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Abstract: In this paper, we first analyzed several basic population dynamics models interpreting the
relationships between three species. These are the May-Leonard model with three competitors, some
prey-predator models of three-species and a prey-predator model with a super-predator. Subsequently,
in our work, we proposed a new three-species model consisting of a prey, a predator and a super-
predator, including some important assumptions such as competition, self-defense and infected prey. We
examined the various equilibrium points of proposed model, and determined the conditions for extinction
and survival of species in the long term. Finally, we performed numerical illustrations using Maltlab
software to corroborate the theoretical results.
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1 Introduction vide us with resources, [6, [7]. To help preserve
certain essential resources, some studies have fo-
cused on the problems of harvesting and hunting,
with a view to finding optimal conditions for the
use of harvested resources. The results of these
studies define the biomass stocks to be preserved
in order to guarantee the regeneration of these
resources, [3, 8]. A number of studies have been
carried out on the relationship between predators
and their preys, including infected individuals.
During prey-predator interactions, a phenomenon
very often occurs that is detrimental to the preda-
tor population. In their desire to escape from
predators, prey use several means to defend them-
selves (this is the case of buffaloes and giraffes
that often bear fatal blows to their predators).
Refuge is one of these means, as the authors in [4],
discuss. Some prey defend themselves vigorously
against predators, often causing enormous dam-
age to the predator population. Some studies also
take into account group hunting and defense. In
[9], for example, the authors examine the evolu-
tion of populations of prey that defend themselves
in groups and generalist predators that hunt co-

Prey-predator interaction is one of the most
widely discussed topics in the field of popula-
tion dynamics, [1, [2, [8]. Early research focused
on the predation relationship between a preda-
tor and its prey. In these studies, The authors
focused on the fluctuation of population den-
sities during interactions. Several other types
of relationships (competition, cooperation, par-
asitism...) between species have also been stud-
ied. The authors in [4], for example, analyze dif-
ferent types of prey-predator relationships (com-
petition, cooperation, competition and cooper-
ation), providing numerical illustrations to cor-
roborate theoretical calculations. Subsequently,
the relationships between predators, their preys
and the biotope were examined in several stud-
ies. Some authors reveal the effects that climate
change can have on interactions between preys
and predators in various ecosystems; others show
that habitat may cause disruption of interactions
between preys and predators, [5]. It’s a subject
of crucial importance, given our interest in the
fate of the creatures that surround us and pro-
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operatively; (this is the case, for example, of hye-
nas, which generally hunt in groups). On the
other hand, the consumption of certain infected
prey can lead to disease in the predator popula-
tion, resulting in high reduction rates. In fact,
consumption of infectious prey is detrimental to
predators. In [I0], the authors discuss the health
benefits of a healthy diet. In this paper, we an-
alyze several models of interaction between three
species. Thus we propose and study a new model
of interaction between three species. Our model
incorporates generalist predators, wich have mul-
tiple alternative food sources and can enhance
their fitness by using theses resources. We also
consider that some prey species possess the abil-
ity to defend themselves collectively, and these
defensive actions negatively impact the predator
population. specifically, such actions can lead to
losses within the predator population, especially
affecting younger predators which are often in-
jured. we account for the fact some prey are in-
fected, leading to their destruction and that the
predators consuming these infected prey (whether
dead or alive) also suffer from the infection. We
represent by a rate 7 all the harmful actions (in-
fection, defenses) of the prey on the predators.
Our work is organized as follows. The section 2
which examines a number of models of popula-
tion evolution of three species in a given environ-
ment, contains several subsections. We start by
reviewing key essential concepts for our analysis.
Next, we present and analyze the May-Leonard
model with three competitors and then, we dis-
cuss several prey-predator models with three
species. These models include prey-predator
model with two preys species and one predator,
the prey-predator-super predator model and the
prey-predator with prey harvesting. For each
model, we provide examples of natural interac-
tions, study equilibrium points and perform nu-
merical simulations.

Finally, in Section 3, we propose a new three-
species prey-predator model that takes into ac-
count competition, self-defence and the presence
of infected prey. We examine different equilib-
rium points of proposed model, determine the
conditions for extinction and long-term survival
and conduct numerical simulations to support
our theorical result using matlab software version

R2014b.
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2 Generalities on population
evolution models of three
species interacting in a given
environment

2.1 Reminder of some important

notions

A circulant matrix M € M(C,) is a square ma-
trix of the following form (1)), [I1]. In fact, a cir-
culant matrix is a square matrix formed by circu-
lar permutations of the coefficients that compose
the matrix. In general, in a circulant matrix, you
can move from one row to another by moving the
coefficients from left to right.

aq a; ay ... Qp—1
ap—-1 ay a1 ... QAp—2
M - : : : : ’ (1)
ai as as ... a

and that the eigenvalues of such matrix are,

n—1

pe =Y aN* k=0,...n-1, (2
j=0

where A\ = exp(27i/n) and the eigenvectors are,

@ = (LAF X XDy =0, n— 1.
(3)

We use the following notations in our work.

Ri_ = {(l’l,l'g,l‘g)T S Rg/l‘i =>0,2=1,.. .,3},
(4)

and the interior of this set is denoted as follows

Int(R3) = {(xl,azg,xg)T ER¥/x; >0,i=1,... ,3}.
(5)

We recall the following comparison lemma.

Lemma 2.1 [12/ If A > 0, B > 0 and “Cll—f >
z(A — Bx), when t >0 and x(0) > 0, we have
A
lim inf > .
iminf z(t) > 7 (6)

t—>+o00

IfA>0,B>0 and‘fl—f < x(A—Bzx), whent >0
and z(0) > 0, we have

limsup z(t) 4 (7)

t—>+o0 - B

Let n,p € N* and consider the following system
of autonomous differential equations

d% = f('r)a
{5(0) = Zo, (8)
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such that f: Q@ C R® — RP is a map of a non-
empty open set {2 of R™ differentiable at a € €.

Definition 2.1 [153/ The Jacobian matriz of f in
a is denoted by

afi
Jac(f)(a) !
that is the matriz of partial derivatives

ox;

9)

afs
9z, M

a, with 1 < 1< pand 1< j < n, relative to the
canonical bases B, and B, of R" and RP respec-
tively.

Lemma 2.2 [13], [T}/ Let us consider f : Q C
R™ — R™ with n € N* and let a € Q. We have

o If all the eigenvalues of Jac(f)(a) have a
strictly negative real part, then the nonlinear
system (@ s asymptotically stable.

(a) ) 1<i<p
1< <n

o If at least one eigenvalue has a real part
strictly greater than 0, then the nonlinear sys-
tem @ s unstable.

o If the Jacobian matriz Jac(f)(a) has zero
eigenvalue or a pair of purely imaginary
complez-conjugate eigenvalues, then we are
i a critical case; we cannot conclude any-
thing.

Stable equilibrium points that are not asymp-
totically stable can only occur at non-hyperbolic
equilibrium points. However, to find out whether
a non-hyperbolic equilibrium point is stable,
asymptotically stable or unstable we resort to
Lyapunov’s method which is very useful in an-
swering this question.

Theorem 2.1 ([14], [15], [16]) Consider
following polynomial:

the

P(X) = apX"+a1 X" " ap X" 24 Fap_1 X +an,

(10)
with a; € R, i ={0,..., n}.
The roots of the polynomial P have all negative
real parts if and only if all the principal minors
of the Hurwitz matriz are strictly positive.

That is to say, all solutions of the equation
P(X) = 0, have negative real parts if and only
if, the below n principal minors are all positive.

ai a 0 .- 0
as ay ap
Ai=1 a5 ay as ’ (11)
ai—1
a;
with (i =1,...,n).
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Theorem 2.2 [77] Consider f : Q@ C R® — R”
and V : YV C R* — Rt functions of class C'.
Suppose V(u) < 0 for all u € V. Let T be a
compact, positively invariant subset of V. Define
B as the set of points in I on which V(u) = 0,

i.e. B = {u eZ, Viu) = 0} and § the largest

inwvariant subset of B.
Then, all solutions of (@ bounded for t > 0,
converge to ) when t — oo.

2.2 Model of three competitors of

May-Leonard

Scientists Robert McCredie May and Warren
Leonard introduced a model of three species com-
peting for the same resource, [I8]. The study
of this model allowed to examine unexpected be-
haviors of these competitors. This results in rich
population dynamics. The above interactions can
be summarized in the figure below, (Figure .
Indeed, we can find several examples of species
that compete with resources available in a given
environment. Here, we give an example where
selected species are in competition in their en-
vironment for the resources found there, (Figure
).

These species of birds feed on plants (leaves,
seeds, nectar and sap) and various animals (in-
vertebrates, small animals, dead animal bodies,
fish, slugs and snails).

,,,,,,,,,,,,,,,,, N
@ competition @

Figure 1: Diagram of competition interactions
between three species.

The differential system of the Lotka-Volterra
type which describes the competition interaction
of these three populations with the same growth
rate and density x, y and z is given by the fol-
lowing expression:

(1—z—ay—10bz),

T
B _y(1—by—y—az),
z(l—ax—by— 2).

(12)

Initial densities are x(0) > 0, y(0) > 0 and
2(0) > 0. The parameters a and b are such
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Figure 2: Example of a food chain in nature. (Im-
ages, Planet Animals).

0 <b< 1and a+b > 2. In this model, all
three species are assumed to have the same in-
trinsic growth rate, r=1. Parameters a and b
represent competition rates, so that the system
is cyclically symmetrical. Studying the model
(12), we obtain five equilibrium points. The triv-
ial equilibrium points are (0,0,0)”, (1,0,0)7,
(0,0,1)T, (0,1,0)" and the positive equilibrium
point is (z*,y*, 2*)T with 2* = y* = 2* = ﬁ.
The stability of each equilibrium point is exam-
ined below. We have the following proposition.

Proposition 2.1 System (@
Leonard’s three competitors has:

of May-
the equilibrium point (0,0,0)T which is an
unstable node.

- the equilibrium points (0,0,1)T, (0,1,0)7,
(1,0,0)" and (z*,y*, 2*)T which are unsta-

ble.

Proof: The Jacobian matrix of system

E-ISSN: 2766-9823

196

Thierry Bi Boua Lagui,
Seydou Traore, Mouhamadou Dosso

(12)) is given by the following expression:

a1 —azx —bx
Jac(f)z(—by asa —ay). (13)
—az —-bz as3
with
an = 1—2x—ay—bz, (14)
azpp = 1—-2y—br—az, (15)
ass 1—2z—ax—by. (16)

Jacobian matrices at equilibrium points
T

0,0,0), (1,0,0)T, (0,1,0)T, (0,0,1)T are
1 00
Jac(f)(0,0,0)T = ( 010 ) , (17)
001
-1 —a —b
Jac(f)(1,0,0)T = ( 0 1-b 0 > ,
0 0 1-a
(18)
1—a O 0
Jac(f)(O,l,O)T:< b -1 -—a )
0 0 1—b

Jac(f)(0,0,1)T > :
(20)

the eigenvalue of Jac(f)(0,0,0)” is 1 and the
others Jacobian matrices have the same
eigenvalues that are —1, 1 — aand 1 — b.
Knowing that 1 — b > 0, all equilibrium
points are saddle points and therefore un-
stable. Moreover, the Jacobian matrix at
equilibrium point (z*,y*, 2*)7 is

Jac(f)(a",y' ) = ——( b 1 —a
1+a+b —a —-b =1

(21)

It’s a circulant matrix of order 3.
Thus wusing the properties of circu-

lant matrix, the following three eigen-
values are obtained: )y -1 and
Al = A = ﬁ( -1- aexp(%) - bexp(%ﬂ))
with real part ﬁ( -1+ “TH’) strictly
positive. As a result, the equilibrium point
(z*,y*,2*)T is a saddle point. So, it’s an
unstable equilibrium point. |
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The different variations in population size
over time are summarized in the chronicle
(Figure [3) below, which illustrates the different
evolutions of populations subjected to such
interactions in their environment. For the fol-

Evolution of populations density.
T

——species x|
——species y
species z|-

~
T

w
T

R
T

density of populations

LA

0 50
time t

100

Figure 3: Growth model of May-Leonard’s three
competitors.

lowing parameters {a = 1.9;b = 0.7} and initial
densities (zg = 5;yo = 4;20 = 3), we obtain the
graph on which we can see the different density
variations of each competitor over time. The
behavior of the three competitors is described as
follows: for the selected values, we find that for
a certain period species x seem to be the only
survivor. Then, suddenly, the density of species
y dominates that of species x. After a while, it
is species y that gives way to species z, which
will also give way to species z. And the cycle
continues.

2.3 Prey-predator models of three
species
2.3.1 Two preys for one predator
Consider a model consisting of two populations of
preys, one of density x and the other of density
y. The third population of density z is a predator
that exerts its predation on the two preys popu-
lations. These preys are competing for the same
resource, [13], [I9]. We can find several examples
of species with a diversified food source. In the
given example below, we have rabbit and damson
which are herbivores and feed mainly on grasses,
leaves, young shoots and fruits they find in their
environment. Also, we have Leptailurus-serval, a
common predator to both preys.
The above described interactions can be graphi-
cally summarized as follows, (Figure |5)) on which
we can see that the species of density z hunts
two competing populations of densities x and
y. The system of differential equations of the
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Figure 4: Example of a food chain in nature. (Im-
ages, Planet Animals).

uorjrgedurod

Figure 5: Diagram of interactions between one
predator and two preys.

Lotka-Volterra type that describes the compe-
tition and predation interactions between these
three species can be described by the following
expression:

%—fzx(l—x—y—az),
W=yl —bar—y-—2), (22)
%:z(—l-l—clx—i—@y—c;gz).

The parameters a, b, c1, co and c3 are all strictly
positive and initial population densities are all
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positive. In this model, a is the predation rate
of the predator z on the prey x and b is the
competition rate between the two preys x and
y. Furthermore, c¢; and cy are the assimilation
coefficients of preys x and y by the predator z re-
spectively. These are the essential biomasses that
the predators use to increase their physical con-
dition and population density. Finally, c3 is the
rate of competition within the predator popula-
tion. Studying the model , we get four equi-
librium points: (0,0,0)7, (1,0,0)7, (0,1,0)7 and
the positive equilibrium point E = (x*,y*, 2*)T
with

cot+a—1—acy

= 23
v 02+03+a01—cl—a602—b03’( )
" 1+ab+abCQ—CQ
Yy = ; (24)
co + c3 + acy — ¢ — abes — beg
b—bcy—1
= = Ehi il (25)

co +c3+ac; —c; — abcy — bes”

These components are subject to the following
positive conditions.

co+a>14ac
1+ ab+ abcy > co

26
co+b>1+4bey (26)
co + c3 + acy > ¢ + abes + beg
or
co+a <1+ aco,
14 ab+ abecy < ca, (27)

co+b <1+ beo,
co + c3 + acy < ¢1 + abes + bes.

Note that parameters a and b are chosen so that
z* > 0.

Let’s put N1 = 2z 4+y*+az*, No = 2y*+bax*+2*
and

m o= 2+bz"+3y"+(1+a+2c3)2",
T = l+caz"+ey,
T3 = 2(1 +N1N2)(1+203Z*) +2b$*y*

(1 4+ 2c32* + No)(a?y + coy*2*)

(1 + 2c32* + Ny)(a3y + aciz*2*)
2(Ny + No)(cr1x™ + c22")

(N1 + No)ajzs + (c1 + abep) *y* 2%,

+ o+ o+
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2(N1 4+ No)(1 + 2¢32%) + 203,

T4

(1+ a1z + c22%) (a2 + ac1x*2%)
(1+ c1z* + eo2*) (afy + cay™2"),
aciNo + coN1y* 2" + (1 + N1 No)(1 4 2¢92™)
(N1 + N2 +bx™y") (c12™ + c2y”),

+ o+

5

+

(N1 + No + bx™y*)(1 4 2c22")
(1 + NlNz)(Cll’* + CQy*)
acy + coy*z" + (c1 + abea)xy* 2",

6

+
+

Thus, we have the following proposition

Proposition 2.2 System of two preys and
one predator has:

- the equilibrium point (0,0,0)T which is an
unstable saddle point.

- the equilibrium point (1,0,0)” which is stable
if c1 <1 < b and unstable otherwise.

- the equilibrium point (0,1,0)T which is sta-
ble, if coa < 1 and unstable otherwise.

- the equilibrium point (z*,y*,z*)T which is
locally asymptotically stable if following in-
equalities are satisfied: w3 > o, T3 > Ty,
5 > Tg.

Proof: The Jacobian matrix of the sys-
tem (22) is given by the following expres-
sion:

A —x2* —az*
Jac(f)(E) = < —by* AQQ —y* ) . (28)

a1 z¥ gzt Ass

with
Ay = 1-22%"—y" —az”, (29)
A22 = 1—2y*—b$*—2*, (30)
Ass = —l4ca*+coy” —2e32". (31)

The Jacobian matrix at equilibrium point
(0,0,0)7 is

10 0
Jac(f)(O,O,O)T:<O 1 0 ) (32)
00 —1

and its eigenvalues are 1 and -1. Then,
(0,0,0)” is an unstable equilibrium point.
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Also, the Jacobian matrix at equilibrium
point (1,0,0)7 is

-1 -1 —a
Jac(£)(1,0,0)T = ( 0 1-b 0 )
0 0 —l+a¢

(33)
and its eigenvalues are -1, 1 - b and —1+c;.
If ¢, < 1 < b then the equilibrium point
(1,0,0)7 is stable. Otherwise, (1,0,0)7 is an
unstable equilibrium point. The Jacobian
matrix at equilibrium point (0,1,0)7 is

)

and its eigenvalues are 0, -1 and cy — 1.
Then, if co < 1, the equilibrium point
(0,1,0)7 is a stable equilibrium point. Oth-
erwise, (0,1,0)” is an unstable equilibrium
point.

In addition, we verify that equilibrium
point E = (z*,y*,2*)7 is locally asymptot-
ically stable under certain conditions us-
ing Routh-Hurwitz criterion. Let’s rewrite
the Jacobian matrix at equilibrium point
E = (z*,y*,2*)T in the following form.

0 O 0
-b -1 -1

Jac(£)(0,1,0)7 = (
0 0 Cy — 1

. ailr a2 a3
Jac(f)(z*,y*,2")" = | a1 a2 az |, (35)
a3l asz2 as3
the characteristic polynomial of
Jac(f)(z*, y*, z*)T is
P(X) = X% 4+ M X%+ M X + Ao, (36)
with
A2 —(a11 + ag + ass),
A1 ai1a2 + a11a33 + a2ass3
— 12021 — A23G32 — 13031,
Ao = a13a31a22 + 23032011 + A12021033

411022033 — 012023031 — 413021032,

according to the Routh-Hurwitz criterion,
(z*,y*,2)T is stable if Ao > 0, A2 A1 > Ao
and )\ > 0. We put Ni = 2z* + y* + az* and
Ny = 2y*+bz*+z*. By calculation, we obtain
the conditions below.

>0 =

2+b)x"+3y"+(14+a+2c3)z">1+c1a"+coy”
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then,
= m > m,
moreover,
A2 A1 — Ao = 2(1+ NyNo)(1 + 2¢32")

(14 232" 4+ Ny) (a3 + coy*2™)
(14 2c32* 4+ Ny)(a2y + aciz*2*)
2(N1 + No)(cr1z™ 4 co2™) + 2bx™y*
(N1 + No)as + (c1 + abey) ¥y 2*
(2(1\71 4 No)(1 + 2¢32") + 2a2,
2(1 4+ N1No)(crz™ + co2™)

(1 + c12* + co2*)(a3y + aciz*z*)
(1 + c1z* + coz*)(a3y + coy*2™)
(N1 + Nz)be*y*),

+ o+ + +

+ o+ +

_|_

then Mo A\ > Ao if 73 > m4. In addition
we have following condition, Mg > 0 if

(1 + NlNg)(l + 2622*)

+ (N1 4+ No +bz™y")(c1z™ + coy™)
+ aciNo + coN1y* 2"
> ((M + Ny £ bzt y*) (1 + 2e02*)
+ (14 N1 No)(erz™ + coy™)
+ aci+ oyt + (e + abcﬁx*y*z*).
that is to say w5 > mg. Then, the equi-

librium point (z*,y*,2*)” is asymptotically
stable if the above conditions are satisfied.
[ |

The following chronicle (Figure [6), summa-
rizes variations in populations size over the
time. We choose following data for the model
{a = 04;b = 0.5;¢1 = 0.2;¢c2 = 1.5;¢3 = 0.5}
with the initial densities (xg = 2;y0 = 3; 20 = 3),
we obtain the graph on which we can see the
different variations in the density of each popula-
tion over time. The behavior of the three species
is described as follows: First, the densities of all
three populations decline over a period of time.
Then, densities fluctuate over a period of time.
Finally, they remain stable from ¢t = 20. Note
that this stability is a function of the model
parameters.
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5 Evolution of populations density.
T T T T T T T T

—prey x
—preyy
predator z|

~
T

w

)

density of populations

0 1 1 1 L 1 L 1 1 1
0 10 20 30 40 50 60 70 80 90 100

time t

Figure 6: Growth model of two prey for one
predator.

2.3.2 Super-predator, predator and prey
model

Consider a model consisting of a prey popula-
tion of density z, a food resource for a preda-
tor population of density y, which is also a food
resource for a super predator population of den-
sity z, so that we have a food chain also called
a three-level trophic chain, [13]. In the aquatic
environment, for instance, the great white shark
commonly preys on large fish like tuna, as well as
various mammals and ceteceans. Tuna can feed
on small fish such as scomber and many others
(mackerel, sardines). The above interactions can
be summarized by figure below, (Figure .

The system of Lotka-Volterra type differential
equations that describes competition and preda-
tion interactions between these three species can
be described by the following expression

Zli_’_'[z‘ = J"(rl - ay)7
5—% =y(—ro+bx —cz), (37)

g—; =r3z(l1— %) +dyz.

The parameters are all strictly positive, as the
initial population densities. The super predator
has a logistic growth with a limiting capacity of
the environment noted K.

In this model, for any j € {1,...,3}, r; is the
growth rate of the index species. In addition, a
and ¢ are the predation rates of the predator on
the prey respectively of the super predator on the
predator. Then, b is the assimilation coefficient
of the prey x by the predator y and d that of the
predator y by the super predator z. To reduce
the number of parameters, we use the following

E-ISSN: 2766-9823

Thierry Bi Boua Lagui,
Seydou Traore, Mouhamadou Dosso

Figure 7: Example of a food chain in nature. (Im-
ages, Monde Animals).
prddation O
X

@ predation @

Figure 8: Diagram of interactions between the
three species, food chain.

variable changes:

z
t = T = =, = —,
rsi, u xr, v Yy, w K
(& a T9 9
ap = —, 2= —, /33 = Bl =
r3 T3 T3 rs3
b cK d
52 = 53 =— Y=
T3 T3 T3
then, the system takes the following form
du — y(ar — agv),
B = v(—B1 + Bou — Baw), (38)
dw

G =w(l —w+yv).

Studying the model , we get two equilibrium
points: the trivial equilibrium point (0,0,0)” and
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the positive equilibrium point (u*,v*,w*)? such

that
s_B B
v B2 o (1

and w* =14 292,
(e %)

+ ﬂ), v*
(6%)

aq

a2

Proposition 2.3 System (@ of prey, predator
and super predator has:

- the trivial equilibrium point (0,0,0)T which
is a unstable saddle point.

- the equilibrium point (u*,v*,w*)T which is
locally asymptotically stable.

Proof: The Jacobian matrix of the sys-

tem (38) is

aill —Qo U 0

Jac(f)(U,%w)T = —B2v a2 —B3v .
0 yw ass

(39)

a1l a1 — azv, (40)

azp = —pf1+ Pou— Baw, (41)

azgs = 1—2w+~yw. (42)

i) The Jacobian matrix of the system
(38) at equilibrium point (0,0,0)7 is

(65} 0 0
Jac(f)(o,o,()):< 0 =5 0 ) (43)
0 0 1

and its eigenvalues are o, —3; and 1. Since
the eigenvalues «; and 1 are positive and
the eigenvalue —p; is negative, thus, the
equilibrium point (0,0,0)” is an unstable
saddle point.

(ii) The Jacobian matrix of the system

at the equilibrium point (u*,v*, w*)? is
0 —opu* 0
JCLC(f) (U*a ’U*? w*) = 62 v 0 */83 v* >
0 v w* —w*

(44)
and its characteristic polynomial is given
by

oN) = N4+ w N+ (abu* v + agy vt w*) A
+ agfBrut vt w®, (45)
assuming that
a1 w”, (46)
az = azfou v’ +azyvtw’, (47)
a3 = agfeutvtw’, (48)
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according to Routh Hurwitz criterion, the
equilibrium point (u*,v*,w*)T is locally
asymptotically stable if the following in-
equalities are satisfied.

a

apaz —as

vV VvV VvV
o o o

as

It is easy to see that a; and a3 are positive
and we have

aras —az = afou v w* + asyv* (w*)2
— agfrut vt w®, (49)
arag —az = agyv* (w)? > 0. (50)

Then, the Routh Hurwitz’s criterion is sat-
isfied. Therefore, the equilibrium point
(u*,v*,w*)T is locally asymptotically stable.

The chronicles (Figure [J), below summarize the
variations in population size over time. We
choose following data for the model {r; =
1.09; ro = 0.71; r3 =1; a = 0.017; b =0.2; ¢ =
0.11; d = 0.78; K = 2} with the initial densities
(up = 230; v = 40; wy = 20), we obtain the graph
Figure [9] on which we can see the different varia-
tions in the density of each population over time.
The behavior of the three species is described as
follows: We can see that the population densities
of the prey, predator and superpredator oscillate
slightly aperiodically and later converge on a sta-
ble state (Figure @ When the value of the pre-
dation rate increases {a = 0.41; ¢ = 0.5}, (Figure
and {a = 0.52725; ¢ = 0.5}, (Figure [9¢]), we
notice a progressive decrease in population den-
sities until extinction.

2.3.3 Prey-predator model with prey

harvesting

We study a system consisting of a prey popula-
tion which is a food resource for a natural preda-
tor population. Furthermore, it is assumed that
the prey population is continuously harvested by
harvesting agents, creating competition for prey
between harvesters and natural predator, which
is not harvested. The authors in [§] have stud-
ied the prey-predator model with prey harvest-
ing in order to determine the biomass of the prey
stock to be preserved to ensure the regeneration
of this resource. Indeed, prey are generally ex-
ploited (fished or hunted) for commercial pur-
poses or to satisfy the food needs of the agents
that exploit them. However, if these actions go
unchecked, prey can disappear very quickly. This
could threaten biodiversity.
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Evolution of populations density.
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(a) Population dynamics with
a =0.017 and ¢ = 0.11

Evolution of populations density.
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(b) Population dynamics with
a=0.41 and ¢ = 0.5

Evolution of populations density.
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0 ‘ r—
—preyu

— predator w
super predator Z|

density of populations
= >
s S

©
s

-10’ I 1 1 1 I I I
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(c) Population dynamics with
a =0.52725 and ¢ = 0.5

Figure 9: Prey, predator and super-predator
growth model.

The dynamic model of interactions between
prey, predators and harvesting agents, based on a
modified Leslie-Gower version and a Holling type
IT functional response is described by the follow-
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ing expression:

Zd—f =zxz(ri —ax — mi‘"jﬂ) —mqxz,
B _y(ry— o), (51)
& = X\z(pmgz — d).

In this model, the parameters are all strictly pos-
itive, the initial population densities are also pos-
itive and the super-predator has logistic growth.
In addition, = and y are the prey and predator
densities. For any j € {1,...,2}, r; is the growth
rate of the species in question. Moreover, the pa-
rameter b represents the predation rate, i.e, the
maximum value of the rate of extermination of
the prey = by the natural predator y, and c is
the maximum value of the rate of extermination
of the individual y. In this model, the param-
eters are all strictly positive, initial population
densities are positive, super predator has logis-
tic growth. In addition, x and y are the prey
and predator densities and for all j € {1,...,2},
rj is the growth rate of the species in question.
Moreover, the parameter b represents the preda-
tion rate i.e, the maximum value of prey z ex-
termination rate by the natural predator y and
¢ is the maximum value of individual y extermi-
nation rate. The reduction in predators popu-
lation is a consequence of internal competition,
natural mortality and mortality due to resource
scarcity. Parameter a measures the mortality due
to competition between individuals of species x,
and parameters k; (respectively k2) measure the
protection provided by the environment to prey x
(respectively to predator y). Also, the parameter
z is the effort used to harvest the prey popula-
tion and it depends on several factors: first we
have m, 0 < m < 1, which is the fraction of the
prey stock available and q which is the prey har-
vest factor or prey capture factor. The parameter
p represents the constant price per unit biomass
of prey harvested and d is the cost generated by
the constant harvest of prey per unit effort and
A is the rigidity parameter measuring the effort
distribution of the reaction.

The above interactions can be summarized in

the figure below, (Figure .

Studying the model , we get five triv-
. o1 . . . T 1 T
ial equilibrium points:  (0,0,0)", (**,0,0)",
(0, %, 0)” and (z*,y*,0)7 which exists if roy/s+
rirec > r%b + roacky, with

. 79/ — 13b + rir9c — roac(ky — 2kz) L
= —
2rsac o
. roy/$ — r%b + rirec — roac(ky — 2ks)
Yyt = 500 . (52)
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(z)

-..v___vharvestjng

Figure 10: Diagram of interactions between prey,
predators and harvesting agents.

Figure 11: Example of a food chain in nature.

(Images, Planet Animals).

we have also the equilibrium point (2*,0, z*)T
which exists for ripmgq > ad, where

. d . Tpmg—ad
= Y= (53)
pmgq pm=q
and positive equilibrium (z*, y*, 2*)T exixts for
bra (d+kopmq) .
r > m + “e(dtkipmq) with
. d
= —, (:c + k2) and
pmq’
oo 1y b (rpma—ad _ bra(d + kopmg)
m c(d + kipmq)
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The following proposition gives the conditions
for stability of the equilibrium points.

Proposition 2.4 System of prey-predator
model with prey harvesting has:

- the trivial equilibrium points (0,0,0) and
(z*,0,2°)T which are all unstable.
2 ko T

Tc ,O)

- the equilibrium point (0, which s

stable, if r1 < bk"‘”

- the equilibrium point (z*,y*,0)T which is sta-

ble, if 1 < 2az* + (xb]:{—zz)z and pmqgx* < d.

- the equilibrium point (z*,y*, z*)T which is lo-

cally asymptotically stable z'f
ro + 2ax* + %wbk_ik 7t mqz* > 1y +ro.
Proof: We determine the Jacobian ma-
trix of the system (51]) at each equilibrium
point and examine the sign of its eigenval-
ues. The Jacobian matrix is given by the
following expression.

bx

e S
Jac(f)(x7 Y, Z) = % a2 0 5
Apmqz 0 ass
(54)
with
bk
a1 = 1 —2axr—mqz— ﬁ, (55)
2cy
a2 = T2 — Ttk (56)
ags = Apmgr —d). (57)

(i) The Jacobian matrix at the equilibrium
points (0,0,0) and (**,0,0) are respec-
tively given by:

rt 0 0
Jac(f)(O,O,O)T:< 01 a0 > (58)
0 0 —M

o . —T1 0 0
Jac(f)(E,O,O) = ( 8 7;)2 )\(pmqgl _a ) )
" (59)

The eigenvalues of Jac(f)(0,0,0)7 are r1,
ro and —Ad. Since ri, ro are positive
and —\d is negative then, (0,0,0)7 is
an unstable equilibrium point. Simi-
larly, (%,O,O)T is an unstable equilib-
rium point.
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The Jacobian matrix at equilibrium
points (0, %,O)T and (2*,y*,0)T are re-
spectively given by:

ro ko " bl;i? 0 0
JCLC(f)(O, c 70)T = —% —T9 0
0 0 =X
(60)
and
. b —% —mgat
Jac( )ty 0T = [ by o
0 0 b33
(61)
with
. bkiy*
bll = 71— Zax — ﬁ, (62)
bao = -2, (63)
bss = A(pmgz™ —d), (64)

The eigenvalues of Jac(f)(0, %, 0)T are

rp— %2 —py and —Ad. If ryp < P2

then, the equilibrium point (0, %,O)T
is stable. Otherwise it is an unstable
equilibrium point.

The equilibrium point (z*,y*,0)7 is un-
stable if pmgxz* > d. Furthermore,
let’s determine the characteristic poly-
nomial of the Jacobian matrix at the
equilibrium point (z*,5*,0)7. We have

o(X) = (Apmga™ —d) — X) (X* + w1 X + Ko) ,

(65)
with
. bk1y*
Kl =179 — <7’1 —2az" — M) , (66)
. bk1y*
Ko = —T2 <T1 —2azx" — M) . (67)

The equilibrium point (z*,y*,0)7 is sta-
ble if following inequalities are satis-
fied.

A(pmgz* —d) <0

k1 >0

ko > 0.

(68)

Solving these equations, we have the
following solutions.

bk1y*
(z* + k1)2 '
(69)

pmqr* <d and 1 <2azx*+
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Moreover, the Jacobian matrix at the

equilibrium point (z*,0,2*)7 is
. Bi1 B —%
JCLC(f)(.’E*,O,Z*) = 0 T2 0 )
Bs; 0 0
(70)
with
ad
By = —, (71)
pmq
bd
By = ——i——, 72
12 pmaky + d (72)
ripmq — ad
B3 = M(———).
no= ARGy

one of its eigenvalues, ry is positive,
then equilibrium (z*,y*,0)7 is unsta-
ble. We check that positive equilib-
rium (2%, y* 2*)T is locally asymptoti-
cally stable using Routh-Hurwitz crite-
rion. Let’s rewrite the Jacobian matrix
at the equilibrium point (z*,y*, z*)7 in
the following form.

a1l a2 a3
Jac(f)($*7y*72*)T = | a2z a2 a3 |,
azr asz2 as3
(74)
with
2ax* bkly* T%
a = r—2ar — ——F—_ a9 = ——=
11 1 (@ + k)2’ 21 .
" bx*
a = —mqx alp = ——
13 qr -, 12 Tt
as —ry, a3 =0, azg =0,
as1 Apmqz*, azz = A(pmgz* —d).
The characteristic polynomial of
Jac(f)(z*,y*, 2T is
P(X) =X+ ppX? + p1X +po,  (75)
with
bkiy*
= ro—7r14+20 + ———+m ,z*7
P2 2 1 o+ k1)2 q
po = ApmPgiroa*zt,
P .y robkiy*
= —rr roax = 7
o1 172 2 (a:* n k1)2
2 *
r5bx
* A 2 2 % _x 27’
+ romqz +Apm QT z + c(ac*—l—kl)

according to the Routh-Hurwitz cri-
terion, (z*,y*,2*)T is stable if, py >
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0, p2p1 > po, po > 0. Let’s put M_ry +

2ax* + (ﬁﬁ%j)? +mgqz*. A calculation gives
the following conditions: p» > 0 =
M —-—ry >0 and pg > 0 Further-
more, pop1—po >0 = (ro(M—r1)+
2.2, % r2bx*
Apmeqa 2 ) (M — 1 — r2) + Gy (M —

r1) > 0. Finally, the positive equilibrium
(z*,y*, 2*)T is locally asymptotically sta-
ble if M > ri + ro.

|
The evolution of populations over time is summa-
rized in the following figures, (Figure .
We choose following data for the model {r
2.175; ro = 0.78; a = 0.01375; b = 0.16; ¢ =
2.98; ki 100; ko = 70; X = 11.75; d =
0.387; p = 0.1789; m = 0.016} and we choose
different values for q to see the effect of this factor,
{¢g =4.19; ¢ =7.0; ¢ =937, ¢ =9.40} with
the initial densities (z¢9 = 251;y9 = 51; 20 = 30).
We obtain the graphs (Figure , on which we
can see the different variations in the density of
each population over time. The behavior of the
three competitors is described as follows: We ob-
serve that prey and predator population densities
and harvest rates converge towards their stable
states (xstable = 497 Ystable = 337 Zstable = 31)
after a certain period of fluctuation Figure
But, as this stability is conditional, it can also
be broken for certain parameter values. In fact,
when the factor q increases, the time it takes for
the prey to reproduce increases, we can see it on
the graphs Figure and Figure So, when
q reaches 9.40, the prey becomes extinct and so
does the system. That is shown by Figure
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(d) Population dynamics with
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Figure 12: Prey-predator growth model with prey
harvesting.
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3 Prey-predator and super
predator model including
competition, self defense and
infected preys

3.1 Presentation of the model

We are interested in the demographic dynamics of
prey and predators in a system were Some prey
defend themselves vigorously against predators,
often causing enormous damage to the predator
population. Also the consumption of certain in-
fected prey can lead to disease in the predator
population, resulting in high reduction rates. A
mathematical model following the assumptions
and interactions described above is represented

by the diagram ( Figure below.

self defense

Figure 13: Schematic of prey-predator interac-
tions.

There are examples in nature, Figure [I4] illus-
trating this type of trophic allowing us to describe
these prey-predator relationships.

(76)
The parameter r; for all i« = 1, 2 is the growth
rate of the corresponding species. The initial den-
sities are all positive. In this model, a;, for all
1 = 1, 2 and by are the predation rates of the
predators and b1, ¢; and ¢ are the coefficients of
assimilation of the preys by the predators. k is the
carying capacity and 7 is infected prey rate. «,
and v are predator reduction rate due to prey de-
fense in group and consumption of infected prey.
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Figure 14: Example of a food chain in nature.
(Images, Planet Animals).

The parameters «, § and 7 can generally be a
factor in increasing the mortality rate of preda-
tors, i.e. all the possible negative effects that the
prey can exert on its predator. Whether it’s self-
defense in a group, strategies to escape predators
(indirectly inflicting a loss of energy, time and
strength), or negative effects due to the consump-
tion of infected prey.
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3.2 Boundaries conditions of solutions
of system

Definition 3.1 An equilibrium point E*

(u*,w*, 2*)T of system is said to be non-

trivial or interior or again positive, if it belongs

to the strictly positive cone Int(RY).

Definition 3.2 [19] A solution of system (76) is
said to be ultimately bounded with respect to Ri,

if there exists a compact region A of sz_ and a
finite time T such that, for any initial condition
(to, up, wo, z0)T € Ry x R3 , we have (u,w, 2)T €
A forallt > T.

Definition 3.3 [20] The subset Q of R is a pos-
itively invariant region for the solutions of the
problem , if any solution (u,w, z)T whose ini-
tial condition (ug,wo, 20)T is in Q0 satisfies
(u,w, 2)T € Q, ¥t >0. (77)
Theorem 3.1 Consider the set  defined by

(u,w,2)T € R3 such that

0<wu<d,
Q= (78)
0 <w< 527
0 <z< 537
where
b1
5. = k. Gy=k2TUO)
T2
k:(’l“3 + C1 (51 + C2 52)
03 = .
T3
Then,

i) The set  is a positively invariant region.

i) All solutions of (76) with initial conditions
in , are bounded and enter the attraction
region 2.

i) All solutions of system (76]) with positive ini-
tial conditions are uniformly bounded.

Proof:

Let us prove for each equation of the sys-
tem ([76)).
From the first equation of system , we
have

du (1 _ f) ~ s
dt =T"u ajuw as2uz TU,
u(O) = Up1 Z 0,
(79)
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and with —(ajuw + asuz + Iu) < 0, we have

u u
27 < _Z
a =" (1 k:) (80)
u(0) =up1 >0
Then, according to Lemma [2.1
limsup u(t) < k(= 61). (81)

t—00

Therefore, Ve; > 0, there exists T > 0 such
that

u(t) <o +e, Vt>T. (82)

Likewise, considering the second equation
of system (|76, we have

d
dif = row (1 — %) + biuw — bowz — auw,
w(O) = W2 Z 0,
(83)
and with —bywz — cuw < 0, we have
% < row (1 — %) + biuw,
UJ(O) = Wo2 2 0,
%’ < <7’2 +b1(01 +€1) — %)wv
w(O) = wWp2 Z 0,
(84)

according to Lemma [2.1

k
limsup w(t) < —(Tg +b1(61 + 6)) (= d2). (85)
t—s+o00 T2
Therefore, Ves > 0, there exists T' > 0 such
that

w(t) <fg+e VE>T. (86)

‘We now consider the third equation of sys-
tem , we have

dz (1 Z)+ + B

— = Traz - = Cluz +— CQWz — Puz — Yywz
o7 3 % 1 2 Ywz,
2(0) = 203 > 0,

(87)

as —fuz — ywz < 0 and taking ¢
max {€1, €2}, we have Vt > T > 0,

u(t) < 01 +e and w(t) < d2 + €,

then we get

Volume 6, 2024



INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS,

COMPUTATIONAL SCIENCE AND SYSTEMS ENGINEERING Thierry Bi Boua Lagui,

DOI: 10.37394/232026.2024.6.17

— < r3z (1 — %) + cuz 4+ cowz
Z(O) = 203 2 0

dz < (7“3 +c(d14¢e)+e2(da+e) — %)z
2(0) = 293 > 0.
(88)
According to Lemma (2.1

k
lim sup 2(t) < — (rg, Yo (8y + &) + a8y + e)),
t—r+o0 r3

(89)

when ¢ — 0, it turns out that

k
lim sup 2(t) < 7(r3 +e1 b+ e 52) (= 63). (90)
3

t—>+4o00

Furthermore, for all t; > 0, take X(ty) =
(u(O), w(0), 2(0)) with positive components

and let o(t) = u(t) + w(t) + 2(t). Then, by
deriving along the solutions of the system

we have V({ > 0
PO 4 o < b3+ 2D

dt 4 1
k ((C+b161) n (C+ c161 + c262)
4 r9 r3 ’
~ (m),

applying Gronwall’s inequality, we obtain

0 <o(X(t)) < %(1 - e‘“) + (X (tg))e ",

(92)
then when t — +00 we have
0<o(X(t) < % (93)

The solutions of system ([76)) are uniformly
bounded for any initial condition X () > 0.
|

3.3 Study of system equilibrium
points

The equilibrium points E7, (j =0,1,2,...) are

the solutions of following equations:

d .odw . dz _
du _ 0 dw_q 4y (94)

- The trivial equilibrium point of the system

is Ej = (0,0,0).
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- The semi-trivial equilibrium points of the

T
system are By = <]{;(1_T)’0’0> ’
1
E; = (0,07, B = (0,0,k)" and E} =
(u*, w*,0)T with
rok(ry — 7 — a1k)
u = )
rire + a1 (b — @)
. k(riro+ (r1 —7)(b1 — @)
riry + kay (b1 — o)

Y

and Ef = (u*,0,2*)T with

u* . T’3k‘(7“1 — T — CL2/€)
st ax(a —B)’
. k(rrs+(r1—1)(c1 - B))

)
rirs + kag(er — )

and Ef = (0,w*, z*)T with

* 7“3]6(7“2 — 52/{)
w = s
rors + kba(ca — )
o rok(rs + ca — )

rors + kba(ca — )

- The positive equilibrium point of system
is £ = (u,w,2)" with
B k(ri —a1A — aeC — 1)
(91) o= r1 + ka1 B + kasD
krs(ro — kb)) + k(rs(by — )
ror3 + k2ba(ca — )
kba(c1 — B))u
rors + k2bz(ca — )’
k(T2T3 + 2k2bacy + kra(ca — 7))
ror3 + kba(ca — )
(2ra(er — B) + k(c2 —7)(c1 — @))u
ror3 + kba(ca — )

w =

+ k

)

with
k??"g(?"z — k‘bg)
rors + k2ba(ca — )’
B — k(r3(by — ) — kba(c1 — 5))@
rors + k2ba(ca — )
o = k(T2T3 + 2k2byco + kra(ca — 7))
ror3 + kba(ca — ) ’

2ra(c1 — B) + k(e2 —v)(e1 — a))ﬁ

ror3 + kba(ca — ) '

A =

D:k(

It’s clear that equilibrium points E5 and E3 exist
because their components are positive and equi-
librium point Ej exists for ri > 7.
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Lemma 3.1 The equilibrium point E exists for
the system (@ if the following hypothesis are sat-
isfied.

rn>T1+ark, rire+ kaiby > kaja,
(95)
rire + riby + T > bt + ria,
or
r <1T+ark, rire+kaib <kaja, (96)
riro +1r1b1 + T < b7+ ria.

Proof: As z* =0 in E}, the system ([76))
is reduce to the following system

du B (1 u)
dt = n"u L ajuw TU,
dw (1 w)+b
— = rw(l—— UW — QUW
dt 2 L 1 )
(97)
and applying (94) we get
0 = Tl—%—alw—r,
0 = TQ*%‘F(bl*O{)U,
o kb kajw* _/’ﬁ'7
r1 r1
=
by —
w* = k‘—i—i( ! a)u*,
2
. rok(r1 — 7 — a1k)
u )
172 +ka1(b1 *Oé)
=
by —
Ta—— k‘+7( ! a)u*,
T2

for biological reasons, £} exists if its com-

ponents are positive. That lead to u* > 0

and w* > 0 then,

rok(ry — 7 — a1k)

179 + k:a1 (bl — a)

k(rirg + (r1 —7)(b1 — @)
179 + ka1 (bl — a)

>0

> 0,

and

it follows

{7"1 >T1+ark, rire+ kaiby > kaia,

98
rire + riby + 7o > bt + ria, (98)

or

{7”1 <T1+ark, riro+ kaiby < kaia,

99
rire +r1b1 + T < b7 + 10 ( )
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Lemma 3.2 The equilibrium point E5 exists for
the system (@ if the following hypothesis are sat-
isfied.

rirg + kascy > kasp3,

r1 > T+ aqk, (100)
rirs +ricr + 78 >t + 10,

or
r < T+ ask, rir3+ kascr < kaof, (101)
rirs3 + ricy —|—Iﬁ < et +rip.

Proof: As w* =0 in E}, the system (76 is
reduce to following system

du _ (1 _ 9) s —
g = T 5 aguz — TU,
(102)
d
d—j = r3z (1 - Z) + ciuz — Puz,
and applying we get
iU
0 = Tl—lT—GQZ—’T,
0 = rg—%—i-(q—ﬁ)ua
v o= kagz* kl’
™ ™
=
2 = k+ (1 = B)u*,
T3
u* 7“3]{3(’/“1 — 1 — CLQk’)
r1rs + kaz(c1 — B)’
=
2 = k+ 7(61 — B)u*,
T3

for biological reasons, F: exists if its com-
ponents are positive. That lead to u* > 0
and z* > 0 then,

Tgk(?“l — T — azk‘)
r1r3 + kag(c1 — B)
k(rirs 4 (ri—7)(c1 — B))

>0

and > 0,
rirs + kaz(c1 — )
it follows
r1 > T+ ask, rirs+ kascy > kasf,
rirs +ricy + 76 >t +r1f3,
(103)
or
r < T+ ask, rirs—+kascy < kasf,
rirs +ricr + 78 < a1+ 1r10.
(104)
[ |
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Lemma 3.3 The equilibrium point E§ exists for
the system (@ if the following hypothesis are sat-
isfied.

ro > bok, Tors 4 kbaca > kbay, 134+ co > 7,

or

ro < bok, Tors 4+ kboco < kbay, T3+ co <.
(105)

Proof: As u* =0 in Ef, the system ([76])
is reduce to following system

d
d—qf = row (17%)7b2wz,
(106)
dz <1 z)+
— = r3z(l—— Cowz — YWz
dt 3 2 2 Twz,
and applying we get
0 = TQ—%—bQZ,
r3z
0 = T3—%+(02—7)w7
kbyz*
w* = k— 22,
T2
=
¥ = k—l—LQi’Y)w*,
r3

?”3]€(7”2 — bgk’)
rorg + kba(ca — )’

w =

. rok(rs + ca — )
ror3 + kba(ca — )’

for biological reasons, Ej exists if its com-
ponents are positive. That lead to w* > 0
and z* > 0 then,

7"3]6‘(7"2 — 52/{)
rors + kba(ca — )
rok(rs + ca — )

> 0,

and > 0,
rors + kba(ca — )
it follows
ro > bok, 1rors+ kbacoy > kbay, T34 ca >,
or
ro < bok, 1ors—+ kboco < kboy, T34 co <.
(107)
[ |

E-ISSN: 2766-9823

Thierry Bi Boua Lagui,
Seydou Traore, Mouhamadou Dosso

Lemma 3.4 The positive equilibrium point E ex-
ists for the system (@ if the following hypothesis
are satisfied.

ry > bk, c2>7, bi>a, a>p,
ry > a1 A+ aC+ 71 and

r3ry + r3b1 + boSu > r3kby + rya + bocia.

Proof: Using the system (76)) and apply-

ing (94]) we get
(
1 <1—%) —a1w —agz — 7 =0,

I (1—%)—1—(51—@)“_622:0’

3 (1—%)-1—(61—@“4'(02_7)1”:0’

( k
u = —(r—aw-—az—"1),
1
k
=4¢ w = r—(r2+(b1—0z)u—b22),

2
k

| 2 = 773(7"3+(01—5)U+(C2—W)w),

and using third and second equation we get

k2bs
w o= - (r3 + (c1 = B)u + (c2 — y)w)
rors

+ Z(Tz + (b1 — a)u),
_ k(rs(b1 — ) — kba(c1 — B))u

= =
v ror3 + k2ba(c2 — )
k‘?“g(?“g — kbz)
+ 2 )
213 + k2ba(c2 — )
then,
k
z = 73(1"3+(61 — Blu+ (c2 —y)w),
2 _
oy — k(T‘QT’g + 2k“boco + ]{77’2(02 ’}/))
ror3 + kba(ca — )
N i (2ra(er = B) + k(ez — y)(e1 — @))u

rors + kba(ca — )
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then let Following propositions show behaviour of the
kers(ra — kbs) equilibrium points Eg, EY, E5 and EJ.
A = rors + k2ba(ca — )’ Proposition 3.1 The equilibrium point Eg of
k(r3(b1 — @) — kba(c1 — B)) _ the system (@ s unstable.
B = Tors + Kk2ba(ca — 7) Uy Proof: The Jacobian matrix of the system
(rars + 2k2bycs + kra(ca — 7)) (76) at equilibrium point Ej is
C - k )
ror3 + kba(ca — ) rn—7 0 0
b L (2ra(er = B) + ez = 7)(e1 — ) Jac(f)(Eo) = 0 r2 0 |, (109)
= a
213 + kb2 (c2 — ) ’ vt
we get the eigenvalues are r; — 7, ro and r3. Since
eigenvalues ry and r3 are positive, the equi-
u - k (r — ayw — asz — 7) librium point Ej is unstable. |
= —(Mn—-—aw-—a2—7T),
1
o g = k(ri —a1A —aC — 1) Proposition 3.2 The equilibrium point Ei of
r1 + ka1 B + kasD the system (@ is stable if
for biological reasons, u exists if its com- T<r, rire 4+ kbir + kat < kary + kby,

ponents are positive. That lead to u > 0,
w >0 and z > 0. That to say

A>0, B>0, C>0,
D >0, 7“1>CL1A+CZQC+T,

and rirs + kciry + kBT < kBr1 + keyT.

Proof: The Jacobian matrix of the system
(76) at equilibrium point F; is

-
it follows ain aiz —azk(l——)

r
Jac(f)(E1) = | 0 gy o
ro > bzk', c2 >, bl >, 0 0 ass
aa>p, rn>aA+alC+r, (110)
and r3ro + r3b1 + boSu > r3kby + rya + boci . with
| aijl = T —T1, a12:—a1k(1—l),
™
-
. . age = rot+kb—a) (1——),
3.4 Analysis of the stability of - ? (b ) ( 7“1)
equilibrium points ass = r3+k(cr—B) (1— 1),
We study the stability of equilibrium points of 1
the system by using thq Jaco_biap matrix of its eigenvalues are 7—ry, ro+k (b —a) (1—
the system and Routh-Hurwitz criterion. l)’ ratk (1 — B) (1_1). The equilibrium
.1 - 1 Ty
3.4.1 Local stability of trivial and point F; is stable if its eigenvalues are all
semi-trivial equilibrium points negative. A calculation gives the result.
The Jacobian matrix of the system is given u
by
ai —au —asu Proposition 3.3 The equilibrium point Eo of
Jac(f)=| (bi—a)w ax —bw |, the system (@]} is unstable if co > v and stable if
(c1—=B)z ez ass 3
(108) rm<a k+71 and E+02<7.
where
9 Proof: The Jacobian matrix of the system
a;; = r— % U—aiw—asz—T, (76) at equilibrium point Es is
279 B 0 0
agpy = 19— 711; + (b1 —a) u—by z, Jac(f)(Ex) = | (i —a) k Bay —bok |,
273 0 0 Bsj
aszy = T3—72+(01—5)U+(62—7)w~ (111)

E-ISSN: 2766-9823 211 Volume 6, 2024



INTERNATIONAL JOURNAL OF APPLIED MATHEMATICS,

COMPUTATIONAL SCIENCE AND SYSTEMS ENGINEERING

DOI: 10.37394/232026.2024.6.17

with
By = m—ak-rm,
By = —rg,
B3z = 13+ (c2—7) k.

its eigenvalues are r — a1k — 7, —T9,
rs + (c2 —7) k are not always of the same
sign. If ¢ > v and r; > a1 k + 7 then, the
eigenvalues r;—a; k—7 and r3+(co — ) k are
positive. In this case the equilibrium point
F» is unstable. Otherwise the equilibrium
point FEs is stable if its eigenvalues are all
negative. A calculation gives the result. B

Proposition 3.4 The equilibrium point Es of
the system (@ is unstable if 11 > ask and
ro > bo k and stable if 1 < as k and ro < bo k.

Proof: The Jacobian matrix of the system
(76) at equilibrium point F3 is

T — ag k 0 0
Jac(f)(Eg) = ( 0 Tro — bgk‘ 0 ) s
(=B k  c2k  —r3
(112)
and its eigenvalues are ri —ask, 79 — bo k

and —r3. If ri > aok and r9 > by k then,
the eigenvalues r; —ask and r9 — bo k are
positive. In this case the equilibrium point
F35 is unstable. Otherwise the equilibrium
point FEj3 is stable if its eigenvalues are all
negative. That to say ry < as k and o < by k.
]

Proposition 3.5 The equilibrium point E4 of
the system (@ is asymptotically stable if the con-
ditions below are satisfied.

2 2
r1 (12 4+ by u®) + <T1u*+7> (mw*—l—au*)

k k

219
——al

—Zw"+au*
A +

* k

2
(w*)? > 1 ( "2 ) + roayw*

27‘1

<ku* +T> (TQ +b1 u*),

Bu* +yw* >r3+cru* + cow”
2
k

2
r1 + bju* + ?au*.

and (b1 +rm)u* +aou” +ry+agw + 7>
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Proof: The Jacobian matrix of the system
(76) at equilibrium point Ej is

ail —aju* —asu®
Jac(f)(Es) = ( (b1 —a) w*  ax  —byw" )
0 0 ass3
(113)
where
2’F1 *
ay; = Tl_TU —aqw' —T, (114)
2
azy = rg—%w*—i—(bl —a) u®, (115)
azgs = 73+ (c1—B) u"+ (c2—7) w", (116)

and the characteristic polynomial is
Py(X) = (azs — X) (X2 = (a1 +ax) X
+ aniaz + a1 (b1 — @) u*w*), (117)

according to Routh Hurwitz criterion, the
equilibrium point F; is asymptotically sta-
ble if the roots of characteristic polynomial
Py(X) have all negative real part. That is
to say

XO =a33 < 0, (118)
(a11 +ag) < 0, (119)
ajragz + ay (b — @) u*w* > 0, (120)
then, we have
X() =a33 < O,
= azgz =13+ (c1—B) u" + (2 —7) w" <O,
= rs+cau’ —pfu+cw —yw* <0,
= r3t+cu+cew <pu+yw',

(121)

moreover, we have

a1 taxp = rm+reo+ b —a)u —aw -1
2
- E(rlu*—k(bl—a)u*—krgk),
2
= rl—Erlu*—i—(bl—a)u*
2 " "
— %(bl—a)u —rg—agw* —T,
2
= rl(l—%u*)+(1—%)(b1—a)u*
- (122)
then,
air + ag <0,
= r1+bu +?u <%(b1+r1)u
+ aut+ry+awt +7,
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and finally
ajragg + ay (b — a) uw* > 0,

2r
= ri(re+bu”)+ fal(w*)Q

+ 2 L + 2 9 % + *
—u 47| | v +au
k k
> Tw +au | +reaiw
2r1 .
+ - U +7 ) (re+b1u*). (123)
Therefore, the equilibrium point FE; is

asymptotically stable if the conditions

(121)), (122)) and (123]) are satisfied. [ |

Proposition 3.6 The equilibrium point Es of
the system (@ is asymptotically stable if the con-
ditions below are satisfied.

2 2
< I:l * ) ( ]:3 * /BU*>

2r
+ ?3(12(2*)2 +7ri(rs+cu’) >

2r
el <k$ zF + 6u*> + r3agz”

2
<]:1u*+7> (rs +ciu”),

i) au*4byz* > 1o+ bu*,
iii)

. . 2(r1 + c1)u”
pu” + 13 + azz +T+7( ! k 1)

. 2Bu*
>nr1+cu + e

Proof: The Jacobian matrix of the system
(76) at equilibrium point Ej is

all —a1u® —agu®
Jac(f)(E5) = 0 a9 0 s
(c1—B) 2" c22* as3
(124)
where
27“1 % *
ay] = Tl_Tu —asz" — T,
a2 = T9 -+ (bl — a) u* — by 2*,
2r
azy = 7‘3—732*“‘(01—/3) u’,
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and its characteristic polynomial is
Pi(X) = (a2 — X) (X2 — (a1 + as3) X
+ariazz + az (c1 — ) u*z*>, (125)

according to Routh Hurwitz criterion,
equilibrium point FE5 is asymptotically sta-
ble if the roots of characteristic polynomial
P;(X) have all negative real part. That is
to say

Xo=as < 0, (126)
ajn +asz < 0, (127)
anass +az (ep — P)u*z" > 0, (128)
then, we have
Xo =a <0,
= a22:r2+(b1—a) u*—bgz* <0,
= ro+bhut <au'+byz", (129)
moreover, we have
27“1 * *
a1 +ass = 11— TU —a2z —T+713
2r
- TSZ*‘F(Cl - B) u,
2 * 2 *
= rn(l—-—u)+(1->)(c1—Bu
k k
— T3 — a2 Z* -7,
then,
a1 + asz <0,
208u* 2 *
= r1+cu’+ Bu < (r+e)u
k k
+ put+r3tazt +, (130)

and finally
ajrass + az (cp — B u*z* >0,

2r
= ri(rs+cu’)+ ?BCLQ(Z*)Q

2 2
(2w sr) (B e+ou) >

2r
1 <l<:3 2+ ﬁu*) + r3a0z”

<2rl u* +r> (rs+cru®). (131)

k

Therefore, the equilibrium point FE5 is
asymptotically stable if the conditions

(129), (130) and (131]) are satisfied. |
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Proposition 3.7 The equilibrium point FEg of
the system (@ is asymptotically stable if the con-
ditions below are satisfied.

i)
2r 2r
ry (rs+cow’) + 22w [ 22 2 4yt
k k
* 273 * * *
+ byz TZ +yw* | > +r3baz
27“3 % % 27"2 * *
+ - 7 +yw +Tw (rg +caw®),
i)
au® +by 2" >ry+byut,
iii)

2
(02; T2)w*

> ro 4 cow* +

r3 4+ boz™ + yw* +

2y
—Ww .

k

Proof: The Jacobian matrix of the system
(76) at equilibrium point Fjg is

ail 0 0
Jac(f)(Es) = < (b —a) w*  azx —byw" ) ;

(1 = B) 2% c22* a3
(132)
where
a1 = M —aiw —asz", (133)
2
a2 = T9 — %w* — bg Z*, (134)
2r
azgy = 13— 73 Z" 4 (g —y) w*, (135)

and its characteristic polynomial is
Py(X) = (a11 — X) <X2 — (a2 +ass) X
+agoass + bg CQ'IU*Z*), (136)

according to Routh Hurwitz criterion,
equilibrium point Ejg is asymptotically sta-
ble if the roots of characteristic polynomial
P5(X) have all negative real part. That is
to say

X() =a11 < 0, (137)
az +azz < 0, (138)
a29a33 + ba cow*z* > 0, (139)
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then, we have

X() =a11 <0
= an=r2+ (b1 —a)u" —bz" <0

= rot+buf <au'+ bz, (140)
moreover, we have
* 27’2 *
agz tass = ra+r3+(c2—7)w T
2?"3
_ -9 * _ b *’
k z 2 2
2 2
= n(1 - Zu) 4 (1= (e — )
— r3—by 2",
then,
as + azz < 0,
= T2+ Ccow —I—?w <r3+byz
2 2
+ yw*+ 2t 4 Qw*, (141)
k k
and finally

agoass + ba cow*z* > 0,

2 2

2* + yw*> > r3boz”

= ro(rs+cow”) +
L [27

oo (2P
2r

oo (2P

Therefore, the equilibrium point Eg is
asymptotically stable if the conditions

2+ yw —i—Tw (rs +cow®).

(142)

(140), (141) and (142) are satisfied. [ |
3.4.2 Local stability of positive
equilibrium point
let’s put
21"1 _ _ _
m; = T, m2:7u+a1w+a2z+r,
27
ms = ro+ (b —a), m4272u7+b22,
ms = r3+(c1—f) u+ (c2— ) w,
2rs _
meg = — Z,
0 k
My = mimgms + mamgyms
+ mimgmg + meomszmsg,
M2 = mimasims + moimsimmes
+ mimsmeg + maomyme,
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2Ms + (myg + mg)(my1 — m2)2
(ma + mg)(ms — my)?

al(mg + m4) (bl — Oé) uw
CLQ(mQ + m6) (Cl — B) uz
(mg 4+ my)(ms — meg)
baca(my + mg) W Z,

Pl

+ o+ o+

2M; + (m3 + ms)(my — ms)?
2

P2
(m1 4+ ms)?(m3 — my)
ai(my +ms3) (b —a) uw
az(mi +ms) (1 — B) uz
(m1 4+ m3)(ms — mg)?
baco (m3 + m5) w Z,

+ 4+ o+ + o+

N

p3 M2+a2m4(01—5)a2+b202m2w
al (bl — Od) me U W + aCs (bl — Oé)
M1+a2m3(cl —,3) U Z + bacogmqw

ay (b1 — a) msuw + ay by (c; — )

+
|

+

W Z,
P4 z
wZz.

IN|

Theorem 3.2 Suppose the following assump-
tions are satisfied
i) ta+B)u + (BR+a+y)w +
(2%4-&24-52) Z+T1T > r +1ryg+r3+
(b1 +c1) U+ cow.
ii) p1 > p2.
iii) pP3 > pP4.

Then, the positive equilibrium point E
(a,w, 2)T of the system (@ 18 locally asymptot-
ically stable.

Proof: The Jacobian matrix of system
(76)) at the positive equilibrium point F =
(u,w,z)" is
_ ai —a1u —a2u
Jac(f)(E)=| (h—a)w axn —bw |,
(c1—=PB)z 2z a3
(143)
where
27“1 _ _ _
an = M- G- emW a2z
2
a9y = m—%ﬂ)—i—(bl—a) U — by Z,
21y _ _ _
ass = ?”3—7324‘(01—@ U+ (c2 — ) w,

the characteristic polynomial of Jac(f)(E)
is
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P(X) = X3+ X%+ M X + Ao, (144)

with
A2 —(a11 + az + ass),
A a11a22 + ai1azz + aznass
— G12G21 — G230432 — A13431,
Ao = a13a31a22 + 23032011 + A12a21a33

11022033 — 412023031 — 413021G032-

The equilibrium point £ = (u,w,2)" is lo-
cally asymptotically stable, if the following

Routh Hurwitz criterion is satisfied.

Ay > 0, (145)
A2 A1 =X > 0, (146)
Ao > 0. (147)
Inequality (145)) leads to
X > 0 = —(a11 +axn +az) >0,
2 2
= <]:1+a+ﬁ>ﬁ+<]:2+a1+’y>u7

273 _
+ T+a2+b2 Z+T1T>r1+ro9+ 13

+ (bi+ca) u+cow.

Moreover, the inequality (146]) leads to

M A — X >0

(11011022 — 11011033 — 2011022033
11012021 + @11G13G31 — Q22011022
22022033 + 422012021 + 022023032
(33011033 — (33022033 + 033023032
a33a13a31 + 12023031 + ai13az1az2 > 0,
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using the above hypotheses, we have
Al — X >0

<2M2 + (my4 + mg)(m1 — m2)2
(ma + mg)(msz — my)?
al(mg + m4) (bl — a)
az(ma +mg) (c1 — B) U
(ma + myg)(ms — m6)2

bQCQ(m4 + m6) w E)

Vo+ o+ o+ 4+

<2M1 + (m3 + m5)(m1 — m2)2

(m1 +ms)?(mg — my)?
ai(my +ms3) (b —a) ww
ag(ml + m5) (Cl — ﬁ) uz
(m1 + mg) (ms — mg)?

+ o+t

+  baca(ms +ms) w 2),

then, using the above hypotheses, we have
Ao A1 — )\0 > 0 = p1 > p2. (148)

Finally, inequality leads to

Ao 0,

Ao @13a31a22 + 42332011 + 12621033

a11a22a33 — 12023031 — a13a21a32 > 0,

Ao M2+a2m4(01—5)ﬂ2+52627rm7j)5

a1 (bl — a) me U W + asC2 (b1 — a) UWwz

My —a2m3(01 —5) az—bQCle’LZ)z

aq (bl — Oé) msUw — aj by (Cl —B) UW Z,

then, using the above hypotheses, we have
Ao (149)

> 0 =

p3 > p4.

3.4.3 Global stability of positive
equilibrium point

We study the global stability of the equilibrium

point E = (@, w, 2)T of system .

Theorem 3.3 Suppose the following assump-
tions are satisfied,

r1U _ _
r— = a1w + a2z,
ToW _ _
7'2—7 = —(bl—a)u+bzz,
r32 _ _
7"3—? = —(a—B)u—(c2—7)w,
Coy — Cc1 —
and V1 = 7, Vo = B, v3 = 1.
b2 a
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Then, the positive equilibrium point E is globally
asymptotically stable.

Proof: Let be the following Lyapunov
function

L: R — R
defined by
L(u,w,z) = L1(u,w, 2)+ Lo(u, w, 2)+Ls(u, w, 2),
150)
with
_ U
Ll(u7w72> = <<U,—U) _UZn(5)>7
_ W
LQ(U,U),Z) = 2 ((w_w)_wln(5)>a
Ls(u,w,z) = 3 ((z —-z)— Zln(i)),
z
where v;, i € {1,---,3} are positive con-

stants to be determined in the following. L
is defined and continuous on Int(R}). Note
that,

L(’l], w, 2) =0,
{L(a,w,z) > 0 for all (u,v,w)’ € Q\ (,w,2)T,
(151)
(w,w,%)" is therefore a global minimum of
L. Furthermore, all solutions of the sys-
tem are bounded and converge to 2. For
t sufficiently large, we’ll restrict our study
to this set.
The orbital derivative of L, i.e, the

derivative with respect to time t along the
solutions of the system (38) is

dL  dLy dLs dLs
i 152
dt dt dt dt’ (152)
using the following expression,
dL; _ dLidu dL;dv dLid£7 (153)
dt du dt dv dt dw dt
we have
dL1 . _ ru
ﬁ = 1 (u—u)(rl - T _alw_a2z)>
dLQ . _ Tow
- = Vg(w—w)<r2— T—i—(bl —a)u—bgz),
s _ v3(z—Zz) X
a7
r3z
<r3— %—i—(cl —ﬁ)u—!—(cz—'y)w),
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let’s put
ru _ _

neos = a1w + azz,

Tz—% = —(bhh —a)u+bez,

=" = (- fa- (),

and v = 62_7, 2—61_5, vg=1

b ai

Then,

dL

ditl = V1(U—U)<—E(U_U)_al(w_w)>
— viaz(u—1a)(z—2),

Lo a2 w—w) b (z-2)
— v(w—w)(b —a)(u—1a),

dLs3 _ _

il 1/3(2—2)<(C1—5)(U—U)>

sz = 2((e-Nw-0)-2(-2),

=

i U 0 e (u- @) (w - 0)
— agui(u—a)(z — 2),

% = =22 (w— ) baws(w — @) (- 2)
— vy(by —a)(u—a)(w—w),

dL

d—tg = _%(2_5)24_%(01—B)(u—ﬂ)(z—f)

+ (2 —7) (w—w)(z—2),
using expression ([152)), we have

dL
< = _% (u—@)? — ”2’]:2 (w — )2
+ (g — a1y — bive) (u — @) (w — W)
+ (c1v3 —agry — Prg) (u —u)(z — 2)
+ (covg3 — bive — o) (w — W) (2 — 2)
- % (Z - 2)27
dL
oS = 2w w)?
- %’”3 (z—-2)?%<0
Therefore, % < 0 and % = 0 iff
(u,v,w)t = (w,w,2)T. So, L is a strict

Lyapunov function and by LaSalle’s in-
variance theorem, it follows that (a,w,z)T
is globally asymptotically stable on 2. N
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3.4.4 System permanence

System permanence addresses the problem of
long-term population survival. The interest here
is to find the conditions under which the inter-
acting species in the system will reach some
form of coexistence over time. Let’s put

0, = (1153‘ + as 5;,
0y, = 0415T + by 5;,
03 = (c1— )]+ (c2—7) 3,
with
Bl g 2y 0
3 o et

Definition 3.4 [12]

System (76)) is said to be permanent if there exist
positive constants m; and M;, i € {1,...,3} such
that, for each component of the positive solution
X(t) of the system (76), we have

my < liminf u(t) < limsup u(t) < My,
t—rto0 t—s+o0

< limi <li <
ma < }ﬂiﬁg w(t) < limsupw(t) < Ms,

t—4o00
< liminf 2(¢) < lims t) < Ms.
ms < Jiminf2(f) < Jmsup=(f) < Ms

Lemma 3.5 [12]
If there exist positive constants M > 0 and n >
0, such that for any positive solution X(t) of the

system ([76]), we have
< liminf | X (#)|| <L X <M
m < Jiminf X (1) < limsup X (2)] < A
then, the system (76)) is called uniformly perma-

nent.

Theorem 3.4 If hypotheses below are satisfied,
then the system (@ s permanent.

r > 91(5; + as 5;, (154)
ro 4+ b16] > 0y, (155)
rs 4+ €107 +c205 > BO] +v05.  (156)

Proof: According to Theorem for
any solution X (¢), we have the following in-
equalities

limsup u(t) < 01 < 400, (157)
t—r+o00
limsup v(t) < d2 < 400, (158)
t—r+o00
limsup w(t) < d3 < +o0. (159)
t—r+o00
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There is a constant M < +oo, M = max; d;
such that Vi € {1,...,3}, we have

limsup || X (¢)] < M. (160)
t—>4o00

Let’s prove that there exists m > 0 such
that
o >
Lminf [|X @) = m, (161)

considering the equation 1, we have

du 1
— - —u— - -7 162
; (m i U— AW — ag z )u,( 62)

du 1
- > - = — —
dt = (’I”l L u (L152 as 53)’11, (163)

du 1
— > -6 — — . 164
at = (Tl =% u)“ (164)
Using lemma [2.1], we have
. ry— 61 .
> =
}inwlr%g u(t) > - k:= o7, (165)
VYe1 > 0, there exists 177 > 0 such that
u(t) >0y —e Vit >T1. (166)

By the same process, considering the equa-

tion 2, we get

-0
liminf w(t) > 2 2
t—+o00

k=65, (167)

T2

We have for all ¢ > 0, there exists 75 > 0
such that

w(t) > 05 —ex YVt > T,

ro + by 5{ )
T2
Considering equation 3, we have

with k= 65.

dz r3

Z = (7’3—?2+(01—5)U+(C2—7) w)%
d

= 2 (n-2rr(@-B)0i-a)

+ (=) (5 —e))

dz 73
- > — =2z)z.
g (r3+0 : z)z (168)
Then, by applying lemma we obtain
that

liminf 2(8) > 20 g g (169)

t—r 400 - 3 3
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Veg > 0, there exists T3 > 0 such that
vt > T;. (170)

Let 0 < m = min;d7, Vi € {1,...,3} then,
according to the hypotheses of theorem
any solution X (¢) of system ([76]) verifies the
inequation below

Z(t) > 5; — €3

s
m < liminf [|X(2)]]. (171)

3.4.5 Extinction of species

We're looking for the conditions under which the
system turns off over time. In fact, the ex-
tinction of the system determines the death or
disappearance of all the species interacting in the

system ([76]).

Definition 3.5 [21] System (76]) turns off, if
Jimin | (1) = 0. (172)

Theorem 3.5 Suppose conditions below are sat-

isfied.

i) m < a165 + az d3.
ii) ro + b161 < bp 65 + ad7.
iii) T3+ c1 0] + 205 < 05 + B67.

Then, system (@ goes extinct, i.e, there is ex-
tinction of all interacting populations.

Proof: From equation 1, we have

d

di: u(rl—%—alw—agz—7>, (173)
du N N

7 < u(m —a165 — az 63>, (174)

u(t) < u(O)exp{(rl — a105 — as 6§)t}. (175)

Thus according to i), u(t) — 0 when t —
+o00. There is extinction of the population
u. Likewise, from equation 2, we obtain

w(t) < w(0)exp{(ra + b1d1 — b2 5 — ad])t}.

and if condition ii) is satisfied w(t) — 0
when t — +oo. There is extinction of
species w.

Considering equation 3, we have

dz T3

C o= (n- @B ut - w)s
dz * * * *

E S Z(T3+Cl51+0252*’y52*,861),
20) < 2(0)eap{(rs+ 1 6 + 285 — 705 — BT}
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Thus according to iii), z2({) — 0 when
t — 4o00. There is extinction of predators
Z. |

3.5 Numerical simulations

In this section, we verify the theoretical results.
The parameters that are defined the in Tables
and [3] lead to Figures [15] and Moreover, the
Tables [2] and [4] show the stability of the equilib-
rium points. In addition, the Table [5| contains
the parameters for the different phase portraits
shown in Figure These figures are discussed
to help understand them.

3.5.1 Evolution of interacting
populations according to the model

(76)

Model (76| presents a rich and varied dynamic.
For initial conditions (ug; wo; zo) and different pa-
rameter values defined in the table [1} we obtain
figures on Figure We first obtain an evolu-
tion similar to that obtained in the model
for (uo;wo;20) = (291;30;41). It’s an evolution
in the form of a continuous cycle in which each
species seems to be the sole survivor while the
other two are close to extinction. This evolution
can be seen in figure Figure shows a
dynamic in which the three densities are stabi-
lizing around u ~ 70 for the preys, w ~ 175 for
intermediate predators and z ~ 49. In figure [15¢
densities have a decreasing aperiodic trend be-
tween (Umin; Wmin; 2min) =~ (10.13; 4; 16.65) and
(Umaz; Wimaz; Zmaz) = (82.64; 74; 21.7) before sta-
bilizing from ¢ ~ 150 at wugqepie = 46.8 for preys,
Watable =~ 13.2 for intermediate predators and
Zstable == 46.8 for the super predators.

Figure|16|shows the dynamics in which species
densities become extinct following parameters se-
lected from Table @ In Figure super-
predators adapt to prey scarcity, while in Fig-
ure intermediate predators survive without
direct predators. It should be noted that high
predation rates are detrimental to predators. In
fact, High consumption of infected prey inflicts
losses on predator populations.

~

3.5.2 Phase portraits for interacting
populations according to the model
(76)

In Figure[17] we present several phase portraits

to visualize the evolution of the different trajec-

tories of the various densities in relation to each

other. First, in Figure for (up;wo;z0) =

(51; 20; 15), we obtain a coevolution of the
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(¢) Population’s evolution with

(UO == 251,11)0 = 60, zZ0 — 45)

Figure 15: Some types of population evolution
according to model ((76).

three species over the time, the different species
maintain stable population densities. Neverthe-
less, it should be noted that the density of super-
predators is much higher than the other two den-
sities, this is because predation rates are high.
Furthermore, Figure shows a similar dynamic
in which the three densities are stabilizing their
population densities. But, since predation rates
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—preyu
250 Ereilatorw_ Flgure
- - -predator z
§ Figurdl5]a) FigurdIB|b) Figurdl§|c)
5190 1 7= 2.71 71 = 2.71 71 = 2.71
g ro =1.94 ro = 1.94 ro = 1.94
- S N SO r3 = 0.75 r3 = 1.75 r3 = 1.75
&l ] a1 = 0.101 a1 = 0.00101 a1 = 0.101
az = 0.031 az = 0.0031 az = 0.0031
by = 0.017 b1 = 0.00101 by =0.017
| ‘ by = 0.052 ba = 0.0521 ba = 0.052
- p 0 P 1 = 0.0075 1 = 0.00101 1 = 0.00101
time t co = 0.017 co = 0.0017 co = 0.0017
(a) Population’s evolution with g _ 8_'8%)9 g _ 8:83}29 g _ 8:83}33
(up = 291, wy = 30, 29 = 41) v =0.012 v = 0.00021 v = 0.0021
Population dynamics. k = 80.00 k = 100.00 k = 100.00
T 7 =0.0201 T =0.921 T =0.021
—preyu
250 predator |
- - -predator z
Table 2: Equilibrium stability table for the data
] .
N
. | used in figure
é
§ \ Figurdl[a) FigurdT5|b) FigurdIs|c)
o 1 FEo unstable | Egy unstable | Ey unstable
| S SN F4 unstable | Ej unstable | Ep unstable
Fo unstable | Fo unstable | Es unstable
-500 1(']0 2(‘]0 20 E3 unstable | E3 unstable | E3 unstable
imet Es X Ey unstable | FEi X
E5 unstable | Ej stable Es5 stable
(b) Population’s evolution with Es X Es X Es X
(UO — 2517“)0 _ 60, 20 = 45) E X E stable E X

300 T

Population dynamics.

Population dynamics.

Table 1: Input data for numerical simulations of
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— Table 3: Input data for numerical simulations of
250F predator w|| 3
0 - - -predator Flgure @‘
o2 1
2150' 1 Figura) Figurb) Figurc)
Sk ] 71 = 2.59 71 = 2.59 71 = 2.59
§ ro = 0.5 ro = 0.5 ro = 0.5
sk ] r3 = 0.420 r3 = 0.42 rg = 0.42
; a1 = 0.001 a1 = 0.001 a1 = 0.001
L 1 az = 0.004 az = 0.004 az = 0.004
| ‘ ‘ by = 0.471 by = 0.0471 by = 0.0471
0 100 200 300 by = 0.001 by = 0.001 by = 0.001
time t c1 = 0.041975 c1 = 0.041975 c1 = 0.041975
S . . o = 0.032971 ¢z = 0.03297 2 = 0.03297
(c) Population’s evolution with o 0.29710 o 090319 o= 0.29971
(uo = 270, wo = 45, 29 = 25) 3 = 0.020319 3 = 0.02038 8 = 0.20319
v = 0.6700 v = 0.00021 v = 0.2038
Figure 16: Some types of population extinction k =110.00 k = 110.00 k = 110.00
T =0.71 =2921 T =0.7204

according to model ((76)).

have decreased slightly the density of intermedi- quences for populations densities.

ate predators seems to match that of super preda-
tors. However, for Figure and Figure we
slightly decrease predation rates and increase in-
fection rate 7. As a result, the density of super
predators has been severely disrupted and they
are now on the brink of extinction. The increas-
ing of infection rate seem to have serious conse-
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Table 4: Equilibrium stability table for the data
used in figure

Figurdl6|a) FigurdL6|b) FigurdT6|c)

FEy unstable | Egy unstable | Egy unstable
E1q unstable | Eq unstable | Ej unstable
Fo unstable | Fa unstable | Fo unstable
E3 unstable | E3 unstable | E3 unstable
N stable Ey4 unstable | Ey4 unstable
E5 unstable | Es unstable | Es unstable
FEg unstable | FEg unstable | Fg unstable
E unstable E unstable E unstable

Table 5: Input data for numerical simulations of

Figure

Figura) Fz'gurb) Figurc) Figurd)
ry =271 ry =271 ry = 2.95 r1 = 2.05
ro = 0.94 ro = 1.94 ro = 1.15 ro = 0.50
r3 =1.5 r3 = 1.75 rz = 1.021 rz = 0.020
a; = 0.101 a; = 0.101 a; = 0.071 a; = 0.001
az = 0.031 az = 0.0031 az = 0.05 az = 0.0041
b1 = 0.00171 b1 = 0.017 b1 =041 b1 =0.471
b = 0.051 ba = 0.052 by = 0.51 by = 0.721
c1 = 0.0075 c1 = 0.00101 c1 = 0.730 c1 = 0.0475
co = 0.017 co = 0.0017 co = 0.041 co = 0.001
a = 0.009 a = 0.0109 a = 0.970 a = 0.97

B =0.073 £ =0.02197 £ =0.035 B =0.0365
v = 0.012 v = 0.021 v = 0.480 ~v = 0.670
k=170 k=170 k=170 k=11.074
7 = 0.0201 T = 0.0212 T =0.71 T =0.71

3.5.3 Some fields of application of the
model

Mathematical models can find several fields of ap-

plication. The model for example and several

of its variants have been studied with a view to

their application to various fields.

As examples of fields of application, these
models have been used in biology to study the
dynamics of certain populations behaving in par-
ticular ways in given environments. In [22], au-
thors show that a species of side-blotched lizards
presents a heteroclinic cycle behavior. Popula-
tions alternately play the role of dominant species
before being supplanted by a more competitive
population. Other applications have been pro-
posed in computational neuroscience, [23] and a
stochastic extension of May-Leonard model has
been appied to a neuromotor central pattern gen-
erator system, [24].

Our model presents a heteroclinic cycle behav-
ior, very similar to the May-Leonard model, for
certain parameter values. Therefore, the system
could have applications in various fields. For ex-
ample, we could study an extension for this model
in the case where species evolve in a stochastic
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Figure 17: Some phase portrait according to the

model .

environment. Furthermore, it could be useful in
biology to study the evolution of a population at-
tacked by a disease. The extensions could also
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be applied to computer science and control engi-
neering.

4 Conclusion

In this article, we have explored several popula-
tion dynamics models. The models studied high-
light various types of interactions among three
species within a natural environment. Our con-
tribution in this paper can be summarized in two
main stages.

First, we have analyzed various biological
models of three interacting species. For each
model, we determined the various equilibrium
points, studied their stability and produced nu-
merical illustrations using Matlab software to ver-
ify the results obtained. These include the May-
Leonard three-competitor model and some three-
species prey-predator models:

e A two-prey, one-predator model in which nu-
merical tests have shown that species densi-
ties become stable after a certain time.

e A super-predator, predator and prey model
in which numerical simulations have shown
that prey, predator and super-predator pop-
ulation densities oscillate aperiodically before
reaching to a steady state. Additionaly, for
certain predation rates, populations can be-
come extinct.

e A prey-predator model with prey harvesting,
in which numerical simulations showed that
the system can achieve stability depending of
the prey harvesting rates.

In the second stage, we proposed and investigated
a new model involving three species interacting in
a natural environment. For this model, we took
into account the notion of self-defense, with prey
having within them certain infected individuals.
An in-depth analysis of the model has allowed us
to determine the conditions for both extinction
and long-term survival of the species. This anal-
ysis has involved identifying various equilibrium
points and studying their stability. Finally, we
carried out numerical tests in a Maltab environ-
ment to illustrate population dynamics according
to the different models presented. The simulation
results showed a relationship between predation
rate and a reduction of the predator population:
as the predaton rate increased, the predator rate
due to infection within the prey population also
increased.

For future research, we plan to apply our
model to various fields, particullary in medecine
for controlling bacterial contamination in hu-
man, animal and plant population in agriculture
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also an animal and fishery resource management
project for followed population growth will be
considered. It should be added that we have out-
lined several areas in section [3.5.3] in which our
work could be put to practical use in the near
future.
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