1), ()
It is evident, as + 1 — 7 > 0. In other words,

B2 € Ny, 41. If B2 < ag + 1 then previous equation|7]

lead us to contradiction. So, 83 = a2 + 1 and hence

2°pi" = (p2 — 1) ®)
which implies that
(p2 =27 + 1), and 2°p]* +1€ P, (9)

if 22p¢! + 1 is prime indeed, only then it will be
taken under consideration as an eligible candidate in
the set =1 (27p$'ps?).

Furthermore, equation (9) states if po
1(mod3), p1 = 0(mod3) and therefore po
203% 4 1 and if 293% + 1 € P Thus, m = p§> ™
O (2p$*py?) provided (9) is satisfied equation.

4714 m = q?‘”’. According to Corollary 4.3
B3 = 1, therefore m = g¢3. By applying simi-
lar arguments as shown above, we shall get g3 =
(2%p]'p5? + 1) € P. Inorder words, if 2*p]* p5? + 1
be a prime, it will be an element of

m I

(2% p5?).

This completes the proof.

Example. Let I, < Fj, be two distinct Fermat’s
primes and we consider the set ¢! (2F,F}). Here
it is a routine work to show F, = 2F, + 1. So
F? € o7 (2F,F}). Also, 2F,F, + 1 = 0(mod 3).
Therefore, the cardinality of the set ¢ =1 (2F, [}) is 0.

5 The cardinality of pre-totients for
p(m).

We propose a exact formula for computing quantity
of the inverses of Euler’s function for any number of
form 2°,
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An old conjecture of Sierpinski asserts that for ev-
ery integer k > 2, there is a number m for which the
equation ¢(t) = m has exactly k solutions the num-
ber of solutions ¢ of ¢(t) = m, also called the mul-
tiplicity of m. In this section we find multiplicity for
numbers of form 2°.

Example. The set of preimages for 12 is
following: ¢~ 1(12) = {13,21,26,28,36,42}.
Also we have =1 (16) = {32,48,17,34,40,60},
o1 (18) = {19,27,38,54}. We remind, that the
number of a form 22" + 1, where n is not-negative
integer, is called Fermat number.

Also the recursive formula for Fermat numbers
[13, 15, 118 20] was used: F;, = Fy...F,,_1 + 2. Be-
sides Useful for the study of the number of prototypes
is Lucas’s Theorem: each prime divisor of the Fermat
number F},, where n > 1, has a form of k272 + 1.

Lemma. If 2 4 1 is prime, then m = 2".

Proof. We will prove by contradiction. Suppose
there exists a number of a form 2™ 4 1 which is
not prime and m is divisible by p # 2. Since p is
prime and it is not 2, it must be odd. Let m = pt,
so we can rewrite our number like this: 2" + 1 =
@)+ P = @+1) (@) -+ P,
Expressions in both brackets are grater than 1, but our
number is supposed to be prime. Contradiction.

We make of use Theorem about mutually primal-
ity of non-prime Fermat number [20]].

Theorem 5.1. Letn € N U {0}. If 22" + 1 is not
prime, then for any number of the form 22"ta where
a € N, a < 2", there exists exactly 2! natural num-
bers m such that ¢ (m) = 22", where t is amount of
prime Fermat numbers, which are less than 22" + 1.

Proof. Consider a set {p1, p2,...p} of all prime
Fermat numbers lesser than 22" + 1. Let ¢ (z) =
22"+a  According to Lemma 1, x = 2%¢1¢2...qu,
where ¢; are different prime Fermat numbers. Since
a < 2" then 22"t% < 22""' That means, that
g < 227" 41, because ¢ (z) = ¢ (2°q1q2...qw) =
22"+a < 22”‘*’1'

We also know that ¢; # 22" + 1, because 22" + 1
is not prime. This yields ¢; < 22" + 1. Other
words it can be written like this: {q1,¢2,...qv} C
{p1,p2,...p¢}. For each z we get, that {¢1, g2, ...q» }
is a subset of the set {p1, p2,...p:}. We shall prove,
that each subset of the set M; = {p1, p2, ...p; } deter-
mines such unique x as a unique product of this subset
of primes from M, that x with a corresponding mul-
tiplier 2°, s € N U {0} gives us = 2°¢ such that
© (33) = 92"+a

For this goal we
@ (p1-p2-..p) <2270

Since ¢ (p1 - p2 - ...pt) is Euler’s function of a
product of prime Fermat numbers, which lesser than
22" 4 1, it is not grater than value of Euler’s function

need to show, that
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of a product of all Fermat numbers, which lesser than
22" 4 1, which is equal to

¢ ((22° + 1) (22"’1 + 1)) .

That is true, as obvious inequality holds: ¢ (d) <
¢ (db). Ttis also known, that any two Fermat numbers
are coprime [20]], so

o ((220 + 1) (22"’1 + 1)) -

= <220 + 1) e <22n_1 + 1) .

As known, ¢ (y) <y — 1, therefore
o (22° + 1) " (22"’1 + 1) <

< (22°+1f1> (22"”#1*1) -
—90. .92 — 92"

It was used the formula of the sum of geometric pro-
gression, we have 20 + 21 + .. 42771 = 27 _ 1,

Therefore (22 +1-1) - .- (227 41-1) =
920421 . 42771 _ 921
Finally,

©(p1-p2-.pr) < 92" =1 < 92" +a

what was needed. That means, that Euler’s function
of the product of the elements of any subset of the
set {p1,pa,...p¢} is lesser than 22"+4  Let us take
an arbitrary subset of {p1, p2, ...p; }. Let the elements
of this set be {q1, ¢2, ...q» }. Consider the expression
o(qr-q2- .- qy) = 2% < 22"F9 This inequality
means, that we can choose such natural number s,
SO (2°-qr-qa-.-qy) = 2571 . 2w = 2%"Fa |p
other words, for given subset {q1, q2, ...q, }, we found
such number z, that ¢ (x) = 22"+ The last equality
means, that each subset defines unique x.

Therefore, each subset gives us the needed the
number x that is always determined by some sub-
set. In other words, the amount of needed numbers is
exactly the amount of different possible subsets. As
well-known fact, this amount is equal 2 for a set of ¢
elements.

Example. For a non-prime Fermat number 23241,
number of preimages for subsequent numbers of the
form 22"t q <32 -1, n < 4isequal to 232,

For generalizing of Theorem 5.1 it is convenient
to prove the following statement:

Theorem 5.2 Leta € Z, 0 < a < 27, then the
number of solutions of (x) = 22"+ is equal to the
number of sets {2", ..., 2}, such that: 1} < iy <

<1
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20U 420 442 <27 4 g,
22" +1,...,2%F + 1€ Fp,
where I, is a set of Ferma’s prime numbers.

I£ 22" +1 is not prime, then the number of specified
sets (including empty set) is equal to 2¢, where ¢ is a
number of Ferma’s prime numbers smaller then 22" +
1.

Proof. To construct the necessary preimage x over
the set of Ferma’s primes with the properties of this
Theorem ¢(x) = 22"+ we proceed as follows:

1) We choose a combination of this numbers. Let

us call it
(221"’ n 1)...(22”“*1 n 1).

2) Then we should find its total power of 2 that
is 2" 4+ 2% 4+ ... + 2" = g, this power be ob-
tained after calculating the Euler’s function from the

product ¢ ((2210 + 1) <22i’“ + 1)) and also satis-
fies the inequality

s =201 490 4 49k <"y g

We supplement the received power exponent s to
the necessary 2" + a by multiplying the product of

(2”“ i 1)...(22""“ i 1)

on 22"T=5_ Thus, the necessary preimage z is
constructed.

Property. For any number S of the form
PUpy? .. PR, p1 > 2, where pq, pa, ..., py are odd
prime numbers, the following equality holds: ¢(S) =
©(25).

Proof. Since 2 and p{"p5=...
prime, then

pR*, p1 > 2 are co-

@ (20715 pi*) = 0 (2) ¢ (P P5° .. pi*) =
= o (8 ).

Therefore these numbers has the same of Euler’s
function.

6 The lower bound for o1 (m).

We suggest a lower bound estimate for computing
quantity of the inverses of Euler’s function. Our ap-
proach can be further adapted for computing certain
functions of the inverses, such as their quantity, the
larger.

Definition 6.1 Let M), be a set of first £ consecu-
tive primes. We will say, that the number is decom-
posed over a set M}, if in its canonical decomposition
there are only numbers from M. Let x1, ... xn+2
be such numbers, that ¢ (z1) = ¢ (acQ) = ..
¢ (Tn42), and at ‘the same time all prime factors of
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the canonical decomposition belong to the set M,, =
{po, ..., Pn}, where py = 2 and p; are all consecutive
prime numbers. Let for any natural number n, we de-
fine Qn = (po— 1) (p1 — 1) ... (pn—1 — 1) (pn — 1),
where p; is i-th odd prime number, where ¢ € N and
po = 2.

Example: p1 = 3,p» = 5,p3 = 7T,
then Qs = (po— 1) (p1— 1) (p2— 1) (p3 — 1) =
(3—1)(5—1)(7—1)_48

So the first presentation of 48 over M3 has canon-
ical form (3 -5-7) = 2-22.2.3 = 48, and
rest 4 presentations of 48 over M3 are the following:
p(24-32) =23.3.2 =48,
0(5-9-22)=3.24 =48
0(7-5-2) =3-2% =48,

o(7-2%) = 3.2% = 48,
thus, we obtain 5 presentations for ().

Let M}, be a set of k consequent first prime num-
bers. The following statement about estimation of
pre-totients number is true.

Theorem 6.1 For each natural n € N there is a set
of such various natural numbers
T1,225 4y TnsTn+1,Tn+2, that

EN|

¢ (1) = ¢ (22) = ... = ¢ (Tnt2) = Qn,

where every number x; contains in its canonical de-
composition [20] only p; from M, (i.e. p; < p, if
i <n),and

Tn+2 = PoP1 --- Pn—1Pn

holds.

Proof. We prove it by the mathematical induction.

Base case: givenn = 1,then P = (p1 — 1) = 2
has at least three preimages. This statement is true,
because ¢ (3) = ¢ (4) = ¢ (6) = 2 = Q2. The base
case is proved.

Step case: if for n = k it holds, we will prove,
that for n = k£ + 1 it holds too. By the assumption
we have, that for natural number n were found such
various natural z1,z2, ...,Tg+1,Tkt2, that

p(r1) =@ (r2) = ... = @ (Thy1) =
= (Try2) = Qr = Q,
Bo, B1 B

where Qr = py’p1" ... pL",

Tp4+1 = P1P2---Pk—1Pk, Tk+2 = PoP1P2---Pk—1DPk-

Let us make induction transition. Prove, that for n =
k + 1 exist such various natural y1,y2,...,Yk+2, Yk+3,
for which holds:

o) =¢y)= ... =
= ¢ (Yrr2) = ¢ (Yrt3) = Qrr1, (10)
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each of which has a canonical decomposition over

My, U pg4q. Clear, that ¢ (pg1) has a canonical de-

composition into elements of M}, because of all pre-

vious primes are in My, and ¢ (prr1) < Prr1.
Therefore, it can be presented as

0 (Pri1) = Do) D}
Let’s construct new numbers
Y1,Y25 -+ 3 Yk+1,Yk+2,Yk+3 in such a way:

Y1= T1Pk+1, Y2= T2Pk+15 -+ Yk+1=

= Tk+1Pk+15 Yk+2= Tk+42Pk+1-

In this case, the value of the Euler function

is Qra1 pgopfl . .pf’“. Let us show, that all
Y1, - sYk+2, Yk+3 are different.

Since numbers 1,22, ...,TE+1,Tk+2 from (1) have
different canonical decompositions, so the decompo-
sitions of numbers y1,y2, ... ,Yk+1,Yk+2 over My are
different too, but they all have a new factor py 1, but
do not decompose over Mj. A last one yir3 also
decomposes over M), and does not contain a factor

Pi+1- But value Q11 = pgopfl . .pg” does not con-
tain py1 in the decomposition, so there is at least one
number ¥ 3 with decomposition over My, such, that
© (Yr+3) = Qi1 holds.

Since Qxr1 > @, then a new preimage
yk+3 does not coincide with any of the numbers
Y1,Y2, - Yk+1,Yk+2 Which give the value of Euler’s
function equal Q.

Moreover such yj3 can be not unique number
that can be constructed over My, such, that v (yx43) =
Qr+1- Consequently beyond y1,y2, ... ,Yk-+1,Yk-+25
which decomposed over M}, 1, we have at least one
new yx13, which can be decomposed over My in
product of primes. Thus Qi1 has at least k + 3 dif-
ferent preimages.

We propose method of constructing of such pre-
totients set.

Let po = 2,p1 = 3,p2 = 5,...,p, be consecu-
tive prime numbers, where n = k + 1. Note, that

@(pop1,---,pn) = (po — L)(p1 — 1)...(pn — 1).
Let us construct some new numbers zg, . .., Ty, for
which o(zg) = ¢(z1) = ... = ez, =
©(Po;p1s---spn) = (po — 1)(p1 — 1)o(pn — 1).
Namely, let
(po - 1) <y Pn,

po (P — 1)Pas -« -+ Py
Tn = PoP1, - - - s Pn—1(Pp—1 — 1).
Now we will prove, that ¢(popi...pk—1(pr —
Dpky1--pn) = (o — D — 1.(pn —
1) for every £ € {0,1,..,n}. Obviously,

po---Pk—1(px — 1) and pgiq...p, are coprime, so
p(xk) = o(Pop1--Pe—1(Pk — 1)) X @(Drt1 - - Pn) =
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©(pop1---Pe—1(Pk —1)) X (P41 —1)...(px — 1). That
is, we have to prove the equality ¢(pop1...px—1(Pk —
1)) = (po — 1)(p1 — 1).we(py — 1).

Let for induction step yi4+3 = Tpt2(Pr+1 — 1)-

Since only pop1, . . ., pr—1 are the prime numbers,
which are not more than (py — 1), we have py —
1 = apay,...,a_1 for some non-negative integer
a1y .oy 1.

By direct calculation

tain o(Pop1--Pr—1(pr  —

1 1 _1+1
eyt p )

(po—1)...(pr—1 — 1)péao+1)—1

= (po — D(p1 — 1)-.{pe—1 — D)pg
(po = )(p1 = 1)...(pk—1 — (P — 1)
Also we may subtract 1 from more than one pg, if
(pr — 1) has the decomposition into prime factors,
which does not contain some p;, (j < k). For exam-
ple, p(popip2p3) = (2 x 3 x 5 x 7) = 48. Except
(2—1)x3x5x7,2x(3—1)x5x7,2x3x(5—1)x7
and 2 x 3 x 5 x (7—1), we may take as preimage, for
example, 2 x (3—1)(5—1) x 7, because (3—1) =2
and (5 —1) = 22 Hence p(2 x 3 —1)(5b — 1)) =
(2—1)(3—1)(5— 1) by the same arguments, as for
bo, - - - 7pk:—1(pk2 - 1)pl€+17 <5 Pn- SO, Wwe may con-
struct at most 2" products of the form pgqy, . .., ¢n,
where g, = pg. Also (po—1)p1, ..., py fits for the re-
quirement ©(po— 1)p1,...,pn = (Po—1)...(pn — 1),
so we have at most 2" 4+ 1 numbers, which give us
the same meaning of ¢, as pg, ..., p,. Note, that it
is not necessarily the complete set of such numbers
x, for which p(z) = pop1,...,pn, but it is the set,
which may be obtained by the given by us scheme.

The case when a number of form f(m) is prime
we denote by (f(m)),. We denote Mersenne number
by M,,, where M,, = 2™ — 1.

Corollary. If M, < M, for m € N, then set
¢~ (2M,M,) contains an element M if and only
if b = a + 1. On the other hand, if 2M M, + 1 €
P then o~ (2M, M) C {{2M?,2(2M, My, + 1) p,
M2, (2M, My + 1) p};a+1=0b} U
U{{22M, My + 1), (2Mo My + 1) pliat 1 # b},

we ob-

1)) =

(ap—1+1)—1
k-1 -
Q-1

LoDy =

7 Possible questions for further

research.

For an introduction, interested reader can refer [10]]
for further study, from which we collect some of the

k
important properties of ¢(n). p(m) = 2¢ [] p}.
i_

8 Conclusion.

The analytic expression for exact multiplicity of in-
verses for m = 22" where a € N, a < 2" and
©(t) = m was obtained. As it turned out, it de-
pends on the number of prime numbers Fermat. The
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method of constructing of preimages set for obtained
by us lower bound was proposed by us. These results
can be applied not only to the cryptanalysis of cipher
RSA [24]] and in the coding theory [21]]. The author
is grateful to Volodya Karlovskyi for correcting re-
marks.
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