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Abstract: - In the first part, we consider dynamical systems  ,G A,  locally compact Abelian group, we 

generalize the Takesaki-Takai theorem and show that the  -double-crossed product   ˆ
ˆG G 

  A   is 

isomorphic to the tensor product   LK L G 2A , where the space   LK L G2  of all compact operators on  

 L G2 . In the second part, we introduce the  - Wigner function, which generates pseudo-differential 

operators  Op a  by association  
 

 
 ˆˆ, , ,

L G B G G
Op a a W     


2 2

.  We establish that assume 

 Op a
is a bounded pseudo-differential operator        ˆL G B G B L G 2 2 2  then operator  Op a

 

extends to topological isomorphism           ˆ ,G F G B G G


       , where  G  is the 

Bruhat space  G . 
 

Key-Words: - Takesaki-Takai duality, window Fourier transform, Wigner function, ambiguity function, C -
algebra, Pontryagin duality, pseudo-differential operator. 
 

 

 
1 Introduction 

Quantum modeling represents physical 
observables by linear operators on separable Hilbert 
space. The Stone-Neumann theorem shows the 
unitary equivalency of any pair of irreducible 
representations of the canonical commutation of the 
linear operators that satisfy the Weyl condition, so, 
one-parameter unitary groups correspond to self-
adjoint operators on a Hilbert space.   In the 
quantum framework, essential observables are 
position and momentum that are governed by the 
Schrodinger quantum description representation of a 
particle if we consider a single particle model. The 
second Stone-Neumann shows that in the 
Schrodinger left-translation representation model, 
the C -algebra of compact operators on the 

separable Hilbert space is isomorphic to 
  LtC G G0 .  

In the present article, we generalized the 
Takai duality theory to include crossed-product  C

-algebras G
A  as the completion of 

 ,CC G A  with respect to the enveloping 

norm 
 

  
,

sup
env

u

u




    . Thus, we 

establish the existence of the isomorphism between 
the double-crossed product   ˆ

ˆG G 

  A  and the 

tensor product   LK L G 2A . The Takai duality 
can be seen as an extension of the Pontryagin 
duality, which establishes isomorphism between the 
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locally compact Abelian-Hausdorff group  G  and 

its double dual ˆ̂
G  and guarantees the Fourier 

inversion formula and Plancherel theorem that are 
necessary for proving the Takai theory.  

In 2022, Zhen Wang and Sen Zhu solved 
the Phillips problem related to the pL -variant of the 
Takai theory, in 2014. Zhen Wang and Sen Zhu 
showed that double-crossed product 

    ˆ
ˆ , ,p pEnv L G Env L G A  is isomorphic 

to the tensor product   pLK L GA  if and only 

if either  2p   or the group G  is finite.  
Employing Pontrygin duality and the 

Fourier transform on the locally compact 
commutative group G , we introduce the  -
Wigner function and quantize some wide classes of 
pseudo-differential operators corresponding to 
symbols on the Pontrygin pairs. We establish a 
natural correspondence between classes of symbols 
and pseudo-differential operators on locally 
compact commutative groups. We consider new 
types of pseudo-differential operators 

     :Op a L G L G 2 2  and  

     :Op a L G L G


2 2  associated by  

 
 

 
 ˆˆ, , ,

L G B G G
Op a a W     


2 2

, 

           
ˆ

ˆ ˆ, ,
GG

a h g h a g d g d         , 

if we consider Op  as an integral operator then ist 
kernel is given by  

  

       
ˆ

,

ˆ, ,
G

K a g h

Trac h g a g h d     








1  

and  
 

 
 

 ˆ, , ,
B G GL G

Op a a W    


22
 

for all  , ,L G  2  where we introduce the  -

Wigner function      ˆ:W L G L G L G G   2 2 2  

by 
  

         

, ,

, , .
G

W g

h g h g h d h

  

     

 

 1 2

 

We establish that a bounded pseudo-
differential operator  Op a

 mapping   

      ˆL G B G B L G 2 2 2  can be extended 

to isomorphism  

          ˆ ,G F G B G G


       , 

where    ˆF G


  is the space of all linear 

functionals on   ˆF G . 

The quantization of pseudo-differential 
operators has been actively studied since the second 
half of the last century therefore the literature is too 
extensive to be properly viewed in the present work 
some modern perspectives can be found in [1 -25].  

 

2. Pseudo-differential operators and 

dynamic systems  

Let  G   be a locally compact Hausdorff-
Abelian group equipped with the Radon-Haar 
measure  .  Let Ĝ  be the Pontryagin dual of G  
with dual measure ̂ . 

The Fourier transform F  is defined by   

        ˆ
G

F g d g         

for all Ĝ   and  ,L G  1
. The Fourier 

transform extends from    , ,L G L G 2 1
 to 

an unitary isomorphism from  ,L G 2  to 

 ˆ ˆ,L G 2 . 

The pseudo-differential operator 

   :Op a A   with a symbol  ˆa L G G   

is presented by 
           

ˆ

ˆ ˆ,
G

Op a g g a g d         

for all g G . 
We can rewrite the pseudo-differential 

operator on the locally compact group G   in the 
following form 

           

           

ˆ

ˆ

ˆ ˆ,

ˆ,
G

GG

Op a g g a g d

g a g h h d h d

      

      

 

 



 
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           

       

       

ˆ ˆ

ˆ

ˆ ,

ˆ ˆ

ˆ ˆ,

G GG G

h

G G

g g k a k h h

d d k d h d

a h m g d d h

     

     

     



 





   

 1

 

for all g G , where we denote  

           
ˆ

ˆ ˆ, ,
GG

a h g h a g d g d         , 

and    h g h g    1  is the translation and 

     m g g g    is modulation operators. 

Let A  be a C -algebra. Let  ,G A,  be 

triplet such that mapping    :G Aut  A  is a 
strongly continuous automorphism, namely, for 
each g G  mapping    :g A A  is a C -
algebra automorphism, and for each g G , the 

mapping   g g  A  is continuous for all 

 A  and such that      g h gh    for all 

,g h G . Such a triplet  ,G A,  is called a 
dynamical system.  

Let H  be a Hilbert space and let  K H  

be the  C -algebra of all compact operators 
H H , and  B H   be a space of all bounded 

operators H H .  
We denote by  :u G U H  a strongly 

continuous unitary representation, where the set 
 U H  is a space of all unitary operators H H  

and  : B H A  is a non-degenerate 

representation of the C -algebra A  in H . 
If the equality  

         
*

u g u g g      
holds for all g G  and all  A  then a triplet 

 ,u H,  is called a covariant representation of the 

dynamical system  ,G A, . 

Example.  Let G   be a locally compact 
Abelian group then the C -algebra  C G

0
A  

consist of all bounded uniformly continuous 
functions defined on G , a strongly continuous 

automorphism   :G Aut C G 
0  is given by 

    ,h g h g    1 . We take a Hilbert space 

H  as  ,L G 2  and a strongly continuous unitary 

representation   : ,u G U L G  2  is given by 

    ,u h g h g   1 , and a representation of the 

C -algebra  C G
0

 in  ,L G 2  given by 

    : ,C G B L G  2

0
, 

  m      . So defined system is called 
the Schrodinger representation. 

 
3. The crossed product of C -algebras  

Let   ,G A,  be a dynamical system and 
let :G G   be a continuous function.  

For all  , ,CC G  A , we define a 

binary operation   by  

         

        

,

,
G

g g h h

g h h g h g d h

   

   



  

    




1

1 1 1

 

and an adjoint element   :g G A  by  

         ,g g g g g   
    

1 1 1  

for all g G .  
If we define the norm  

   
G

g d g   A
 

then vector space  ,CC G A  becomes a Banach 

algebra with operations   and adjoint  . 
Definition 1. We define a homomorphism 

   : ,Cu C G B H

 A  by 

            ,
G

u g g u g d g

       

 

for all  ,CC G A . 

Definition 2. The enveloping norm of the 

 ,CC G A  is given by  

 
  

,
sup

env
u

u




    . 

 

The crossed-product  C
-algebra G

A  

is the completion  ,CC G A  with respect to the 

enveloping norm.  
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For all  ,CC G A  straightforward 
consideration yields 

   
env

G

g d g     A
. 

Definition 3. The dual C
-action 

 ˆ : ,CC G G  A A  is defined by the 

formula  

      ˆ , g g g      

for all g G  and   Ĝ  . 

Example. In the case of the Schrodinger 
representation, we have  

     : , ,u L G C G B L G

  1 2

0 . 

Statement 1. Let  ,G A,  be a 

dynamical system then the mapping 

 ˆ : ,CC G G  A A  is an authorphism of 

GA  for each character Ĝ  . 

 
Proof. Assume  , ,CC G  A  then we 

calculate 
 

      

        

        

     

ˆ ,

,

ˆ ˆ, , ,

ˆ ˆ, ,

G

G

g g g

g h h h g d h

h h h g d h

g

  

  

     

   





   

   

   

   





1

1

 

for all g G  and   Ĝ  . 
 
Next, we consider adjoint elements, so that      

      

     
    

ˆ ,

,

,

g g g

g g g

g g g

  

 

 

 





 

   

  

 
   

 

1

1 1

 

   
  

ˆ, ,

ˆ ,

g g

g

  

 






  

 

1

 

for all g G . 

Statement 2. Let  ,G A,  be a 

dynamical system then the mapping 

ˆˆ :G G  A  is a group homomorphism. 

Proof. We show that mapping ̂  is a group 

homomorphism, assuming  ˆ, G    we obtain the 
equality  

       

    

          

ˆ ,

ˆ ,

ˆ ˆ ˆ ˆ, ,

g g g

g g

g g

  

  

       

   

  

   

 

holds for all  ,CC G A  and all g G . 

For each Ĝ  ,  there exists a 
neighborhood ˆE G  of   such that all E    
we have  

   

       

 
   

ˆ ˆ, ,

sup
G

g

g g g d g

g g


   

  

  
 

   

  

  

  

so that    ˆ ˆ, ,
env

         where     

is the support of  .  
 

4. The Takesaki-Takai theory 
Let  G   be a locally compact Hausdorff-

Abelian group and  ,G A,  be a dynamical 
system. So, we formulate the generalized variant of 
the Takesaki-Takai theorem.  

Theorem (generalized Takesaki-Takai) 1. 

Let   LK L G2  be the space of all compact 

operators on   L G2
 then there exists an 

isomorphism between    ˆ
ˆG G 

  A  and 

maximal tensor product   LK L G 2A . 

Proof. Let  ,G A,  be a dynamical 

system and let triplet   ,u L G 2,  be a covariant 

representation of the dynamical system  ,G A, . 

Then, by taking the completion of  ,CC G A  with 
respect to the enveloping norm given by  

 
  

,
sup

env
u

u




    , 

we obtain the set  , :G G G

  A  of crossed-

product  C -algebras. For each pair  , 1 2
, we 

define an isometric isomorphism 
: G G 

    1 2A A  given by  
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           , ,g g g g    


   
1

1 2 2 1
 

for all  ,L G 1 A . Straightforward calculations 

yield    ,u u
 

       1 2

1 2  and an inverse 

element is given as    , ,   


 
1

1 2 2 1
. 

By taking  g e  , we obtain the classical 
variant of Takai theory therefore the generalized 
Takesaki-Takai theorem is proven.  

To complete our investigation we consider a 
classical variant of the Takai theorem.  

For each g G , we define an 

automorphism       
*,w g u u g u g   for all 

  LK L G  2 . 

Theorem (Takai) 2. Let  ,G A,  be a 

dynamical system, then there exists an 

isomorphism    between    ˆ
ˆG G  A  and 

maximal tensor product   LK L G 2A , this 

isomorphism is equivariant for  , Rw g u   and 

ˆ̂ . 

The proof follows from the system of 
isomorphisms: 

 

   ˆ
ˆ ˆ

id id
G G G G  




    1

1A A , 

   ˆ ,id Ltid
G G C G G




   2

1 0
A A , 

   , ,Lt Lt idC G G C G G



   3

0 0A A , 

    , Lt idC G G LK L G


  4 2

0 A A , 

therefore, the isomorphism of the Takai theorem can 
be found as a composition        4 3 2 1 , 

where Lt  is left translation. The final isomorphism 
  has a property    ˆ̂ , Rw g u    . 

To accentuate the non-triviality of the 
generalized Takesaki-Takai theorem we formulate 
the Wang-Zhu results concerning the Takai duality 
for  pL -spaces. Let G  be a countable discrete 
commutative group and A  be a unital Hausdorff 
algebra of pL -operators then    ˆ

ˆG G  A  

isomorphic   pLK L GA  if and if either 

2p   or group G  is finite. The main problem 
arises in the analog of the mapping 

2
.  

 

5. The Rihaczek distribution 

For all h G  and Ĝ  , we denote 
translation and modulation operators by 

   h g h g    1  and      m g g g   , 

respectively. So, equality   h hm h m     holds 

for all h G , Ĝ  .  

For all  , ,L G   2 , the Rihaczek 

distribution  ,R    is given by  

        ˆ, ,R g g g        

for all   ˆ,g G G   . 

Statement 3.  Let  ˆ, vM G G  1
 then  

 

         ,

,

, , , ,

a h g L G

R

A m m

g h a h g h

 

 

   

     


2

1 1 1V

 

where the window Fourier transform V  is given  

         ,
G

g h g h h d h      
1V . 

Proof. For each pair  ˆ, vM G G  1 , a 

pseudo-differential operator 
aA  corresponding with 

the symbol a  can be rewritten in the form  

    
 

           

    
 

ˆ

ˆ

,

ˆ ˆ,

, , , , ,

a L G

G G

L G G

A

h a h h d d h

a R

 

       

 


  

 

    

 

2

2

 

so, we have   

 
 

    
 

       

   

         

ˆ

ˆ

,

,

, , , ,

,

ˆ

, , , .

a h g
L G

h g
L G G

h g

G G

R

A m m

a R m m

k a k m k m

d d k

g h a h g h

 

 

 

 

   

   

      

  

   



  



     

 





 

2

2

1 1 1V

 

The fundamental properties of pseudo-
differential operators can be elucidated in terms of 
Modulation spaces  ˆM G G  .  
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Theorem 3.  Let symbol  ˆa M G G  , 

let   be a quasi-lattice in ˆG G , and let 

 
 ,k k

m 
 


 be a tight Gabor frame in  L G2

 

for  vM G 1  with an admissible weight v .  

Then, there exists a function  ˆ
vL G G 1

 such 

that    

 
 

 , ,a h g
L G

A m m h g        
2

1 1
   for 

all     ˆ, , ,h g G G      

 if and only if there exists a function  v  1
 

such that    

 
 

 , ,a k s
L G

A m m k s        
2

1 1
   for 

all    , , ,k s    . 

The proof will follow from the expression   

 ,
,g g k k

k

m m m m   


       


  , 

which follows from the tightness of the Gabor frame  

 
 ,k k

m 
 


. 

 

6. Pseudo-differential operators and 

-Wigner function 

Let G   be an amenable, locally compact 
Hausdorff group. The  -Wigner function 

     ˆ:W L G L G L G G   2 2 2  is defined by  

  

         

, ,

, , ,
G

W g

h g h g h d h

  

     

 

 1 2

 

where functions     , , ,u g h v g h  1 2  
such that  

1)     , , ,g e g g e g  1 2   for all 
g G ;  

2)  for all g G , h uv 1  holds for all 

 ,u v G G  ; 
3)  the inverse mapping 

:G G G G   1  is given by  
 ,

,

g u v

h uv







 1
 

for    continuous mapping G G G G   . 

Let  ˆ,H G    be a ̂ -measurable set of 

separable Hilbert spaces H . The direct integral is 
given by  

   
ˆ

ˆ ˆ
G

B G H H d  


 
2  

and bi-linear integral form by 

     
 

 ˆ
ˆ

ˆ, ,
B G B H

G

d


   


    2 2
. 

We define a pseudo-differential operator 
     :Op a L G L G 2 2  corresponding to the 

operator-valued symbol  ˆa B G G 2  by 

associate this symbol with the integral form 
 

 ˆˆ, ,
B G G

a W   2
 by  

 
 

 
 ˆˆ, , ,

L G B G G
Op a a W     


2 2

 

for all  , L G  2 , where the Fourier transform 
is given by   

           
ˆ

ˆ ˆ, ,
GG

a h g h a g d g d         . 

Due to the Plancherel theorem, the pseudo-
differential operator  Op a  satisfies the 
estimation  

 
       ˆ,

B G G L G L GL G
Op a a    

 2 2 22
 

for all  , L G  2 . 
In our previous works, we showed that if an 

operator     :A L G L G2 2  is of the trace class,  

then, there exist sets      ,k k L G   2  and 

 k C  , 
k

k

    such that  

  ,k k k

k

A Op W    . 

If we rewrite the pseudo-differential operator 
 Op a  in the form  

           ,
G

Op a g K a g h h d h     , 

then the kernel can be presented as  
  

       
ˆ

,

ˆ, , .
G

K a g h

Trac h g a g h d     








1  
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Alternatively, we can define a pseudo-
differential operator      :Op a L G L G


2 2  by 

 
 

 
 ˆ, , ,

B G GL G
Op a a W    


22

 

for all  , L G  2 . 
Theorem 4.  Let the operator-valued symbol 

 ,a g  satisfies the inequality 

       ˆ
ˆ

ˆ,
B G G

GG

a a g d g d   


   1 , 

then the operator      :Op a L G L G


2 2
 

satisfies the following estimation  

   ˆB G G
Op a a

 
 1 , 

so that the operator      :Op a L G L G


2 2
 is 

bounded.  

Proof. Applying the Plancherel theorem, we 
estimate   

 
 

 
 

     

ˆ

ˆ

, , ,

,

B G GL G

B G G L G L G

Op a a W

a

   

 

 



 



22

1 2 2

 

which holds for all functions  , L G  2 . 

 

7. The kernel of pseudo-differential 

operators  
Thus, we generalize the Weyl pseudo-

differential calculus, so that Op a   by  

    

         
ˆ

ˆ, , ,
G G

Op a g

Trac h g a g h d h d



     







 
1

 
  

       
ˆ

,

ˆ, ,
G

K a g h

Trac h g a g h d     








1  

for all ,g h G , therefore, the identity operator 
corresponds to the unit symbol; and we expressed 
the symbol as  
 

           
ˆ

,

, , ,
G

a g

Trac h K a g h g h d h



   



 1 2

 

for all ˆ,g G G  . 
We define the composition of pseudo-

differential operators by  
     #Op a b Op a Op b    

so that operators’ kernels are connected by  

     # #KK a b K a K b   . 

The mapping  
 

,
L G

Op a   2
 

defines a bounded linear functional on the linear 
space  L G2  so that there exist a mapping 

 Op a



 such that  

 
 

 
 

, ,
L G L G

Op a Op a   


 
2

2
 

for all  , L G  2 , this mapping   Op a



 is 

called an adjoint operator.  
Pseudo-differential operators corresponding 

to  ˆB G G2 -symbols are bounded operators from 

 L G2  to  L G2 . If the group G  is a 
differentiable manifold then the initial space can be 
chosen as the space of tempered distributions with 
compact supports. In the general case, we assume 
 G  is the Bruhat space and  G  is a strong 

dual of  G . Standard arguments show that 

 G  is a dense subspace of  G . A Bruhat 
space was introduced to extend the concept of space 
of   C  functions to include a wide class of locally 
compact Abelian groups.  

 Definition. The Bruhat space  G  

consist of all functions  L G   such that 

there is a compact set  E G   for which 

inequalities  
 

 , \ k

n

G E
M n k


 


  and 

 
 ˆ ˆ ˆ, \

ˆ k

n

G E
M n k


 


  hold for all n ,  each 

integer k   and some constant  M n . 

The Bruhat space can be endowed with 
topology LF-space that generates by inequalities for 
 G , this topology coincides with the limit 

topology of  G .  
Theorem 5. Let a pseudo-differential 

operator  Op a
 be  bounded 

      ˆL G B G B L G 2 2 2
 then  Op a

 

extends to isomorphism  

          ˆ ,G F G B G G


       , 
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where    ˆF G


  denotes the space of all linear 

functionals on   ˆF G  and F  stands for the 

Fourier transform. 

The proof follows from the definitions.  
 

4 Conclusion 
 
In this article, we have established a new Takesaki-
Takai theorem for the  -double-crossed product 
  ˆ

ˆG G 

  A . Also, we introduce the  - Wigner 
function and associate with it the class of pseudo-
differential operators  Op a , these operators can 

be extended from     ˆL G B G 2 2  

  B L G2  to topological isomorphism on the 

Bruhat spaces  G . To establish additional 

properties of operators  Op a  further studies are 
needed. 
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