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1 Introduction

Throughout this paper, we assume that the reader is
familiar with the fundamental results and the standard
notations of the Nevanlinna value distribution theory
of meromorphic functions [|1 1}, 15, 43].

Nevanlinna theory has appeared to be a powerful
tool in the field of complex differential equations. For
an introduction to the theory of differential equations
in the complex plane by using the Nevanlinna theory
see [25]. Active research in this field was started by
Wittich [A42, 43] and his students in the 1950’s and
1960’s. After their many authors have investigated
the complex differential equations

FOE) + A (2) fED(2) + -+ Ar(2) F(2)
+ Ao(2)f(2) =0,
(1
FOE) + AP @)+ + Al f(2)
2)
and achieved many valuable results when the coeffi-
cients Ag(2), ..., Ap_1(2), (k > 2) and F(2) in ()
and (B) are entire or meromorphic functions of finite
order or finite iterated p-order or (p, ¢)-th order or
(p,q)-p order; see ([5], [8], [14], [18], [23], [25],
(271, [28], [29], [37], [39], [A01, [#4]).

Chyzhykov and Semochko [9] showed that both
definitions of iterated p-order ([20], [23], [34], [33])
and the (p, ¢)-th order ([21]], [22]) have the disadvan-
tage that they do not cover arbitrary growth (see [9,
Example 1.4]). They used more general scale, called
the p-order (see [9], [36]) and the concept of p-order
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is used to study the growth of solutions of complex
differential equations in the whole complex plane and
in the unit disc which extend and improve many pre-
vious results see ([]l, 9, 36]). Extending this notion,
Long et al. [30] recently introduce the concepts of
[p, q] ,-order and [p, q] ,-type (see [BO]) and obtain
some interesting results which considerably extend
and improve some earlier results. For details one may
see [B0].

The concept of generalized order («, [3) of an en-
tire function was introduced by Sheremeta [38]. Sev-
eral authors made close investigations on the prop-
erties of entire functions related to generalized order
(o, 8) in some different direction [6, [7]. On the other
hand, Mulyava et al. [31] have used the concept of
(c, B)-order of an entire function in order to inves-
tigate the properties of solutions of a heterogeneous
differential equation of the second order and obtained
several remarkable results. For details about («, 3)-
order one may see [3 1}, 38].

Now, let L be a class of continuous non-negative
on (—o0, +00) function « such that o(z) = a(xg) >
0 for z < g and a(x) T +ooas xg < & — +oo0. We
say that « € Ly, if @ € L and a(a +b) < afa) +
a(b) + c forall a,b > Ry and fixed ¢ € (0, +00).
Further, we say that « € Lo, if « € L and a(z +
O(1)) = (1 + o(1))a(x) as x — +oc. Finally, a €
L3, if « € Land a(a +b) < a(a) + a(b) for all
a,b > Ry, i.e., a is subadditive. Clearly L3y C L.

Particularly, when a@ € L3, then one can easily
verify that a(mr) < ma(r), m > 2 is an integer. Up
to a normalization, subadditivity is implied by con-
cavity. Indeed, if a(r) is concave on [0, +0o0) and
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satisfies «(0) > 0, then for ¢ € [0, 1],
a(tr) =altr+ (1 —1t)-0) > ta(z) + (1 — t)a(0)
> ta(x):

b

so that by choosing ¢ = %7 ort = 25,

ala+b) = ala+b) +

a
a+b a+ba(a+b)

a b(a+b)>

—|—a<af_b(a~l—b)>

=afa) + a(db), a,b>0.

As a non-decreasing, subadditive and unbounded
function, a(r) satisfies

a(r) < a(r+ Rp) < a(r) + a(Ry)

for any Ry > 0. This yields that a(r) ~ a(r + Ryp)
asr — +oo.

Let a, 8 and ~y satisfy the following two condi-
tions : (i) Always « € L1, 8 € Ly and v € Ls; and
(ii) a(log? z) = o(B(log(x))). p > 2, a(logz) =
o(a(z)) and a™(kz) = o (o !(2)) (0 <k <1)as
T — +00.

Throughout this paper, we assume that «, 3 and ~y
always satisfy the above two conditions unless other-
wise specifically stated.

Recently, Heittokangas et al. [[19] have introduced
a new concept of y-order of entire and meromorphic
functions considering ¢ as subadditive function. For
details one may see [|19]. Extending this notion, re-
cently the author and Biswas [2] introduce the defini-
tion of the (v, 3, 7y)-order of a meromorphic function.

The main aim of this paper is to study the growth
and oscillation of solutions of higher order linear
differential equations using the concepts of lower
(a, B,7v)-order and lower (c,[3,7)-type. In fact,
some works relating to study the growth of solutions
of higher order linear differential equations using the
concepts of («, 3, y)-order have been explored in [2],
[3] and [4]. In this paper, we obtain some results
which improve and generalize some previous results
of the author and Biswas [4].

For z € [0,+00) and k& € N where N is the
set of all positive integers, define iterations of the
exponential and logarithmic functions as expl* 2 =
exp(exp* 1 z) and log*l 2 = log(logl*~ z) with
convention that log[o] r = x, log[_l]
expl” z = 2 and exp=! z = log .

r = expx,
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Definition 1.1. (/2]) The («, 8,~)-order denoted by
P(a,B,) [f] of @ meromorphic function f is defined by

a(logT (r, f))
B (logv (1))

and for an entire function f, we define

a(logT (r, f))

= lim sup
r—-+00

Pa,B,7) [f]

P(apy) [f] = lim sup

rstoo B (logy (1))
. a(logp] M(r, f))
= S log (1)

Similar to Definition [L.1], one can also define the
lower (a, 3, 7y)-order of a meromorphic function f in
the following way:

Definition 1.2. The lower («, [3,7)-order denoted by

I(a,8,7)Lf] of a meromorphic function f is defined by
a(logT'(r, f))
B(logvy(r))

for an entire function f, one can easily by Theorem

7.1 in [|l1] verify that

. a(logT (r, f))
F(a,8.y)[f] = lim mfm

r—-+00
a(log® M(r, )
B (logy (r))

Proposition 1.3. (/2]) If f is an entire function, then

a(log? T(r, f))

P(a(log),3y) Lf] = limsup

rotoo B (logy(r))
. oz(log[3] M(r, f))
= mSP (logy ()

and also by Theorem 7.1 in [\11], one can easily verify
that

P(a(log),8,7) Lf] =

order denoted by p(a(iog),8,) [ f]

where (a(log), B, 7)-
(a(l denoted by

and lower (a(log), 3, ~)-order
F(a(1og),8,7) Lf]

Now to compare the relative growth of two
meromorphic functions having same non zero finite
(a, B,7v)-order or non zero finite lower («,[3,7)-
order, one may introduce the definitions of («, 3, 7)-
type and lower («, 3, y)-type in the following man-
ner:
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Definition 1.4. (/4]) The («, 3,7)-type denoted by
T(a,3,) Lf] of @ meromorphic function f with 0 <

P(a,8y) L] < +oc is defined by

_ o exp(a (logT'(r, f)))
(.B7) [f]= 1;2145_2? (exp (8 (log (1))))P= ) (1

If f is an entire function with p(o,5.)[f] € (0, +00),
then the (o, 3, )-tvpe of [ is defined by

exp(a(log? M(r, f)))
(exp (B (log (r))))Per
Definition 1.5. The lower (a, 3,7)-type denoted by
T(a,p.) | f] of @ meromorphic function f with 0 <
H(a,8.7)f] < oo is defined by

o ewla(oeT ()
T(a,8,7) [f] e (exp (8 (log~y (T.))))Ma,ﬂw)[ﬂ

If f is an entire function with . g )| f] € (0, +00),
then the lower (o, B,7)-type of f is defined by

2]
r=+00 (exp (3 (logy (1)) (/]
In order to study the oscillation properties of solu-
tions of ([Il) and (f), we define the (cv, B, 7)-exponent

convergence of the zero-sequence of a meromorphic
function f in the following way:

Definition 1.6. (/2]) The («, 3, )-exponent conver-
gence of the zero-sequence denoted by \(o 5 )| f] of
a meromorphic function f is defined by

a(logn(r,1/f))
B(log~(r))

[f] = limsup

r—-+00

T(ev,B,7),M

I(a,ﬁ,y),M[f]

ANa,3,q) Lf] = limsup

r——+00
o a(logN(r,1/f))
= S g (r)

Analogously, the («, [3,v)-exponent convergence of

the distinct zero-sequence denoted by X, 5. [f] of f
is defined by

a(logn(r,1/f))

a8, [f] = limsup

rotoo  B(logy(r))
T a(log N(r,1/f))
P B log (1)
Accordingly, the values
Naliog) 5. f] = limsup o Oﬂg( - i?; ){ )
T a(logm N(r,1/f))
ST (log~(r))
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and

a(log® n(r, 1/f))

Aafiog) 5,7 f] = lim sup

rotoo  B(logy(r))
i @0 N 1/6)
= I D 5 log (1)

are respectively called as («(log), 3, )-exponent
convergence of the zero-sequence and («(log), 8, 7)-
exponent convergence of the distinct zero-sequence
of a meromorphic function f.

Similar to Definition [I.6, one can also define the
lower («, /3,7)-exponent convergence of the zero-
sequence of a meromorphic function f in the follow-
ing way:

Definition 1.7. The lower («, [3,7)-exponent conver-
gence of the zero-sequence denoted by ), 5 )[f] of
a meromorphic function f is defined by

a(logn(r,1/f))

Ateppf) = liminf= B(log~(r))
. a(logN(r,1/f))
= lﬁﬂ&f B(log~(r))

Analogously, the lower (., 3,7)-exponent conver-
gence of the distinct zero-sequence denoted by

Nagy)Lf] of [ is defined by

o\ .. ca(logn(r, 1/f))

Aasmlf] = Llinﬁof B(log~(r))
. a(logN(r,1/f))
= ?Lnﬁ&f B(log~(r))

Accordingly, the values

a(log® n(r,1/f))

A(a(log) 8.)[f] = lim inf B(log~(r))
L a(log? N(r,1/£))
= }}Eligf B(log(r))

and

B o ad 1/f

Malog) 8.7 ] :}}inﬁgf (Oﬁg(logg& )g :
L a(log? N(r,1/f))
= lrlinigf B(log~(r))

are respectively called as lower (a(log),f,7)-
exponent convergence of the zero-sequence and
lower (a(log),3,v)-exponent convergence of the
distinct zero-sequence of a meromorphic function f.
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Proposition 1.8. (/2]) Let f1(2), f2(z) be noncon-
stant meromorphic functions with pq(1og),5,7)f1] and

P(a(log),B,7)f2] as their (a (log) , B,~)-order. Then
(1) Platiog),8y)f1 T f2l < max{p(a(iog),8,) [ f1];
P(a(log),8,7) L f2] }5

(i) Pa(iog) g f2 -
Pla(iog) B, [[2]}5
(ii1) If p(a(iog),3.7) 1] # Pla(iog),8,7)[f2), then

P(a(log),B,7) [fl :l:fQ]
- max{p(a (log),8,7) [fl]

() If p(aiog),8.7) 1] # P(a

Plafiog) 8. [ f2 - f2]
= max{p(a(bg)vﬁﬂ) [fl]’ P(a(log),B,v) [f2]}

fo

< max{p(a(iog),5,7) /1]

P(a(log),B,7) [fQ]}

log),8,) .f2], then

By using the properties 7'(r, f) = T'(r, %) +0(1)
and T'(r,af) =T(r, f)+O(1),a € C\ {0}, one can
obtain the following result.

Proposition 1.9. (/4]) Let f be a non-constant mero-
morphic function. Then

(i) plog [ F) = Plapylf] (F Z0);

(it) p(a(log),ﬂ,'y)[ ] = P(a(log),B,7) [f] (f £ 0)

(iii) If a € C\{O} then p (a,8,7) [af] = P(a,B,7) [f] and
Tap OS] = Tapm 10 < pra,pplf] < +o0;
(iii) If a € C \ {O}, then P(a(log),B,7) [af] =
P(afiog) 8. [f] and Tiaog) s 1af] = T(a(iog),8.7) (/]
i1'0 < Plaiog) 8,y [f] < +o0.

Proposition 1.10. Let f, g be non-constant meromor-
phic functions with p(a(iog),8,7) [f] as (a(log), B,7)-

order and [i(q(10g),8,7) lg] as lower (a(log),s,7)-
order. Then

H(a(log),B,7) (f+g)

< max {p a(log),B,7) (f) 7M(a(log),ﬁ,7) (g)}

and
H(a(log),B,7) (fg)
< max {p (a(log),B,7) (f) » M (a(log),B,7) (g)} :

Furthermore, if 1
then we obtain

(a(log),,7) (9) > Plafiog),s,7) (f) 5

H(a(log),B,7) (fg)
H(a(log),B,7) (g) .

H(a(log),8.y) (f +9) =

Proof. Without loss of generality, we assume that

Plafiog) B.) (f) < +00 and pia(iog),p,) (9) < +00.
From the definition of the lower (« (log) , 3, )-order,
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there exists a sequence r,, — +oo (n — +00)
such that

Q (logm T (rp, g))
B (log~y (rn))

Then, for any given € > 0, there exists a positive in-
teger V1 such that

= H(a(log),8,) (9) -

n—+00

T(Tm g) < exp[Q]{a—l ((:U’(a(log),ﬂ,'y) (g) + 8)

x5 (log~y (rn))) }

holds for n > Nj. From the definition of the
(a (log) , B,~)—order, for any given € > 0, there ex-
ists a positive number R such that

' ((Pratog s (F) +¢)
x 3 (logvy (r)))}

holds for » > R. Since r,, — 400 (n — +00),
there exists a positive integer No such that r,, > R,
and thus

T(rn, f) < expP{a™?

T(r, f) < exp®{a”

((Ptagog),87) (F) +¢€)

x 3 (log7y (rn)))}
holds for n > N5. Note that

T(r,f+9) <T(r,f)+T(r,g) +In2

and
T(r,fg) <T(r,f)+T(rg).

Then, for any given ¢ > 0, we have for n >
max { N1, Na}

T (rn, f+9)

< expm {a_

<T(rp, f)+T(rn,g) +1n2

! ((p(oz(log),ﬁ;y) (f) =+ 5) /8 (10g7 (Tn»)}
+expP{a™ ((agon o) (9) +2)
xf (log~y (rn)))} + In2

< 3 exp[Q]{a ((max {p(a (log),5,7) (f)
Hatiog) 6.v) (9)} +€) B (logy (ra))) } 3)
and
T(Tnvfg) S T(’I"n,f) +T(T7lvg)
< 2exp{a" ((max {p(agog).s.) ()
M(a(log),,@,'y) (g)} + 5) B <1Og7 (rn))) } (4)

Since ¢ > 0 is arbitrary, then from (B) and (), we
easily obtain

H(allog),8,7) (f +9)

()
< max { p(a(iog) 5:7) () s H(atiog) 5.7) (9}
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and
H(a(log),B,7) (fg)
< max {p(a (log),B,7) (f) y B (a(log),B,7) (g)} .

Suppose now that H(a(log),5,7) (g) > P(a(log),B,v) (f) :
Considering that

T(r,g) =T, f+g—f)
<T(r,f+g)+T(rf)+In2

(6)

(7
and
T(r g)zT(r fg) <T(r fg)+T<7" 1)
) ) f f— ) ’f

=T(r,fg)+T(r,f)+0O(1). (8)
By (@), (B) and the same method as above we obtain
that

H(a(log),B,7) (g)
< maX{M (a(log),B,7) (f+g)7
= HK(a(log),B,7) (f+g)

Platiog) 3 (F)}

9
and
H(afiog) 8,7) (9)
<maX{M (log),B,Y) (fg) a(log),B,y) (f)}
a(log ),5,7) (fg>
(10)
By using (F) and (f]) we obtain H(a(log),8) (f +9)
aton o (9) and by @ and ({0, we get
H(a(log),B,7) (f ) H(a(log),B,7) (g) O

2 Main Results

Very recently the author and Biswas have investigated
the growth of solutions of equation ([l}) and established
the following two results.

Theorem 2.1. ([4]) Let Ao(z), Ai(z), ..., Ak—1(2)
be entire functions such that pgq)[A0] >
max{p( g [A;], j = 1,...k — 1}. Then every
solution f(z) # 0 of () satisfies p(a(iog),8,)[f] =
Pa,B,7) [AO]

Theorem 2.2. (/4]) Let Ayo(z), A1(2), ...,
entire functions. Assume that

Ak—l (Z) be

max{p(a,ﬂ,v) [Aj]vj = 17 ooy k — 1}

< Papy Aol = po < Ho0
and
max{7(a.8,),m[A45] : Pa,8,)[A5] = P(a,8,4)[A0] > 0}
< T(a,ﬂ,'y),M[AO} =TM-

Then every solution f(z

) # 0 of () satisfies
P(a(log),B,7) [f] = P(a,B,7) [AO}
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Theorems .1 and .2 concerned the growth prop-
erties of solutions of (I) when Ay is dominat-
ing the others coefficients by its («, 3, v)-order and
(a, B,7)-type. Thus, the natural question which
arises: If Ag is dominating coefficient with its lower
(o, B,)-order and lower («, /3, v)-type, what can we
say about the growth of solutions of ([ll)? The follow-
ing results give answer to this question.

Theorem 2.3. Let Ay (z),..., Ax_1(2) be entire
functions. Assume that max{p(q.g )[4, j =

1, k—1} < M(a,ﬁ,'y)[AO] < p(a’ﬁﬁ)[Ao] < +o0.
Then every solution f # 0 of () satisfies

z(a(log),ﬁ,’y) [f - g] = H(a,B,y) [AO] = H(a(log),B,7) [f]
< Plation). 5.1 ] = Plap)[A0] = Nagiog) 5.4 [F 9],
where g # 0 is an entire function satisfying
Pa(iog).5:m) 9] < H(a,.7)[Ao]-
Theorem 2.4. Let Ay(2), A1(2), ...,
tire functions. Assume that

Ap_1(z) be en-

max{p(a,gq)[Aj] :J =1,.... k = 1} < pua,p,4)[Ao]
< Plapy Aol = p < +00 (0 < p < +00)
and
71 = max{T(a,5.),Mm [Aj] : P(a,p.)[4;]
= H(a,8,7)[Ao] > 0}
< I(a,ﬁ,'y),M[AO] =T (0 <T< +oo) .

Then every solution f # 0 of () satisfies

z(a(log),ﬂ,’y) [f - g] = H(a,B,7) [AO] = H(a(log),B,7) [f]
< Pafiog) ) LT = Pla,gm Aol = Magog), ) =91,
where g # 0 is an entire function satisfying
Pafiog), 8. 19] < H(a,p,7) [Aol-

Theorem 2.5. Let Ay (z),..., Ag_1(2) be entire
functions. Assume that max{pg[A4;] : j =
Lok =1} < pa,gq) [Ao] < +oo and

k—1

> m(r, Aj)
lim su = <1
T*>+O£) m(rvAO) '

Then every solution f # 0 of (I) satisfies

Aatto)s) f = 91 = (a5 [A0] = H(aiog) 5. |f]
< Plagiog) B[] = Plas A0l = Magiog) s [F—9l;
where g # 0 is an entire function satisfying

p(a(log),ﬁ,’y) [g] < H(a,B,7v) [AO]
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Theorem 2.6. Let Ay (z),..., Ax_1(z) be entire
functions such that Ag (z) is transcendental. Assume
that max{p(a”&,y) [A]] sy = 1,k — 1} <
H(ap.3)[A0] = Pla,py[Ao] < +o0 and

k—1
Zjlm (r, Aj)

lim inf?

1 E
r——+00 m(TAo) < ,7"¢ ’

where E is a set of r of finite linear measure. Then
every solution f % 0 of () satisfies

Maiog) s — 91 = t(a,8.)[A0] = tia(iog),8,7)f]

= p(a(l(’g)aﬁa"/) [f] = p(a,ﬁq) [AO} = X(oz(log),ﬁn/) [f_g]a
where g # 0 is an entire function satisfying
Plaliog) 5.1)9] < H(ap.7 [Ao]-

Remark 2.7. Nevanlinna theory, originally part of
complex analysis, has broad applications in both ap-
plied science and advanced mathematical methods.
In signal processing and control theory, Nevanlinna
theory helps analyze system stability and signal be-
havior by determining how often critical values are
reached by a system. It is particularly useful in de-
signing robust filtering systems and feedback con-
trols, minimizing noise, and ensuring stability. In
mathematical physics, Nevanlinna theory aids in un-
derstanding the behavior of complex systems like
wave propagation, quantum mechanics, and electro-
magnetic fields. Nevanlinna theory also plays a cru-
cial role in algebraic geometry and Diophantine ap-
proximation, where it helps study the distribution of
rational points on algebraic varieties. Its connections
to the Mordell conjecture (Faltings’ theorem) show
its relevance in the intersection of complex analysis
with modern topology and algebraic methods. In both
applied sciences and advanced mathematics, Nevan-
linna theory provides a powerful tool for analyzing
value distributions and system dynamics, please see,

[10], [i12], [24], [26], [32], [B3].

3 Preliminary Lemmas

In this section we present some lemmas which will be
needed in the sequel. First, we denote the Lebesgue
linear measure of a set £ C [0,400) by m (E) =
Jdt, and the logarithmic measure of a set ' C

F
(1, +00) by my (F) = [4.
F
The following result due to Gundersen [[13] plays

an important role in the theory of complex differential
equations.

Lemma 3.1. (/l/3]) Let f be a transcendental mero-
morphic function, and let x > 1 be a given constant.
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Then there exist a set 1 C (1,00) with finite loga-
rithmic measure and a constant B > 0 that depends
only on x andi,j (0 < i < j < k), such that for all
z satisfying |z| = r ¢ [0, 1] U E4, we have

‘m‘ <B {T(X:f) (log* ) log T(xr, f) }H ‘

Lemma 3.2. Let f be a meromorphic function with
Iaog) 8y [f] = < +oc. Then there exists a
set By C (1,+00) with infinite logarithmic measure
such that for r € Ey C (1,400), we have for any
givene >0

T (r, f) < exp® {a ™ (u+e)B(logy(r))}.

Proof. The definition of lower (« (log), 5 ~v)-order
implies that there exists a sequence {rn} _, tending
to oo satisfying (1 + 1) r, < r,11 and

a(log? T(ry, f))
B(logy(ry))

Then for any given ¢ > 0, there exists an integer 7

such that for all n > nq,
((1n+3)Blogy () }-

T (n, f) < exp? {a‘l
[ Hrn,rn} Then for r € FEy C

lim

Tn—>00

= H(a(log),8,7) Lf]-

+00
Set By = U

n=ni

(1,+00),byusingy(2r) < 2y(r)and 5(r+0(1)) =
(14 0(1))B(r) as r — +o00, we obtain for any given
e>0

T(r T (rn, f

(( ) f (logry (W))}
“le3)

(e ((* 1) Ol
< expl® { 1( B (logy (2 )))}
<ep? {ot ((u+ ) (10g (27 () }

< exp

{
<o {a

= exp? {a™ ((n+3) B(log2 +1log7 (1)) }
=expl? fa ! ((n+ ) 1+ 0(1)) 8 (log (1)) }
< exp? {o! (s + ) B (log (1))}
and Im (E) = +f;o f at _ +f;olog(H%)Z
5. Thus, Lemma:ﬂiglpfoved. o 0

66 Volume 4, 2024



EQUATIONS
DOI: 10.37394/232021.2024.4.8

We can also prove the following result by using
similar reason as in the proof of Lemma B.2.

Lemma 3.3. Let f be an entire function with
P lf] = u < +4oc. Then there exists a set
Es C (1,4+00) with infinite logarithmic measure
such that for r € E3 C (1,4+00), we have for any
givene >0

M (r, f) < exp® {a™" ((u +¢) B (logy (1)) } -

The following lemma gives the relation between
the maximum term and the central index of an entire
function f.

Lemma 3.4. (/|l7], Theorems 1.9 and 1.10, or [20],

400
Satz 4.3 and 4.4) Let f (z) = > anz™ be an entire

Sfunction, i (1) be the maximumnt:e(l)’m of f, ie.,
w(r) ":n=0,1,2,..},
and v (r, f) = v¢(r) be the central index of f, i.e.,
v(r, f)
Then

(i)

= max {|ay| r

=max{m: pu(r) =|an|r"}.

r

t
log (1) = log |ag| + /Vft()dt,
0

here we assume that |ag| # 0.
(ii) Forr < R

M (r,f) < u(r) {yf(R) + Ri}.

Lemma 3.5. (/l16, 20, 41]) Let f be a transcendental
entire function. Then there exists a set By C (1,400)
with finite logarithmic measure such that for all z sat-
isfying |z| = r ¢ Eyand |f(2)| = M(r, f), we have

5@ (w N L ,
) —< . > (1+0(1)), (neN).

Here, we give the generalized logarithmic deriva-
tive estimates for meromorphic functions of finite

(a(log), 3,~)—order.

Lemma 3.6. (/4]) Let f be a meromorphic function
of order p(a(i0g),8.7)[f] = p < 400, k € N. Then, for
any given € > 0,

f(k)
(')

=0 (exp {a

((p+¢)B (logv (1)) }),

outside, possibly, an exceptional set E5 C [0,400) of
finite linear measure.
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Lemma 3.7. ([4]) Let Ao(2), A1(2), ..., Ax—1(z) be
entire functions. Then every nontrivial solution f of
() satisfies

Pa(log),6.7) L]

<max{pn g4 7 =0,1,.. . k—1}

Lemma 3.8. (/4]) Let f be an entire function with
p(a,ﬁ,'y)[f] = p € (07 +OO) and T(e,B,7),M [f] €
(0, +00). Then for any givenn < 7 g m|f], there
exists a set Eg C (1,+00) of infinite Zogarlthmzc
measure such that for all v € Eg, one has

exp { allog? M(r, f))} > n(exp {8 (log (r)})"-

Lemma 3.9. Let f5(2) be an entire function of lower
(a (log) B, ’7)-0?‘(161” with K(a(log),B,7) [f?] =pn>0
and let f1(z) be an entire function of (« (log) , 5,7)-
order with peg)sy)fil = p < +oo. If
Plation). 8. L] < agiog) 5,7 2], then we have

T (r, f1) =o(T

Proof. By definitions of (« (log),3,~)-order and
lower (« (log) , 3, y)-order, for any given ¢ with 0 <
2e < p — p and sufficiently large r, we have

(r, f2)) as r — —+o0.

T(r, f1) < expP {a™ " ((p+e) B <1ogv<r>>>§m
and
T(r, f2) > exp {a™" (1 — €) B (log~ (r))) } .
(12)

Now by ([L1}) and ([12)), we get

<

—exp{a~" ((n—e) B (logv (r

. exp {1 ( p+£
P Vexp{aT((n—

H(n—e)B

x exp {a”

:exp{

—1) exp {a " (4 —

(log~ (r

T(r, f1) _ expP {a™" ((p+¢) B (logy (r))}
T(r.f) ~ expl {a=t ((u—¢) B (logy (r)))}
= expfexp {a" ((p+¢) B (logy (1))}

)}
(log~y (1)) } 1

B (logvy (r)))}

)
GXP{Ofl ([%i (n—e)B (10g7(r)))}
exp{a~! ((n—¢)B(logy(r)))}

e) B (logvy (r))) }}-
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Set

expsa ! (2t ogy(r
y( p{at (£ (1) B logn )<>>)}1)

exp{a=t ((u—¢)B(logy(r)))}
x exp{a" ((n—¢)B(logy(r)))}

Then by putting (¢ —¢) 5 (log~y (1)) = =, % =
kE (0 <k < 1) and making use of the condition
a Hkz) = o(a(z)) (0<k<1)asz — +oo,
we get

rl}?ooy
L exp {a k:a:)} B
=, lim_ (p{au} - 1) o ()}
) exp {o (a‘l(az))} _
=, dm ( exp{a~l(z)} 1) oxp fo” (2]}

= lim (exp{(o(1)—

r—r+00
x exp {a ! (

this implies
lim expy = 0.

r—-+o0o

Therefore yielding

T
im (Tufl) =0,
T—>+ooT(T, 2)

thatis 7' (r, f1) = o(T (r, f2)) as r — +o0. O
Lemma 3.10. Let F'(z) #0, Aj(2) (j =0,...,k—1)

be meromorphic functions, and let f be a meromor-
phic solution of (B) satisfying

max{p(a(log),,@’,’y) [Aj]a P(a(log),B,v) [F] :
J=0,1,.;k = 1} < pagog),8m S

Then we have

X(a(log),ﬁ,’y) [f] = A(oz(log),,B,y) [f] = H(a(log),B,7) [f]

Proof. By (B), we get that

11 F) fk=1)
fF<f+Akl<z) 7 t
—i—Al(z)‘;/ + A0> . (13)

Now, by (2) it is easy to see that if f has a zero at
of order a (a > k), and if Ay, ..., Ax_1 are analytic at
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20, then F'(z) must have a zero at 2z of order a — k,
hence

1 1 1) | &
n (r, f> <kn <7°, f) +n <r, F) + > n(r, A;)

<

(14)
and
N (r 1> <kN <T 1>+N (T‘ 1>+k1N(r Aj)
Jf = 7f 7F g sy <41y ).
(15)

By the lemma on logarithmic derivative ([[15], p. 34)
and ([13), we have

1 1 k—1
n(r3) <m(ng)+ i
+O(logT(r. 1) + logr) (- ¢ E).
(16)

where E7 C [0, +00) is a set of r of finite linear mea-
sure. By ([13) and ([L6), we obtain that

T f) =T <7"7 Jle) +0(1) < kN <7", J{)

k—1
+T(r, F)+> _T(r, A;)+0(log(rT(r, f))) (r & Er).
=0

a7
Since max{p(a(iog),s.9) [As]: Plaiog) s [F] 1 J =
0,1,....k — 1} < (a(iog),8,v) L], then by Lemma B.9

T (r,F)=o(T (r, /), T (r, Aj) = o(T (r, f))
(j=0,...k —1)asr — +oo.
(18)

Since f is transcendental, then we have
O(log(rT'(r, f))) = o(T(r, f)) asr — +oo. (19)

Therefore, by substituting ([1§) and ([19) into ([17), for
all |z| = r ¢ Er, we get that

T(r,f) <O <N <7«, })) .

Hence from above we have
I(atog),8.) L] < Naiog) g ]

Since X( (log),B,7) [f] < A(a(log),ﬁ,’y) [f] <

H(a(log),B,7) [f] then

[>-1

= H(a(log),8,) Lf]-
Il

(a(iog),8:1 T = Aa(tog),8,7) [f]
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Lemma 3.11. (/3]) Let F(z) # 0, Aj(z)
(y = 0,...k — 1) be entire functtons
Also let [ be a solution of (B) satisfying

max{p(a(iog),8.7) [As]s Platog) s [F] = J =
0,1,....k — 1} < praiog),s,)Lf]- Then we have

P(aiog) 87 f]-

Lemma 3.12. Let f be a transcendental entire func-
tion. Then p(a(iog) 5.7 f] = P(ation) 3. [f ], k € N
Proof. By Lemma 4.4 in ([3]), we have p(q(iog),8,9) Lf]

P(a(iog),8,)Lf'], s0 by using mathematical induc-
tion, we easily obtain the result. O

Mafiog),57 T = Magog) 1 ] =

Lemma 3.13. (/B]) Let f be a meromorphic function.
pr(oz,,B;y) [f] = p < +00, then P(a(log),B,7) [f] =0.

Lemma 3.14. ([I7]) Let Aj(z) (j = 0,....,k — 1)
be entire coefficients in (W), and at least one of
them is transcendental. If As(z) (0<s<k—1)
is the first one (according to the sequence of

Ao(2), ..., Ag—1(2)) satisfying
k—1

2

fj:erl
m (1, As)
where Eg is a set of r of finite linear measure. Then

() possesses at most s linearly independent entire so-
lutions satisfying

m(r, Aj)

lim in
r—-+00

<1,7’¢E8,

) logT (r, f)
lim sup—————+~
o rer m (r, Ay)

4 Proof of the Main Results

Proof of Theorem R2.3. Suppose that f 0) is
a solution of equation (). By Theorem .1, we
know that every solution f (# 0) of ([ll) satisfies

Patiog) B f] = Pla,p)[A0]. So, we only need
to prove that every solution f (% 0) of ([ll) satisfies

atiog),8,9)f] = t(a,8,7)[Ao]. First, we prove that
1= fa(og) 8y LT 2 H(a,p.7)[A0] = po. SUPpose

=0, r ¢ FEg.

the contrary. Set max{p(,3-)[4;] : j = Lk —
L, taog), 8 1} = P < B(a,p7) A0 ] = uo. " From
(l1}), we can write
(k) (k—
[ Ao (2 ‘f + [Ag-1 (2)] 'f' NI
(20)
/
@) |5,

For any given (0 < 2¢ < pug — p) and for suffi-
ciently large r, we have

|40 (2)] > exp® {a™" (1o — £) B (log 7 (r))) }

21
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and
14, (2)] < expl {a™t ((p+ 5 ) B(1ogy (1) }
je{1,2,.,k—1}.

22)

By Lemma B.1, there exist a constant B > 0 and a
set B1 C (1, 400) having finite logarithmic measure
such that for all z satisfying |z| = r ¢ [0,1] U Ej, we
have

f” <BITEA A (=12, k).

(23)
It follows by Lemma B.2 and (23)), that for sufficiently
large |z| = r € Eo\ (E1 U0,1])

f(j)(z)
f(2)

< B[T(2r, )

=B [eXp[Q] {071 ((Mr + %) B (log~y (r))) }]kH
(G=1,2,...k),

(24)
where FE5 is a set of infinite logarithmic measure.
Hence, by substituting (R1))-(24) into (20), for the
abovee (0 < 2 < pg — p), we obtain for sufficiently
large |z| = r € Ex\ (E1 U0,1])

e) B (log (r)))}

((p+35)BG10g7()))}
x [T(2r, )]
< Bk expm {oz_l ((p + %) B (logvy (7")))}

< [exp® {a (1 + ) 810z (o) )]

<exp {a ((p+2) Blogy (1)} . (25)

Since E»\ (Eq U [0, 1]) is a set of infinite logarithmic
measure, then there exists a sequence of points |z, | =
rn, € Eo\ (E1 U0, 1]) tending to +oc. It follows by
(23) that

exp {a~ (0 —

< Bk expm {ofl

exp {a™! (1o — €) B (log7 (rn))) }
2] _1 (26)
<exp? {a™" ((p+¢) B (log7y (rn))) }
holds for all z, satisfying |z,] = r, €

Eb\ (E1U[0,1]) as |z,| — +00. By arbitrariness of
€ > 0 and the monotony of the function o™, from
(2d) we obtain that p > Ia,B,4)[A0] = po. This

contradiction proves the inequality fi(q(10g),3,7)[f] =
H(a,B,7) [AO]
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Now, we prove /i (a(iog),5,7) /] < H(a,8,7)[A0] = #o-
By (|l (I) we have

‘ f®

Fle=1)

<|Ap-1( !'

27

/

141 (2)| fc 140 (2)l.

By Lemma B.3, there exists a set £ C (1,400) of
finite logarithmic measure such that the estimation

fO%) ()Y .
&) _ () (1 o) (= 1k
DO

holds for all z satisfying |z| = Ey,r — +o00 and
|f (2)] = M (r, f). By Lemma.3, for any givene >
0, there exists a set E3 C (1,400) that has infinite
logarithmic measure, such that

40 ()] < exp {a™ (1o + 5) B (logy () ) }
(29)

and for sufficiently large r

14; ()] < exp {a™ ((p+ 5 ) B1ogy () |

el {a= ((no+3) Blogr (D)} 5
G=1,.,k—1).
Substituting (28), (29) and (B0) into (27), we obtain
vy (r) < ket 1+ o (1) exp {a" (o + 5
x5 (log 7 (r)) ) }
<exp® {a™! ((no+2) B(logy(r))} (3D

for all z satlsfymg |z| = r € Es\E4, r — +o00 and
|f (2)| = M (r, f) . By Lemma B.4, from (B1}) we ob-
tain for each e > 0

T (r, f) <log M (r, f) <log[u(r) (v (2r) + 2)]

=log Ual/f(”} rl/,f(T) (yf (27“) + 2)}

< vy (r)logr+log(2vs (2r)) + log ‘ayf r)’

<expl {a™" ((no + ) B (log7 (1))} logr
+ log (2 exp[Z] {Oz_1 ((o +¢) B (logy (27")))})
+ log|ay, (v

<exp® {a™ (1o +2¢) B (log7y ()} + log?2
+exp{a~! ((no+¢) B (logvy(2r)))}
+log |ay, ()|

<exp® {a™! ((po + 3¢) B (logy (r))) } -
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Hence,
a(log” T(r, f))
< .
B(logy (r)) — o + 3¢
It follows
logl?l T
I(a(log),8,y)[f] = liminf o(log 7 T(r, f)) < po+3e.

AT B (log ()

Since ¢ > 0 is arbitrary, then we obtain
Iaog),8y)f] < po. Hence every solution
f # 0 of equation ([|) satisfies a8,y [A0] =
H(a(log),8,7) [f] < Pa (log),ﬁ,w)lf] P(a,By7) [AO]

Secondly, we prove that A o) )/ — 9] =

(a(log),3,7) Lf] and

Aaog),8:) L = 9] = Patiog) g Lf]-
Set h = f — g. Since

= H(a(log),8,y) f]
< p(a(log),ﬁ,’y) [f]a

it follows from Proposition and Proposition
that p(a(iog),8,7) (M = Plattog).s) ] = Pla,s.)[Ad]
and /(a(10g),6.) [P = M(a(oe),8.7) [f] = H(a,8.4) [Ad]-
By substituting f = g+ h, f' =g +H,...,f®) =
g™ + h¥) into ([Il), we obtain

Paliog),8,7) [9] < H(a,p,7)[Aod]

%) A 1 (2)hEY o Ag(2)h
=— (g™ + Ap_1(2)g* Y + -+ Ao(2)g).

If o) + Ap_1(2)g*= + - 4 Ag(2)g = G =0,

then by the first part of the proof of Theorem 2.3 we

have p(a(iog),3,7)19] = f4(a,8,7)[Ao] Which contradicts

the assumption pq(10g),8,1)[9] < #( [Ap]. Hence

G % 0. By Proposition |L.§, Lemmaﬁ and Lemma
, we get

(32)

P(a(log).p,7) [G]
<max{p(a(iog),3,7) 9] »
G=0,1,...k—1)}

= Plafiog).B) 9] < H(ap7)[A0] =
= Haog) 5. 1] < Platiog) 5.7) [P
= P(a,p,y)[Ao]-

Then, it follows from Lemma B.10, Lemma
and (B2) that A(a(og),5,) [N = Maog).s) (] =
Plaliog),37) (1) = Pla(iog),5.7)[f] and

P(a(log),B,v) (AJ)

H(a(log),5,7) [f]
= Paiog) 8 ]

z(Ot(log),b’ﬁ) [h] = A(f)é(log)wé’,w) [h] = H(a(log),B,7) []

= H(a(log),8,) Lf]-
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Therefore, z(a(log),ﬂ,’y) [f — 9] = K(a(iog),8,7) | f] and

P(a(log),B8,7)Lf]

which completes the proof of Theorem P.3.

Proof of Theorem 2.4. Suppose that f (# 0) is
a solution of equation ([l). Then by Theorem

we obtain pa(iog),8,9) [f] = P(a,8,y)[A0]. Now, we
prove that ji1 = fi(a(iog),8,) ] = H(a,8y)[A0] =
po- Suppose the contrary p1 = fi(a(iog),8,7)[f] <
H(a,B,7) [Ag] = po. Weset b = max{p(aﬁﬂ)[Aj
PsmAil < apylA} I papylds] <
4 (a,8,)[Ao], then for any given € with 0 < 3¢ <
min {py — b, 7 — 71} and for sufficiently large r, we
have

|4; (2)] < exp2] {a

Magiog),8,y) Lf — 9 =

((b+¢) B (logv(r))}

< exP[2] {a—l ((,U/(a,,B,W) [Ag] — 25) B (log~y (7’))()3}3.)
If pa,p.)A5] = 10,87 [A0ls T(a,p7).0 [4j] <71 <
T(a,8.), M[Ao] = 7, then for sufficiently large r, we
have
|45 (2)] < expP {a™" (log (1 +¢)
x (exp {5 (logy (r))})"))}
(34)
and
| Ao (2)] > exp {a~! (log (1 — ¢)
X (exp{f (log~ (r))})"))} .
35)

By Lemma .1 and Lemma B.2, for any given ¢ with

0 < & < pp — w1 and sufficiently large |z| = r €
EQ\ (El U [0, 1])
()
LS| < miren
< B [exp? o ((um +2) B logr ()]
(j=1,2,..,k),
(36)

where Fs is a set of infinite logarithmic measure.
Hence, by substituting (3)-(B6) into (20), for the

b 1
aboveaw1th0<6<m1n{“°3 ,=n T,,u,o—ul}
we obtain for sufficiently large |z| = r €

B>\ (E1U[0,1])
(log (( — €) (exp {8 (log~ (r))})"*)) }
< Bkexp? {a™! (log ((11 +¢)

x (exp{B (logy (r))})** )} [T(2r, /)"

exp? {a~!
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< Bkexp®? {a™! (log (11 +¢)
x (exp {B (log7 (r))})"))}

X [exP[Q] {ofl (11 +¢) B (log~y (r)))}} e
< exp? {a~! (log (11 + 2¢)
x (exp {S (log (r))})"))}.
(37)

Since E5\ (E1 U [0, 1]) is a set of infinite logarithmic
measure, then there exists a sequence of points |z, | =
rn € Eo\ (E1 U0, 1]) tending to +o0. It follows by
(37) that

(log (7 — ) (exp {8 (logy (rn)) })")) }

(log ((11 + 2¢)
x (exp {8 (log7 () 1))}

holds for all z, satisfying |z,] = r, €
Eb\ (Eq U 0,1]) as |z,| — +o00. By arbitrariness of
€ > 0 and the monotonicity of the function o', we
obtain that 71 > 7. This contradiction proves the in-
equality fi(a(iog),8.7)Lf] = H(a,8.4)[Ao]-

Now, we Prove fi(u(iog),5,7) [f] < H(a,8,7)[Ao]- By us-
ing similar arguments as in the proofs of Theorem

we obtain 1 (q(10g),8,7) [f] < f(a,5,7)[A0]. Hence, ev-
ery solution f # 0 o equatlon (ily satisfies

exp {a

< exp? {a!

H(a(log),B,7) [f] < P(a(log),B,7) [f]
= Pla,sm Ao

H(a,B,7v) [AO] =

The second part of the proof of Theorem P.3 com-
pletes the proof of Theorem P.4.

Proof of Theorem 2.5. Suppose that f (% 0)
is a solution of equation (). We divide the proof
into two parts: (i) P(a(log),8,7) [f] = P(a,B,7) [AO] (i1)

Heation)p:m F] = Hia,p.m Aol
(i) First, we prove that p1 = p(a(ieg),8,v) (/]
P(a,3,)A0] = po. Suppose the contrary p;

Platiog), s [f] < PlapylAo] = po. From (), we
can write

v

(k) (k=1)
Ag(z):—<ff+Ak_1(z)ff + -
+A41 (2) ?) (38)

By Lemma .4 and (B§), we have

k ()
m(r, Aj) + Zm <1", f;) +logk
j=1

E

1
m (r, Ag) <
1

[
Il
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<S4+ 0 (ep ot (o +3)
j=1
x5 (logy (r))) })

holds possibly outside of an exceptional set F5 C
(0, +00) with finite linear measure. Suppose that

(39)

Zm(rA)
=1

lim sup

—  —0o < k<L
r—+00 m(raAO)

Then for sufficiently large r, we have

k—1
Zm (r,Aj) < km(r, Ag) . (40)
j=1

By (B9) and (B0), we have
(1 —k)m (r,Ag)

<0 (exp{a™ ((p1+3) Bllogy () }).
r ¢ Es.

It follows that
T (r, Ag) = m (r, Ao)

<exp{a~' ((p1+¢)B(logy(r)}, r & Es.
(41)
Hence
a (log T (r, Ao))

B (logy (r))

<p1+e

and

a (logT (r, Ag))
PlaBy)[Ao] = 13?02 3 (log ()

Since ¢ > 0 is arbitrary, then we obtain
P(a,8,y)[A0] < p1. This contradiction proves the in-

equality p(q(iog),8:0[f] = P(a,8,7)[A0]. On the other
hand, by Lemma .7, we have

<p1+e

Plattog) 8.7 ]
< max{p(aﬁﬂ)[Aj] ] = 0, 1,
P(a,8,) [Ao]-

k—1}  (42)

Hence every solution f # 0 of equation ([l]) satisfies

Plaliog) 5| S] = Pla.p.y) Aol
(i1) By using similar arguments as in the proofs

of Theorem R.3, we obtain Iagog) s f] =

H(a,B,7) . Hence, every solution f # 0 of equa-
tion ({1 (i) satlsﬁes

< P(a(log) By L]
= P(a,8,7) [Aal-

I(a,3,7) [Ao] = Li(aiog),8.7) ]
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The second part of the proof of Theorem P.3 com-
pletes the proof of Theorem 2.3

Proof of Theorem R.4. By Lemma B.14, we ob-
tain that every linearly independent solution of ([l]) sat-

ke () 5 0 r ¢ Es. So, every so-

isfies lim sup T Ay)

r——+00

lution f (2 0) of ([l]) satisfies lim sup 1:5(::(2];)
r—400 e

> 0,

r ¢ FEs. Hence, there exist 6 > 0 and a sequence
{rn};2 tending to co such that for sufficiently large
r, & Fg and for every solution f (# 0) of ([l}), we
have

log T (ry, f) > 0m (ry, Ao) - (43)

Since H(a,8,7) [AO] = P(a,87) [AO]a then by (@)7 for
any given ¢ > 0 and sufficiently large r,, ¢ Eg, we
get

log T (ry. f)
o (s pl40] = 5 ) 8 (log (ra))) }
((N(a,ﬁ,'y) [AU] - 5) /6 (10g7 (Tn)))} )

which implies

>5exp{

> exp{a~’

P(a(log),B,v) [f] > H(a,B,7v) [AO] = P(a,B,7) [AO] (44)
On the other hand, by Lemma @, we have
P(a(log),B,v) [f]
< max{p g4 : 5 =0,1,...k =1}  (45)

= H(a,pm [Ao] = p(apy) Ao

By (#4) and (#3), we obtain Plaliog) 8 f] =
H(a,,7) [Ao] = p(a,5,)[Ao].

The second part of the proof of Theorem 2.3 com-
pletes the proof of Theorem 2.6.

5 Conclusion

Throughout this article, by using the concepts of
lower («, 3,7)-order and lower («, 3,7)-type, we
obtain some growth and oscillation properties of so-
lutions of higher order linear differential equations in
which the coefficients are entire functions. We im-
prove and extend some recently obtained results by
the author and Biswas [4]. Inspired by the results al-
ready established, one may explore analogous theo-
rems for differential equations in which the coeffi-
cients are meromorphic functions of («, 3, ~y)-order.
Further, we can study differential polynomials gener-
ated by solutions of the differential equations ([l|) and
() when the coefficients of these equations are entire,
meromorphic or analytic functions in the unit disc.
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