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Abstract: - A mathematical model is developed to determine the steady-state current flow through in non-
homogeneous isotropic conductor whose shape is a two-dimensional hollow domain. The corresponding
electric boundary value problem is formulated using Maxwell's theory of electricity. The determination of the
two-dimensional motion of charges is based on the concept of the electrical conductance. The Cauchy-Schwarz
inequality is used to get the lower and upper bounds for the electrical conductance. The derived upper and
lower bound formulae are illustrated by numerical examples.
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1 Introduction

Electrical resistance of an electrical conductor is a
measure of the difficulty to pass a steady current
through the conductor body. In this paper?, the
concept of electrical resistance and its inverse of
electrical conductance are discussed. Some
bounding formulae will be proven for the electric
conductance. The well-known elementary form of
Ohm’s law states that when the conductor carries
current I from a point P; at potential U, to point P,
at potential U, then U, — U; = RI, where R is the
resistance of the conductor between points P; and
P,. It depends only on the shape and temperature
and the material of the conductor. The inverse of
electric resistance is the electric conductance G =
1/R. This paper deals with the electric resistance of
a two-dimensional isotropic non-homogeneous
conductor body.

Examination of non-homogeneous structural
elements is a very important task. The non-
homogeneous isotropic hollow two-dimensional
conductor is bounded by two closed curves dA; and
dA, which have no common point. The current flow
inside the conductor from the inner boundary curve
dA, to the outer boundary curve dA,. The potential
on the inner boundary curve dA; is U; and the
potential on the outer boundary curve dA4, is U,,
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U; > U,. Two-side estimation will be proven for the
electrical  conductance of  non-homogeneous
isotropic  two-dimensional ~ conductor.  The
mathematical formalism follows the methods which
are used in papers [1], [2], [3], [4]. In the Study of
[1] upper and lower bounds are proven for electrical
resistance of homogeneous isotropic ring-like
axisymmetric conductor. The Study of [2] deals
with the capacitance of two-dimensional cylindrical
capacitor which consists of non-homogeneous
dielectric materials.

fe,

Y|

Fig. 1 Hollow two-dimensional conductor body.

Examples illustrate the applications of the
derived bounding formulae of capacitance, [2]. A
mathematical model for the steady-state heat
transfer problem is developed in paper, [3].
Considered body of rotation is homogeneous and
isotropic, [3]. In the study [4], by the application of
Cauchy-Schwarz inequality upper and lower bounds
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are derived for the electrical resistance of a three-
dimensional hollow conductor body.

Let us consider the steady-state motion of
charges in a non-homogeneous hollow two-
dimensional conductor body shown in Figure 1. The
conductor body occupies the plane domain A and its
boundary curves 0A4; and JA,. The electric
potential on the boundary curves dA4; and dA, are
prescribed, so that the following boundary
conditions are valid, [5], [6], [7], [8]-

Ur)=U; redd,, Ur)=U, redid,.

1)
In equation (1) r is the position vector of an
arbitrary point P € AU JA. r = xe, +ye, (see
Figure 1), x, y are Cartesian coordinates and e, and
e, are the unit vectors of the coordinate system
Oxy. According to Maxwell’s theory [5], [6], [7],
[8] the steady motion of the charges is described by
the next equations

j=0E, V-j=0, )

Differential form of Ohm’s law formulates that
at constant temperature in isotropic conductor the
current density vector j is proportional to the
electric field vector E. Here, 0 = o(x,y) = o(r) is
the electric conductivity of the non-homogeneous
hollow conductor body. In equation (2) ¥ is the del
operator its representation on Cartesian coordinate
system Oxy is

E =-VU.

a a
V—aex-l'@

(3)

and the dot between two vectors denotes the
scalar product, [9]. From equation (2) it follows that

€y

or)AU+Vo-VU=0 T EA, (@)
92 92
A—V'V—ﬁ‘i‘a—yz. (5)

The function u = u(r) is defined by equation (6)
Ur) = Uy — Ux)u(r) + Uy, Uy # U,. (6)

It is evident that u = u(r) satisfies the following
boundary value problem

ocr)Au+Vo-Vu=20
u(r)=1 re€oia,,

rEA, @)
u(r)=0 redd, (8

The function u = u(r) plays a crucial role in the
expressions of electrical resistance and electrical
conductance. An electric current in the two-
dimensional conductor is the continuous passage of
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the current along the conductor. The constant
potential difference between the closed curves dA,
and dA, maintains the steady flow of electric
current. The amount of charge following through
curve dA; per unit time is I. The determination of I
is based on the following equation

f o(r)n-Vuds =

I = fjndS:(Ul_Uz)
aA 04,

(Uy = Ug) fj, o(r) 5 ds. ©)

In equation (9) the unit of 7 is [A/m] and n is the
outer unit normal vector of the inner boundary curve
0A, and ds is the arc element on dA;. The electrical
resistance R and the conductance G = 1/R of the
hollow two-dimensional conductor is defined, [6],
[10]

1—U> 1

U
R = = 10
I Joa, o5 ds (10)
I u
G = T faAl O'(T)a—n ds. (11)
It is evident that
V-(emMVu)=c(@)au+Vo -Vu=0. (12)
From equation (5) it follows that
qu- (c(r)Vu)dA = fuo(r)n'Vuds
A 0A
— [,o@)|Vul*dA = 0, (13)
that is
]
Jya, 0@ 5 ds = [, a(@)|7ul* dA. (14)

Combination of equations (10) and (11) with
equation (14) gives

R = 1

= [omwazaa & = Jao@Ivul®da

(15)
It should be mentioned that the units of R is
[V/Am] = [Q/m] and if

Vo -Tu=0 reA (16)

then u(r) = uy(r) where uy(r) is a unique
solution of the following Dirichlet type boundary
value problem

Au0=0 TEA, u,o(r)zl TE@Al

uO(r) = 0 T E aAZ (17)
In this case
G = [, a()|Vuo|* dA. (18)
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There are several approximation methods to get
the solution of the boundary value problem
formulated in equations (8) and (9), most of which
use the results of variational calculus, for example
as Ritz method, finite element method, [10], [11],
[12], [13], [14], [15]. Other numerical methods are
also known and used, for example finite difference
methods, method of weighted residuals, boundary
element method, [16]. It is not the aim of this paper
to give a detailed list of different analytical and
numerical methods, which are used widespread in
electric engineering calculation.

2 Upper bound for G and lower

bound for R

Theorem 1 If the function of F = F(r) which is
continuously differentiable in A U A satisfies the
boundary conditions

F(r)y=1 reodd;, F(r)=0 reoid, (19

then the inequality relation for G

G <Gy=[,a|VF|*dA (20)

is valid and the sign of equality in bounding
formula (20) is valid only if F(r) = u(r).

Proof. The proof of inequality (20) is based on
the Cauchy-Schwarz inequality

(f,0G)VF - vuda)’ <

J,o@IVF?dA [, o(r)|Vul? dA. (21)

A simple computation leads to the result
J,oVF -VudAd = [,V (Fo(r)Vu)dA —
ou
JLFV - (e(r)Vu)dA = faAl o(r)5-ds. (22)

The combination of the inequality relation (21)
with equation (22) and using the formulae of G
gives the upper bound formula (20) for the electrical
conductance. From the boundary condition (19) and
that the equality in (21) is valid only if F(r) =
Au(r) where A is an arbitrary constant.

3 Lower bound for G and upper

bound for R

Theorem 2 Let q = q(r) be a two-dimensional
vector field defined in the hollow domain A U dA
which satisfies the following equation

V-(e(r)q) =0 reA, (23)
in this case
E-ISSN: 2769-2507
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_ (faAl o(r)nq ds)2

2
G26= Jyo()q?da qu dA = 0. (24)

In lower bound formula (24) equality is reached
only if ¢ = AVu, where A is an arbitrary constant
which is differentiating from zero.

Proof. The proof of lower bound formula (24) is
based on the following Cauchy-Schwarz inequality
relation

(f,0()Vu- qda)’ <
fA a(r)|Vu|? dA fA a(r)q? dA. (25)
A simple computation gives
J,oVu-qdA= [,V (uoc(r)q)dA -
J,uv - (c(r)q)dA = faA1 o(r)n-qds. (26)

Substitution of equation (26) into inequality (25)
gives

2
( Sy, o()n-qds) <G [,0(r)g?dA  (27)
that is
(faA o(r)nq ds)2
G = W (28)

Theorem 3 Let f = f(r) be a non-identically
constant function in A U dA, which satisfies the
Laplace equation in A

V-Vf=Aaf=0 r €A (29)
The following lower bound formula is valid for G
o 4s)
626, = mat?) (30)
Ja o 44

The proof of lower bound (29) can be obtained from
inequality (28) with the under mentioned q = q(r)
vf

q(r) =—

r € AU 0A.
a(r)

(1)

4 Numerical Example

In the numerical examples the Or¢g plane polar
coordinate system is used. The definition of the
polar coordinates r and ¢ in terms of Cartesian
coordinate is as follows

X = 1Cosg, y = rsing, (32)
— [x2 2 — Y
r=.x%+y? ¢ = arctan’. (33)
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4.1. Example 1
The boundary curves of the two-dimensional hollow

conductor are an ellipse and a circle whose
equations are (see Figure 2)
x2 yZ
§+b—2—1:0 (x,y)EOAZ, (34)
x24+y2—-c?2=0 (x,y) € 04;. (35)
1y
' a>b>c

i B
b | .
Y ¢
) \0 _/ X
b
'
a

a

-y -

Fig. Z‘Conductor body bounded by a circle and an
ellipse.

The equation of the boundary curves in polar
coordinates r, ¢ can be represented as

ab

Ry(¢) = ————
/azsin2<p+b2c052<p

R;(¢p) = ¢ = constant

0<¢@<2m (36)
0<p<2m (37)

At first a homogeneous conductor is considered.
The following numerical data are used

a=0.075m, b=0.065m ¢c=0.035m

0 =0y ="7.69x 105 ——. (38)

The bounding formulae (20) and (29) will be used.
Let F = F(r, ) be
Re@)
F(r,0) = ma (39)
in (20). Using function defined by equation (38)
gives

_ 7 1
Gy = 7.084521374 x 107 ——. (40)
The substitution of the function
f(r,p) =lnr. (41)

into the lower bound expression (29) the following
result can be derived

G, =7.022593443 x 107 —. (42)

4.2 Example 2

In this example all data are the same as in Example
1 expecting the specific conductance o which
depends on the radial coordinate r
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o(r) = aog, g=15m. (43)
The same functions F = F(r) and f = f(r) are
used to obtain upper and lower bounds for the non-
homogeneous conductor body as in Example 1. The

following results can be derived

Gy = 2375784710 x 10° —, (44)

G, = 2.269373 966 x 10° ﬁ (45)

4.3 Example 3

The boundary curves of the non-homogeneous
hollow conductor body are two circles whose center
points are different points as shown in Figure 3. The
following numerical data are used

a=03m,b=04m,c=0.03mR,(p) =a,
R,(p) = csing +/b%? — c?cos?p 0<¢ <2m
1
oo = 7.69 X 10° o a(r,a) = agexp(ar)

(46)

Fig. 3 The hollow plane domain bounded by the two
circles whose have different centers.

In this example to obtain lower and upper bounds it
is assumed that

lnRZ(q))
F(r,p) = 1 R2€<p) a<r<R,(p) 0< ¢ <2m,
n a
(47)
fr,@) =lnr  a<r<R,(9p) 0<¢<2m
(48)

The unit of parameter «a is [1/m]. A detailed
computation gives the upper and lower bounds as a
function of parameter a, Gy = Gy(a) and G, =
G (a). The plots of function G; = Gy(a) and G, =
G (a) are shown in Figure 4.
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Fig. 4 The graphs of functions G, () and G, () for
—-4<a<4.
The following numerical results can be obtained by

the application bounding formulae for a; = 2 [—],

1
1 m
a, =—2 [;]

Gy(2) = 3.515266 X 10° —_. (49)
GL(2) = 3.402 427 X 10° ——. (50)
Gy(—2) = 8.827959 x 107 ——. (51)
G(~2) = 8421377 x 107 . (52)

Figure 5 illustrates the graph of function g(a) =

Gy(@)/G(a) for —4 < a < 4.
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Fig. 5 The plot of g(«) as a function of

for—4 < a < 4.

4.4 Example 4

In this example a two-dimensional hollow conductor
is considered whose inner and outer boundary
curves are confocal ellipses (see Figure 6).

The common focus of boundary curves dA; and
dA, is denoted by F, and F, and OF, = OF, = c.
To develop the estimation formulae, it is necessary
to introduce an orthogonal curvilinear coordinate
system. The definition of the curvilinear coordinates
p, U is given by the following equations
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P =p2

Fig. 6 Conductor bounded by two confocal ellipses.

c? c?
= — 9 = — — |sin®
X <p + 4p> cos y (p 4p> sin

The semi axes of the boundary ellipses are
c? c? .
a=pito - bi=pi— - (=12). (54)
Simple computations show that
a? —b? = a3 — b2 = 2. (55)

It is assumed that the specific conductance o
depends on only the curvilinear coordinate p, that is
o =0(p). To obtain the upper bound for the
conductance we use F = F(p) in the formula (20)
where

F(p1) =1, F(pz) =0 (56)
The area element in curvilinear coordinate system
(p, 9) is

0<9<2m.

dA = H,Hydpdy, (57)
where
2 _ (0x)? ay\? 2 _ 2152
HZ = (ap) + (ap) ,  H}=p2HZ  (58)

The expression of the gradient of a function Q =
Q(p, 9) in terms of curvilinear coordinates p and 9
is

_ 190, 100
VQ_Hpapep+H 50 €9 (59)
where the unit vectors e, and ey are defined as
_ 1 (ox dy
ep = H_p (5 e, + %ey), (60)
1 (0 a
ey = Hy (£ e, + %eg). (61)
It is evident that
dF\?2
c(PIVFIPdA = po(p) (5;) dpds.  (62)

Application of upper bound formula (20) gives
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d 2
G <Gy =2nf) pa(p)(5;) de. (63)

By the application of the known results of
variational calculus, [17],[18] it can be pointed out
that the upper bound (62) is the sharpest if

p da

F(p)=1- ﬁ%%—plﬁpﬁm- (64)
p

1 pa(p)

Substitution of equation (63) into upper bound
formula (62) gives
2

IPZ P2 _dp
P1 pa(p)

G <Gy = (65)

To get the lower bound for G a solution of the
Laplace equation

Af= p? [6p (p ZD t o9 (; g,];)] =0. (66)

must be computed. It is assumed that f = f(p), that
is, f does not depend on the curvilinear coordinate
9. It can be proven that

f(e)=Mlnp py<p<p, 0<9<2m (67)

is a regular harmonic function in the double
connected plane domain A. Substitution of function
given by equation (66) in the lower bound formula
(29) yields the result
2

fpz TPz _dp _*
P1 pa(p)

G>G, = (68)

Comparison the expressions of upper and lower
bound gives
2T

fpz dp
P1 pa(p)

GU=GL=G

(69)

that is, the formula (68) is the exact value of the
conductance.

1.2e+47

Y ihn
le+dr? |

e -~.n*|

%» ue!l W}

n=73

%
e.eﬁe 913‘5" n=4 @

™ | .
0,015 002 025 .03 n03s .ns
plm]

Fig. 7 The plots of the specific conductance
forn = 1,2,3,4.

Let the material of the conductor body be
functionally graded which specific conductance
obeys the following equation
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o(p,m) = oy (£22)"

P2—P1

o (£22). (1)

P2—P1

The plots of the function a(p, n) for some different
values of material parameter n are shown in Figure
7.

The following data was used for computing the
results in Figure 7.

p1 =0.015m, p, =0.035m
7.69 x 10° ! 1.1535 x 107 !
o1 = /. —,0, = 1. R
! am’ " ? Qm

(71)

0Is no nas o {(LDAS nod
plm|

Fig. 8 The graphs of function u(p, n) as a function of p

forn=1,2,3,4.

In Figure 8 the plots of the solution of the boundary

value problem are presented for four different

values of the material parameter.

The dependence of the conductance from the

material parameter is shown in Figure 9 for1 <n <

5.

Te+(17
t

Je+d17 |

letd)7 © — >
] 1.4 ] ' 5 1 15 4 45 4
nl=1

Fig. 9 The plot of the function G = G(n)
for1 <n <5.

5 Conclusion

Upper and lower bounds are proven a two-
dimensional hollow non-homogeneous isotropic
conductor body by the application of Cauchy-
Schwarz inequality. Several examples illustrate the
applications of the derived bounding formulae.

The obtained numerical results can be used to check
the numerical solutions obtained by finite element
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method, boundary element method, finite difference
method and by other numerical methods.
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