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Abstract: - Pipe flow problems deal with flows within tubes and are studied through Fluid Dynamics models.
When considering pipe flow problems, turbulence often needs to be taken into account. Unfortunately, turbulence
gives rise to difficulties in the computation of the approximated solution to such pipe flow problems, due to
ill-conditioning. We propose an original stabilisation strategy based on Tikhonov regularisation for ill-posed
problems. Some analytical insights on the applicability of this strategy are given, and its effectiveness is shown
by a numerical experiment where the results of the proposed method are compared with the ones of a well-known
solving strategy and an empirical solution for the axial velocity.
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1 Introduction
Pipe flows are internal fluid flows occurring inside
pipes. This is a relevant branch of Fluid Dynamics,
characterised by complex phenomena that sometimes
are even not fully understood both from analytical
and numerical point of view. Challenging pipe flow
problems from real world applications are usually
characterised by other difficulties, such as multiphase
flows, [1], [2], turbulent flows [3], [4], [5], flows with
cavitation [6], [7], [8], pulsatile flows, [9], [10], [11],
transient flows [12], [13], non-Newtonian flows [2],
[14]. These problems normally require numerical
procedures that are properly refined depending on
the characteristics of the problem itself. The interest
in pipe flows studies is due to their connection
to relevant real-life applications. For instance,
the transportation of goods or material through a
pipe is referred to as pipeline transport. Pipelines
are employed for crude and refined petroleum,
fuels (oil, natural gas and biofuels), liquid foods,
sewage and slurry. Pipelines are also useful
for the transport of drinking or irrigation water
over large distances. In district heating systems,
heated water or pressurised hot water or more
rarely steam are delivered into insulated pipes. An
important issue correlated to pipeline transportation
is the internal and external corrosion due to the
transported material, external agents and biofouling,
which lead to pipe damages and consequently
dangerous accidents or fatalities. Hence, the
interest in preventing and mitigating corrosion is
interdisciplinary and involves many fields such as
Fluid Dynamics, Chemistry and Biology, [15], [16],

[17], [18]. Another important application of pipe
flows is the study of the human cardiovascular
system. Such system is made of pipes with multiple
branches in which a complex non-Newtonian fluid,
i.e., the blood, circulates. The blood vessels are
living organs sensitive to blood cells, thus their
compliance impacts on the hemodynamic conditions
and vice-versa. For instance, normal arterial flow
is laminar, with secondary flows generated at curves
and branches, [9]. The study of blood flow
is challenging from a theoretical point of view,
because it involves pulsatile flows at the edge of
turbulence. Moreover, numerical simulations of
hemodynamics in the blood vessel can yield an
accurate understanding of this kind of flow, which
means the possibility to develop tools for early
prediction and diagnosis of hemodynamic diseases,
[2], [19], [20]. Another important application of
pipe flows is heat exchangers. They are widely used
in space heating and cooling, refrigeration, power
stations, chemical plants and oil refineries. Due
to the transition to a green and renewable energy
system in the last decades, increasing attention has
been paid to geothermal heat exchangers addressed
to heat and cool spaces. In particular, the fluid flow
into the single device and the relative heat exchange
with the surrounding ground have been studied both
numerically, [3], and experimentally, [21], [22], as
well as geothermal fields with several devices have
been investigated in terms of optimal performance in
the long term, [23], [24], [25].

Pipe flow problems arising from real-world
applications often deal with turbulence, which
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is hard to address both from a theoretical and a
computational point of view. A turbulent flow is still
fully described by the Navier-Stokes equations, but
their numerical solution requires high computational
costs that are usually concretely impractical. Thus
specific models are usually considered for the
approximation of such turbulent flows. The classical
computational models can be gathered into three
kinds: Statistical Turbulence Modellings (STM),
Large Eddy Simulations (LES), Direct Numerical
Simulations (DNS). The STM approach, [26],
makes the important phenomenological features
of turbulent flows accessible by describing only
the flow mean behaviour in such a way that
the energy effects are preserved. The resulting
system of equations is usually referred to as
Reynolds Averaged Navier-Stokes (RANS). The
LES approach, [26], fully solves the relevant
large turbulent scales whereas models the small
isotropic scales. Therefore, LES approach is usually
more accurate and of wider applicability, though
computationally more expensive than the RANS
approach. An interesting comparison between the
performance of RANS and LES turbulent models
is provided in [27], for flows through rough pipes.
Finally, the DNS approach, [28], [29], computes the
numerical solution of the Navier-Stokes equations
without the need for any additional turbulence model.
Thus it provides a complete analysis of the flow,
even if the corresponding approximation schemes are
usually computationally demanding when applied to
real-world problems.

The use of the DNS approach not only requires
the availability of high-performance computational
resources but often leads to difficulties in the
computation of the solution, because of instability
issues, [30], [31], [32]. Hence, stabilisation strategies
should be applied to the discretised problem. In
this paper, the DNS approach is applied to a pipe
flow problem arising from the efficiency analysis
of geothermal heat exchangers. In particular, the
unsteady Navier-Stokes equations for a viscous,
incompressible and Newtonian fluid are considered
and discretised in space by means of the Galerkin
finite element method and in time by an implicit finite
difference scheme, [3]. The resulting system shows
instability issues that cause an initial blow-up of the
solution and consequently, the direct computation
becomes unreliable. To overcome this difficulty, we
propose a stabilisation strategy based on the Tikhonov
regularisation. The Tikhonov regularisation usually
deals with ill-posed problems in the sense of
Hadamard, that is no solution exists, or at least one
solution exists but it is not unique, or the solution
exists and is unique, but does not continuously
depend on the data, namely the initial and boundary

conditions. This latter case corresponds to unstable
solutions, meaning that a small perturbation of
initial-boundary data gives rise to an arbitrarily large
perturbation of the solution at some point of the
domain at a finite distance from the boundaries.
This fact is of primary interest in the study of
ill-posed problems, [33]. The typical example
of an ill-posed problem is given by a Fredholm
integral equation of the first kind, where the compact
operator has singular values converging to zero.
Such ill-posedness has consequences in the numerical
treatment of the problem since classical discretisation
methods usually end up in ill-conditioned problems.
To overcome this instability issue, regularisation
methods are applied and a stable approximate solution
of ill-posed problems is obtained. The Tikhonov
regularisation is based on a simple stabilisation
scheme: given an equation for a compact linear
and injective operator A, the inverse of this
operator is substituted with (αI + A∗A)−1A∗,
where α > 0 is a proper parameter, I is the
identity operator and A∗ is the adjoint operator of
A. In this paper, a similar Tikhonov scheme is
used, with A equal to the Navier-Stokes operator.
The effectiveness of this strategy is numerically
proven by showing comparisons with a well-known
empirical turbulent profile and OpenFOAM results.
Finally, such a regularisation problem is part of
an applied scenario of broad interest. In fact,
it is driven by a clear applied aim which is the
optimisation of a single geothermal exchanger, which
in turn paves the way to the optimisation of a
geothermal field with several devices. Naturally,
the final goal of such optimisation processes is to
provide an efficiency study of a renewable energy
system with wide applicability. Nevertheless, the
applicability of such a technique is not limited to
the geothermal case but it has a direct impact on
all the real-world problems that can be formalised
as forced-convective problems for Newtonian fluids.
Moreover, the context of applicability can be
even greater with proper adjustments, including for
instance large-scale pipeline transport systems or the
cardiovascular system, where a non-Newtonian fluid
and the interaction between blood and tissue must be
considered.

The paper has the following structure. In
Section 2, the analytical formulation and the
considered numerical approximation of a pipe flow
problem are described. In Section 3, the stabilisation
strategy for an effective computation of the solution is
introduced. In Section 4, the numerical results of the
proposed solving strategy are shown and compared
with empirical results and results obtained with
different numerical techniques. Finally, in Section 5,
some conclusions and future developments are
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provided.

2 The Pipe Flow Problem
We describe the mathematical formulation of the fluid
flow problem in a pipe, which is given by the unsteady
Navier-Stokes equations for viscous, incompressible
and Newtonian fluids. The discretisation scheme is
obtained by the Galerkin finite element method, [34],
for the space variable, while temporal discretisation is
based on a finite difference method. In Section 2.1,
the mathematical model for the fluid flow is
described; in Section 2.2, the discretisation scheme
is derived and the resulting linear system is shown.

2.1 The Formulation of the Flow Problem
The mathematical formulation of the flow problem
through a three-dimensional region Ω is given in
detail, then is applied in case Ω is a pipe. Let
Ω ⊂ R3 be the bounded open set, that in the
following will be the mathematical representation of
the pipe. Let x = (x1, x2, x3)

T ∈ Ω be the
spatial variable, t ∈ [0, t̄] be the time variable
and t̄ > 0 be the time of the flow observation;
let u(x, t) = (u1(x, t), u2(x, t), u3(x, t))T ∈ R3

be the fluid velocity and P (x, t) the ratio between
the pressure and the density of the fluid (henceforth
we refer to it simply as the pressure of the fluid).
These functions are related through the well-known
Navier-Stokes equations:

∂u
∂t

(x, t)− 1

Re
∆u(x, t) + (u · ∇)u(x, t)+

+∇P (x, t) = 0, x ∈ Ω, 0 < t < t̄, (1)
∇ · u(x, t) = 0, x ∈ Ω, 0 < t < t̄, (2)

where ∇ denotes the gradient operator and ∆ the
laplacian operator, Re = ρUD/µ is the Reynolds
number, ρ, µ are the density and the viscosity,
respectively, of the carrier fluid which is supposed
incompressible, and U,D are the flow characteristic
velocity and the pipe diameter, respectively. In
particular, Eq. (1) derives from the momentum
balance and Eq. (2) is the continuity equation for
the mass balance, see, [34], [35], for a detailed
presentation of these equations.

For its solution, problem (1),(2) must be equipped
with suitable boundary and initial conditions. Indeed,
the pressure P (x, t) can be determined up to a
constant because it appears as a Lagrangian multiplier
associated to the divergence-free constraint (2), see,
[34], for details. When Ω is a pipe, let Γ be the
boundary of Ω, we assume it is divided into three
parts, as in Fig. 1: the inlet face Γin, where the fluid
enters the pipe, the outlet face Γout, where the fluid
exits, and the wall surface Γw, which is indeed the
pipe wall. More clearly, Γin,Γout and Γw have empty

Fig. 1:     The pipe with the relevant boundary
components. The picture is not scaled uniformly
along different directions.

two by two intersection and Γ = Γin ∪ Γout ∪ Γw,
moreover the closure of Ω is Ω̄ = Ω ∪ Γ. The
following conditions are considered:

u(x, t) = β(x), x ∈ Γin, 0 < t ≤ t̄, (3)
1

Re

∂u
∂n̂

(x, t)− P (x, t)n̂ = 0,

x ∈ Γout, 0 < t ≤ t̄, (4)
u(x, t) = 0, x ∈ Γw, 0 < t ≤ t̄, (5)
u(x, 0) = α(x), x ∈ Ω ∪ Γ, (6)

where 0 is the three-dimensional null vector, n̂ is the
outward unit normal with respect to the boundary Γ,
α is the initial velocity and satisfies the compatibility
condition on the boundary, β is the inlet velocity.
Equations (1)-(6) define the flow problem considered
in the following of this paper.

2.2 The Numerical Solution of the Flow
Problem

To solve the flow problem formalised in (1)-(6), it
is necessary to discretise it. Here we propose an
approximation scheme based on the Galerkin method
with a finite element basis. In particular, the domain
Ω̄ is discretised by a tetrahedral mesh. The set
V = {v1, v2, ..., vNN

} of the nodes of this mesh is
composed by the four vertices of each tetrahedron
and the six middle points of its edges. We denote
with H = {h1, h2, ..., hNH

} the set of the indices of
interior or outlet nodes, so vh ∈ Ω ∪ Γout, h ∈ H;
B = {b1, b2, ..., bNB

} the set of the indices of nodes in
Γin ∪ Γw; G = {g1, g2, ..., gNG

} the set of the indices
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of the vertices in Ω ∪ Γout; C = {c1, c2, ..., cNC
} the

set of the indices of the vertices in Γin ∪ Γw. We
note that NN = NH + NB and J = H ∪ B =
{1, 2, ..., NN} is the set of the indices of all nodes in
Ω̄; finally,K = G∪C is the set of the indices of all the
vertices in Ω̄ and its cardinality is NK = NG +NC .

The detailed procedure for the discretisation of
problem (1)-(6) is reported in Appendix A.

For later convenience, we write here the
discretised system (24),(25), obtained in Appendix A,
in a compact matrix form. In particular, given
Nt > 0,∆t = t̄/Nt, and tn = n∆t, n = 0, 1, ..., Nt,
then for n = 0, 1, . . . , Nt − 1

(
MH + SH +NH(tn)

)
uHi (tn+1)+

+ (LH
i )T P(tn+1) =

−
(
MB + SB +NB(tn)

)
uBi (tn+1)+

+M ui(tn), i = 1, 2, 3

LH
1 uH1 (tn+1) + LH

2 uH2 (tn+1)+

+ LH
3 uH3 (tn+1) =

−
(
LB
1 uB1 (tn+1) + LB

2 uB2 (tn+1)+

+ LB
3 uB3 (tn+1)

)
,

(7)

(8)

where all the matrices M,S,N(tn), Li, i = 1, 2, 3,
are defined in formulas (30)-(33) of Appendix A,
the unknown vectors at time tn+1, uHi (tn+1), i =
1, 2, 3,P(tn+1) are defined in formulas (26),(27),
respectively, the already computed vectors at time
tn ui(tn), i = 1, 2, 3, and the known vectors
on the boundary at time tn+1 uBi (tn+1), i =
1, 2, 3, occurring in the known terms are defined in
formulas (28),(29), respectively.

We denote by An the coefficient matrix of (7),(8),
that is

An =


QH

n 0 0 (LH
1 )T

0 QH
n 0 (LH

2 )T

0 0 QH
n (LH

3 )T

LH
1 LH

2 LH
3 0

 , (9)

whereQH
n =MH +SH +NH(tn). Then the system

to solve at each time step is

Anxn+1 = b, (10)

where

xn+1 =

uH1 (tn+1)
uH2 (tn+1)
uH3 (tn+1)
P(tn+1)


is the unknown vector and b is the known vector
made of the right-hand-side of system (7),(8).
System (10) represents the discretisation scheme of

problem (1)-(6), and its solution defines the numerical
approximation of the velocity field and the pressure
field. We observe that this system is based on
the linearisation (23), so the corresponding velocity
solution may be a rough approximation of the real
velocity field. A fixed-point iterative strategy usually
provides a satisfactory refinement of the solution at
each time step, consisting in a repeated solution of the
linear system until a stop criterium is satisfied. More
precisely, let xn+1,0 be the solution of

Anxn+1,0 = b.

This solution is used as initial guess of the
following recursive procedure: from xn+1,ν−1, ν =
1, 2, . . . , the matrix An+1,ν−1 is computed by using
uHi (tn+1,ν−1) in the construction of the matrix NH

(see Equation (32)), and xn+1,ν is computed as
solution of

An+1,ν−1xn+1,ν = b.

This procedure terminates when the stop criterion
∥xn+1,ν −xn+1,ν−1∥2 < ε is verified for a prescribed
tolerance ε > 0, where ∥ · ∥2 is the Euclidean
norm. However, the solution of this system is not
a trivial task, in fact, the corresponding coefficient
matrix is not positive-definite, not symmetric, it
has a high sparsity pattern and a zero block on
the main diagonal corresponding to Equation (8);
moreover, the system is ill-conditioned for high
Reynolds numbers. Therefore the computation of the
solution requires the usage of stabilisation techniques,
especially when turbulent flows are considered.

3 The Stabilisation Strategy
We propose to compute the solution of linear
systems (10) by using a stabilisation technique
based on the Tikhonov regularisation. This
is a regularisation method commonly used for
ill-posed problems in the sense of Hadamard. The
flow problem under consideration is based on the
Navier-Stokes operator, which has a quite different
nature with respect to problems for the compact
integral operators usually solved by the Tikhonov
regularisation. Nevertheless, turbulence strongly
influences the dynamic of the flow and creates
instability in the problem, as divergent solutions,
which can be seen as a kind of ill-posedness. In
fact, when turbulence increases, the Reynolds
number is high, so the second-order diffusive part
of Equation (1) is dominated by the first-order
advective part. It follows the difficulty in the
prescription of the boundary conditions when the
first order term dominates. Despite the relation
between turbulent flows and ill-posedness deserves
further investigations, in the limit Re→ ∞, hence in
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a very high turbulent state, problem (1)-(6) becomes
ill-posed because the given boundary conditions are
inappropriate and should be prescribed in accordance
to the nature of the resulting advective problem,
[36]. From a numerical point of view, turbulence
has an impact on the conditioning of the discretised
Navier-Stokes equations, in particular, problem (10)
is ill-conditioned when a fully turbulent state arises.

We illustrate the Tikhonov regularisation on
problem (1),(2) by means of the corresponding
discretised problem (10), where the flow problem
is already reduced to a finite-dimensional problem.
The modified Tikhonov functional that we propose as
stabilisation strategy for solving problem (10) is

∥Anx− b∥2 + ∥Λ1J1x∥2 + ∥Λ2J2x∥2, (11)

where Λ1J1 and/or Λ2J2 are non-singular and

J1 =

M
H 0 0 0
0 MH 0 0
0 0 MH 0
0 0 0 I

 , (12)

J2 =

S
H 0 0 0
0 SH 0 0
0 0 SH 0
0 0 0 0

 , (13)

Λ1 =

D
1
1 0 0 0
0 D2

1 0 0
0 0 D3

1 0
0 0 0 D4

1

 , (14)

Λ2 =

D
1
2 0 0 0
0 D2

2 0 0
0 0 D3

2 0
0 0 0 D4

2

 , (15)

with Di
1, D

i
2, i = 1, 2, 3, 4, diagonal matrices

containing the non-negative Tikhonov parameters and
I identity matrix of order NK . The functional in (11)
differs from the common Tikhonov functional, [33],
for the presence of two distinct Tikhonov matrices, J1
and J2, and consequently, for the presence of multiple
regularisation parameters that constitutes the diagonal
matrices Λ1 and Λ2. Such parameters differ varying
the diagonal block and so the velocity components
as well as pressure have an ad-hoc stabilisation.
From the Tikhonov regularisation theory, finding the
minimum of the Tikhonov functional is equivalent to
finding the solution of a proper regularisation scheme,
[33]. In particular, the following theorem holds.
Theorem 1. Let A be the matrix in (9) and let
Ji,Λi, i = 1, 2, matrices as in (12)-(15). Then
for each b ∈ RNH+NK there exists a unique x̄ ∈
RNH+NK such that

∥Ax̄− b∥2 + ∥Λ1J1x̄∥2 + ∥Λ2J2x̄∥2 =

= inf
x

(
∥Ax− b∥2 + ∥Λ1J1x∥2 + ∥Λ2J2x∥2

)
.

The minimum point x̄ is given by the unique solution
of equation(
ATA+ JT

1 (Λ1)
2 J1 + JT

2 (Λ2)
2 J2

)
x = ATb. (16)

Proof. See Appendix B.

We note that, for the proposed Tikhonov
regularisation, the regularised solution of (16)
converges to the original solution of Equation (10),
as the regularisation parameters in Λ1,Λ2 tend to
zero. Considering also that the regularisation is done
at each time step, this implies that the convergence of
the Galerkin numerical scheme remains unaffected.
The choice of the optimal regularisation parameters
in Λ1,Λ2 is a critical phase and in general it can be
made by the discrepancy principle, [33]. Here, we
consider an easier approach. Roughly speaking, they
must be chosen small enough to obtain only a slightly
perturbed solution of the normal equations of (10) and
sufficiently large to obtain a well-conditioned linear
system. In other words, both accuracy and stability of
the solution must be taken into account: the accuracy
is conveyed by small regularisation parameters, the
stability instead by large ones. The optimal choice is
the one that makes a compromise between accuracy
and stability, meaning that both the residual and
the regularised solution are minimised, as stated in
Theorem 1. As usual in regularisation strategies, the
parameters are selected by a trial-and-error procedure
or by using discrepancy principles, [37], [38], in
accordance with some a-priori information on data
error and on the solution xn. So, in this paper we
show that a proper choice of the parameters can
effectively stabilise the computation of turbulent
flows. Future works have to define efficient
strategies for choosing optimal parameters. Finally,
it is worth noting that linear system (16) has also
favourable computational properties. In fact, the
action of this matrix can be computed efficiently
by using the sparsity of the original coefficient
matrix (9). Besides, such coefficient matrix is also
positive-definite and symmetric thus the solution of
system (16) can take advantage of algebraic solvers
for symmetric positive-definite matrices.

4 Numerical Results
We show some results obtained by the proposed
method applied to turbulent pipe flows, considering
the real case of a geothermal exchanger. In
Section 4.1, details about the setup of the numerical
simulations are given. In Section 4.2, the results
of the proposed stabilisation strategy are shown
and compared with heuristic results on turbulent
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pipe flows and a solving strategy used by the
well-known Computational Fluid Dynamics software
OpenFOAM.

4.1 Numerical Framework
The domain Ω corresponds to a pipe with diameter
D = 0.032 m and length L = 0.314 m. The
corresponding discretised domain consists in 11761
tetrahedral elements and 2976 vertices, with mean
element side of 5.9 ·10−3. Over this mesh, we choose
the following two finite element bases ψj , j ∈ J,
and ϕk, k ∈ K, for the velocity u and the pressure
P , respectively: ψj is the unique quadratic function
on each tetrahedron such that ψj(vl) = δj,l for all
j, l ∈ J , where δ·,· is the Kronecker symbol; ϕk
is the unique linear function on each tetrahedron
such that ϕk(vl) = δk,l for all k, l ∈ K. Note that
these functions are continuous in Ω and continuously
differentiable in each tetrahedron, see, [39], for
a detailed description of these bases and their
construction. Moreover, this choice, consisting
in a basis for pressure having at least one degree
less than the one for the velocity, guarantees
the Ladyzhenskaya-Brezzi-Babuška condition,
which can be seen as a stability criterion for the
discretisation scheme, [39].

In problem (1)-(6), we suppose a null initial inner
fluid velocity, α(x) = 0. Instead, in the following
we simulate two cases, for which the inlet boundary
condition prescribes a constant and uniform fluid
velocity: in the first case β(x) = (0, 0, 1)T ; in the
second caseβ(x) = (0, 0, 5)T . In addition, the carrier
fluid is water and its characteristics are considered
at a reference temperature of about 300 K, [40]: the
density ρ = 9.9651 · 102 kg/m3 and the viscosity
µ = 8.5384 · 10−4 kg/m·s. Thus, the Reynolds
number for each considered case is: 1. 3.7 · 104, 2.
1.9 · 105.

Regarding the numerical parameters, we consider:
a time step ∆t = 10−3 and the number of time
steps Nt = 300. The solution of linear system (16)
is computed by Gaussian elimination with partial
pivoting, and tolerance of the fixed-point iterative
is ε = 10−5. In particular, the chosen Tikhonov
parameters for the first considered case, β(x) =
(0, 0, 1)T , are

(D1
1)

2
h,h = (D2

1)
2
h,h = 10−8,

(D3
1)

2
h,h = 10−10 exp

(
−∥vh − c∥2

0.003

)
+ 10−13,

(D4
1)

2
h,h = 10−13,

(Di
2)

2
h,h = 10−6, i = 1, 2, 3, 4,

for the second considered case, β(x) = (0, 0, 5)T , are

(D1
1)

2
h,h = (D2

1)
2
h,h = 10−7,

(D3
1)

2
h,h = 10−11 exp

(
−∥vh − c∥2

0.003

)
+ 10−12,

(D4
1)

2
h,h = 10−13,

(Di
2)

2
h,h = 10−7, i = 1, 2, 3, 4,

for h ∈ H , where c is the centre of the cross
section to which the node vh belongs. The rationale
behind this choice of the regularisation parameters
is the following. For the action on the mass matrix
MH , the non axial components of the velocity must
be regularised more severely with respect to the
axial component, in fact, on average the dominant
velocity component must be u3, even in turbulent
state; besides, the regularisation for u3 is greater on
the pipe axis and very small at the pipe boundary.
For the action on the diffusive matrix SH , the
regularisation parameters must be larger to prevent
the velocity gradient from blowing up. However,
a formal analysis for the optimal choice of the
regularisation parameters should be performed in a
further development.

The proposed solving strategy is compared with
another classical strategy that we briefly describe. In
particular, we consider the pipe flow problem (1)-(6)
endowed with the RANS equations as turbulence
model. This is a classical model to handle turbulence
belonging to the STM approach, [26], where the
instantaneous velocity field is decomposed into the
mean value and a fluctuating term. Then, the resulting
turbulent model is discretised by the collocated
cell-centred finite volume method, [36]. The solving
strategy relies on the PISO algorithm, [41]. This is
a segregated solver, meaning that the velocity and
pressure computation are decoupled. In more detail,
the main steps of this solving strategy can be summed
up as follows: the momentum equation is solved first,
then the mass fluxes at cells faces are computed and
the pressure equation is solved. Thus, the mass fluxes
are corrected and the new velocity field is calculated
by exploiting the computed pressure field. All these
steps are repeated as many times as prescribed by the
user.

Finally, we report an analytical expression for the
velocity profile in turbulent pipe flows that will be
used as reference for the numerical results. Such
empirical law is based on experimental observations
and describes the average profile of the axial velocity
along the radial direction on a cross section of
the pipe. It is the well-known one-seventh power
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law, [42]:

u(x) = umax

(
r − ∥x− c∥2

r

)1/7

, (17)

where r is the pipe radius, c is the pipe centre and umax
is the maximal velocity at the centre of the pipe. In
this case of study, umax = 8/7U , where U is the mean
velocity of the profile, calculated by the mean-value
Theorem, and it must coincide with the mean velocity
of the inlet profile along the z-direction. We remark
that the one-seventh power law fails to be accurate
at the centre of the pipe and in the viscous sublayer,
namely the very thin layer next to the wall where
viscous effects are dominant, but it describes quite
precisely the turbulent flow in the most portion of the
section.

4.2 Results and Discussion
We show the numerical results obtained by the
stabilisation strategy proposed in (16) compared with
the numerical results obtained by OpenFOAM, and
at the same time we compare both to the reference
profile given by the empirical law in (17).

Figure 2 reports the results for the case 1. at the
last time step and along a radius of a cross section
at half length of the pipe. In more detail, the blue
line with circular markers shows the numerical results
with the stabilisation strategy based on Tikhonov
regularisation and averaged over points at the same
distance from the centre; the red line with squared
markers shows the empirical profile in (17); the green
line with triangular markers shows the numerical
results obtained with OpenFOAM. The three velocity
profiles in Figure 2 are in great agreement near the
centre of the pipe; for a distance from the pipe wall
in the interval (0.004, 0.01), approximately, the green
profile is slightly better than the blue one with respect
to the empirical solution (red profile); whereas, near
the wall the blue profile tends to increase a bit faster
then the green one and it does not show a linear trend.
However, both the proposed stabilisation strategy and
OpenFOAM give very similar results that closely
follow the empirical profile except for the layer near
the pipe wall, where the velocity shows a quick boost.

Figure 3 reports the results for the case 2. at the
last time step and along a radius of a cross section
at half length of the pipe. The same correspondence
between colors and velocity profiles has been kept
as before. Near the pipe wall, the blue profile is
much nearer to the red empirical profile then the
green one, moreover, the blue profile shows an initial
boost of the velocity whereas the green profile has
a linear and not steep slope. Then, moving towards
the centre till the distance 0.012 from the wall, both

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

·10−2

0

0.5

1

distance from pipe wall

|u
3
|

Fig. 2:    Axial velocity profiles for the case 1.

at the last time step and along a radius of a
cross section at half length of the pipe, obtained
by: the stabilisation strategy based on Tikhonov
regularisation (blue line with circular markers), the
empirical one-seventh power law (red line with
squared markers), OpenFOAM (green line with
triangular markers).

the blue and green profiles follow quite closely the
red profile, except for a pick in the blue line. Near
the centre, the blue profile goes farther from the red
one. In general, the results from our stabilisation give
a behaviour that best resembles the empirical law,
and some picks appear due to the high turbulence;
while the results from OpenFOAM seems unaffected
by turbulence intensity, showing in fact the same
behaviour in  Fig. 2,  Fig. 3 and the trend  of the  axial
velocity near the wall is quite inaccurate.

5 Conclusions
The solution of the discretised Navier-Stokes problem
in the presence of turbulence is quite challenging,
especially when no turbulence models are exploited.
This is due to unfavourable characteristics of the
coefficient matrix and its oscillating eigenvalues for
high Reynolds numbers. In this paper, we proposed
a stabilisation strategy that is based on Tikhonov
regularisation. We showed that this strategy works
satisfactorily for a turbulent pipe flow problem in
the real case of a geothermal exchanger, with two
different flow velocities causing a high turbulent
regime. The effectiveness of this strategy has been
shown by a comparison with the solving strategy
used in OpenFOAM, for turbulent flows, by using
a reference velocity profile given by a commonly
accepted heuristic law. In this initial exploration
of the topic, we proposed numerical simulations
concerning a rectilinear geothermal exchanger, due
to data availability as well as the possibility to use a
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Fig. 3:     Axial velocity profiles for the case 2.

at the last time step and along a radius of a
cross section at half length of the pipe, obtained
by: the stabilisation strategy based on Tikhonov
regularisation (blue line with circular markers), the
empirical one-seventh power law (red line with
squared markers), OpenFOAM (green line with
triangular markers).

reference fully-developed velocity profile in turbulent
state. Of course, this strategy can be applied to
geothermal exchangers with a different geometry,
preserving a similar effectiveness, since it is free
from shape constraints. In addition, the scope of
this study goes beyond the heat exchanger problem,
because it could be applied to any real-world problem
described by the Navier-Stokes equations, and even
to hemodynamics in the cardiovascular system under
proper adjustments.

The proposal of using the Tikhonov regularisation
scheme for ill-posed problems as a stabilisation
technique for a turbulent pipe flow problem is
innovative. Thus, the relation between turbulence
and ill-posedness must be investigated in more
detail, and the effectiveness of the proposed method
must be extensively assessed both analytically
and numerically. Further developments of this
work should consider testing the strategies against
different mesh sizes, as well as devising a general
strategy for choosing the regularisation parameters,
by searching for a kind of normalization of the
Tikhonov parameters depending on the inlet velocity
and/or the mesh size. Finally, we would like
to investigate the correlation between our method
and artificial viscosity methods, [43], since in the
proposed stabilisation scheme the matrix Λ2 in (16)
could be seen as a kind of artificial viscosity.

A The Discretisation of the Flow
Problem

Let W = H1
0 (Ω) be the closure of C∞

0 (Ω), i.e.,
the space of infinitely differentiable functions having
compact support in Ω, with respect to the norm
in H1(Ω). Let Q = L2

0(Ω) be the space of
square integrable functions with null average, i.e.,
L2
0(Ω) =

{
q ∈ L2(Ω) :

∫
Ω q = 0

}
. Let ui ∈

H1
0 (Ω), i = 1, 2, 3, and P ∈ L2

0(Ω). We need
to define the finite-dimensional spaces correspondent
to these spaces, in order to apply the Galerkin
discretisation to the problem (1)-(6). Let h > 0
andWh,Qh finite-dimensional subspaces ofW ,Q of
dimension NN , NK , respectively. Furthermore, we
assume thatWh and Qh are compatible spaces, [34],
that is their functions satisfy the compatibility
(or Ladyzhenskaya-Babuška-Brezzi) condition. Let
ψj , j ∈ J , be a basis of Wh and ϕk, k ∈ K,
be a basis for Qh. In particular, ψj(vl) = δj,l
for all j, l ∈ J , and ϕk(vl) = δk,l for all k, l ∈
K, thus ψj has compact support in the tetrahedra
containing the node vj and ϕk has compact support
in the tetrahedra containing the vertex vk. For each
t ∈ [0, t̄], let ũ(·, t) = (ũ1(·, t), ũ2(·, t), ũ3(·, t))T ,
with ũi ∈Wh, i = 1, 2, 3, an approximation of u(x, t)
and p̃(·, t) ∈ Qh an approximation of P (·, t), having
the following forms:

ũi(x, t) = ũi,∂(x, t) +
∑
h∈H

uhi (t)ψh(x),

i = 1, 2, 3, (18)

ũi,∂(x, t) =
∑
b∈B

ubi(t)ψb(x), i = 1, 2, 3, (19)

p̃(x, t) =
∑
k∈K

P k(t)ϕk(x), (20)

where x ∈ Ω̄, 0 ≤ t ≤ t̄, ubi(t) = βi(vb) when
b ∈ B and vb ∈ Γin, ubi(t) = 0 when b ∈ B and
vb ∈ Γw, whereas uhi (t), h ∈ H , and P k(t), k ∈ K,
are unknown coefficients.

The semi-discrete Galerkin approximation of
problem (1),(2) reads:∫

Ω

(
∂ũ(·, t)
∂t

− 1

Re
∆ũ(·, t) + (ũ(·, t) · ∇)ũ(·, t)+

+∇p̃(·, t)
)
ψh dx = 0, h ∈ H, (21)∫

Ω
∇ · ũ(·, t) ϕk dx = 0, k ∈ K, (22)

where test functions ψh, h ∈ H , are used for
the momentum equations and ϕk, k ∈ K for the
continuity equation. To obtain the full discretised
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problem, Eq. (21) needs the discretisation of the time
derivative and the linearisation procedure. Let Nt >
0 and∆t = t̄/Nt be the time step, let tn = n∆t, n =
0, 1, ..., Nt. We apply the time advancing by the finite
difference method. In more detail, the n + 1 time
step, system (21),(22) is evaluated at t = tn+1 and
the time derivative is approximated with a backward
finite difference quotient, that is

∂ũ(·, tn+1)

∂t
≈ ũ(·, tn+1)− ũ(·, tn)

∆t
,

providing a procedure resembling the implicit Euler
scheme. The non linear term in Eq. (21) is linearised
by means of the classical technique for Oseen
problems:

(ũ(x, tn+1) · ∇) ũ(x, tn+1) ψh(x) ≈
(ũ(x, tn) · ∇) ũ(x, tn+1) ψh(x).

(23)

The resulting algebraic form of problem (21),(22)
is obtained by substituting formulas (18)-(20) in the
integral equations, then we apply the Green’s first
identity to the Laplacian term and the divergence
Theorem to the pressure gradient in Eq. (21). Hence,
from the property ψh(x) = ϕg(x) = 0, x ∈
Γ ∖ Γout, h ∈ H, g ∈ G, and the boundary
condition (4), a system of linear equations for the
unknowns uhi (tn+1), h ∈ H , and P k(tn+1), k ∈ K,
is obtained for each n = 0, 1, . . . , Nt − 1,∑

l∈H
(Mh,l + Sh,lNh,l(tn))u

l
i(tn+1)+

+
∑
k∈K

(
LT
i

)
h,k
P k(tn+1) =

−
∑
b∈B

(Mh,b + Sh,b +N(tn)h,b)u
b
i(tn+1)+

+
∑
j∈J

Mh,ju
j
i (tn), i = 1, 2, 3, (24)

3∑
i=1

∑
l∈H

(Li)k,l u
l
i(tn+1) =

−
3∑

i=1

∑
b∈B

(Li)k,b u
b
i(tn+1), (25)

where the unknown vectors are

uHi (tn) = (uh1

i (tn), ..., u
hNH

i (tn))
T , (26)

P(tn) = (P k1(tn), ..., P
kNK (tn))

T , (27)

while the known term gathers the contribution of
the previous time step and the Dirichlet boundary

conditions, and it is made of

ui(tn) = (uh1

i (tn), ..., u
hNH

i (tn),

ub1i (tn), ..., u
bNB

i (tn))
T , (28)

uBi (tn) = (ub1i (tn), ..., u
bNB

i (tn))
T . (29)

In addition, the followingmatrices are defined for h ∈
H, j ∈ J, k ∈ K,

Mh,j =
1

∆t

∫
Ω
ψhψj dx, M = (MH ,MB), (30)

Sh,j =
1

Re

∫
Ω
∇ψh · ∇ψj dx, S = (SH , SB), (31)

Nh,j(tn) =
∑
l∈J

3∑
s=1

uls(tn)

∫
Ω

∂ψj

∂xs
ψhψl dx,

N(tn) = (NH(tn), N
B(tn)), (32)

(Li)k,j = −
∫
Ω

∂ψj

∂xi
ϕk dx,

Li = (LH
i , L

B
i ), i = 1, 2, 3. (33)

We note that, at the right-hand side of
formulas (30)-(33) it is defined a column-partition
of the corresponding matrix with respect to the two
disjoint sets of indices H and B.

B Proof of Theorem 1

Proof. Adding and subtracting to each addendum of
the Tikhonov functional (11) the action of the relative
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matrix over the minimiser x̄, we obtain

∥Ax− b∥2 + ∥Λ1J1x∥2 + ∥Λ2J2x∥2

= ∥Ax− b±Ax̄∥2 + ∥Λ1J1x± Λ1J1x̄∥2

+ ∥Λ2J2x± Λ2J2x̄∥2

= (Ax̄+A(x− x̄)− b, Ax̄+A(x− x̄)− b)
+ (Λ1J1x̄+ Λ1J1(x− x̄),Λ1J1x̄+ Λ1J1(x− x̄))
+ (Λ2J2x̄+ Λ2J2(x− x̄),Λ2J2x̄+ Λ2J2(x− x̄))
= ∥Ax̄− b∥2 + ∥Λ1J1x̄∥2 + ∥Λ2J2x̄∥2

+ ∥A(x− x̄)∥2 + ∥Λ1J1(x− x̄)∥2 + ∥Λ2J2(x− x̄)∥2

+ (Ax̄− b, A(x− x̄)) + (A(x− x̄), Ax̄− b)
+ (Λ1J1x,Λ1J1(x− x̄)) + (Λ1J1(x− x̄),Λ1J1x)
+ (Λ2J2x,Λ2J2(x− x̄)) + (Λ2J2(x− x̄),Λ2J2x)
= ∥Ax̄− b∥2 + ∥Λ1J1x̄∥2 + ∥Λ2J2x̄∥2

+ ∥A(x− x̄)∥2 + ∥Λ1J1(x− x̄)∥2 + ∥Λ2J2(x− x̄)∥2

+ 2
(
x− x̄, ATAx̄−ATb

)
+ 2

(
x− x̄, JT

1 Λ
T
1 Λ1J1x̄

)
+ 2

(
x− x̄, JT

2 Λ
T
2 Λ2J2x̄

)
= ∥Ax̄− b∥2 + ∥Λ1J1x̄∥2 + ∥Λ2J2x̄∥2

+ ∥A(x− x̄)∥2 + ∥Λ1J1(x− x̄)∥2 + ∥Λ2J2(x− x̄)∥2

+ 2
(
x− x̄, ATAx̄+ JT

1 (Λ1)
2 J1x̄

+ JT
2 (Λ2)

2 J2x̄−ATb
)
,

where the inner product (·, ·) is in the real field. We
observe that equation (16) is condition necessary and
sufficient for x̄ to minimise the Tikhonov functional.
The existence of a unique solution of (16) is due to the
non-singularity of the coefficient matrix, which can
be easily shown to be a symmetric positive definite
matrix and so its minimum eigenvalue is greater than
zero.
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